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Abstract We consider the Lax representation of the new two-component cou-
pled integrable system recently discovered by the author. Connection of the
hierarchy of infinitely many Lax pairs with each other is presented.
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1 Introduction

The term ”Lax pair” refers to linear systems that are related to nonlinear
equations through a compatibility condition.

The first part of Lax pair is called the scattering problem, that allows the
initial-value problem for the integrable equation to be solved exactly. The Lax
pair may be used to gather information about the behavior of the solutions to
the nonlinear equation.

In his seminal work [2], Lax suggested a formalism to integrate a class of
nonlinear evolution equations. He introduced a pair of linear operators L and
M such that

Lϕ = λϕ, ϕt = Mϕ, (1)

where L and M are linear differential operators, λ is an eigenvalue of L, and
ϕ is an eigenfunction of L. Assuming λt = 0, differentiating Lϕ with respect
to t gives
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(Lt + [L,M ])ϕ = 0. (2)

Where [M,L] = ML− LM is the operator commutator. Hence,

Lt = [M,L], (3)

is called Lax equation and contains commutative nonlinear evolution equa-
tion for suitable L andM . In [1], it is shown that all scalar evolution equations,
which have the form of a conservation law, have a Lax pair with a second order
L. For example consider the Lax formalism for the KdV equation

L = −D2
x + u+ u1D−1

x , M = −4D3
x + 6uDx + 9u1 + 3u2D−1

x . (4)

These operators satisfies the Lax equation (3 if u is solution to the KdV
equation:

ut = −u3 + 6uu1. (5)

Very recently, a integrable system of fifth order nonlinear equations founded
by the author [3]



u

v


t

=



uxxxxx − vvxxxx + 10uxuxxx − 20u2uxxx

−4vxvxxx − 2uvvxxx + 10u2
xx − 80uuxuxx

−32vvxuxx − 3v2xx − 18vuxvxx − 6uvxvxx
+16u2vvxx + 8v3vxx − 20u3

x − 18uxv
2
x

+32uvuxvx + 80u4ux + 48u2v2ux + 4v4ux

+16u2v2x + 24v2v2x + 32u3vvx + 16uv3vx
−8v2uxxx

2vuxxxx + 2vxuxxx − 4uvuxxx − 2v2vxxx
−4uvxuxx − 32u2vuxx − 16v3uxx − 8vvxvxx
+12u2

xvx − 64uvu2
x − 48v2uxvx + 64u3vux

−32u2uxvx + 32uv3ux − 2v3x + 16u4vx
+48u2v2vx + 20v4vx + 20vuxuxx



. (6)

Talati [3] proved that this system is bi-Hamiltonian and therefor possess
infinitely many generalized symmetries. Almost all of the known integrable
models possess linear Lax pairs. However in the literature, there is no sys-
tematic way of finding whether a given evolution equation possesses a Lax
representation.
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2 Lax pair of system (6)

The aim of this paper is to construct a Lax pair for the new fifth order in-
tegrable system introduced by the author [3]. For the system (6) we shall
consider the case where our candidate Lax pair is a differential operator

M = α0Di
x + α1Di−1

x + ...+ αi−1Dx + αi,

L = β0Dj
x + β1Dj−1

x + ...+ βj−1Dx + βj .
(7)

Here α, β = α, β(u, v, ux, vx, ...) are the dependent variables and i, j =
1, 2, 3, ... . Now the major problem is to find appropriate analytic functions
αi and βj that satisfy the integrability condition (3). From the order of the
system (6) it is easy to see that we must assign i = 3

M = α0D5
x + α1D4

x + α2D3
x + α3D2

x + α4Dx + α5. (8)

By assuming that α0 and β0 are nonzero constants, We carry out the calcula-
tions For cases j = 1, 2, 3, . . . according to (3). After lengthy calculations, the
integrability condition (3) can lead to the following Lax pair:

α1 = 1
2 (10u+ 5v),

α2 = 1
2 (20ux + 10vx + 20u2 + 20uv + 5v2),

α3 = 1
4 (40uxx + 20vxx + 120uxu+ 60uxv + 60vxu+ 30vxv + 40u3

+60u2v + 30uv2 + 5v3),
α4 = 1

16 (80uxxx + 40vxxx + 320uxxu+ 160uxxv + 160vxxu+ 80vxxv
+240u2

x + 240uxvx + 480uxu
2 + 480uxuv + 120uxv

2 + 60v2x
+240vxu

2 + 240vxuv + 60vxv
2 + 80u4 + 160u3v + 120u2v2

+40uv3 + 5v4),
α5 = 1

32 (16vxxxx + 160uxxxu+ 48uxxxv + 80vxxxu+ 72vxxxv + 160uxxvx
+960uxxu

2 + 384uxxuv + 336uxxv
2 + 160vxxux + 176vxxvx

+160vxxu
2 + 224vxxuv + 72vxxv

2 + 1120u2
xu+ 48u2

xv
+480uxvxu+ 752uxvxv + 320uxu

3 + 992uxu
2v + 240uxuv

2

+296uxv
3 + 184v2xu+ 92v2xv + 160vxu

3 − 272vxu
2v

+120vxuv
2 − 236vxv

3 − 480u5 − 176u4v − 432u3v2

−216u2v3 − 118uv4 − 63v5),

Lj=1 = 1
2Dx + u

2 + v
4 ,

Lj=2 = D2
x + (2u+ v)Dx + 1

4 (4ux + 2vx + 4u2 + 4uv + v2).
(9)

Using the previous result we will state a conjecture about the existence a
hierarchy of infinitely many Lax operators of the system (6).
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Conjecture 1: Consider the differential operators

Lj =

j∑
n=0

βnD
j−n

x , j = 1, 2, 3, . . . .

(10)
Where

βn =
j − n+ 1

n
(
d

dx
+ u+

1

2
v)βn−1, β0 =

j

2
.

(11)
Then it can be further proved that the operator equation Ljt−[M,Lj ] = O

where O is the zero operator, is equivalent to the system (6) in the sense that
both sides of the equation turn out to be operators of multiplication by a
function. So the system (6) admits a hierarchy of infinitely many Lax operators
that satisfy the condition [Ln,Lm] = 0.
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