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Abstract This paper presents a brief instructions to find geodesics equa-
tions on two dimensional surfaces in R2. The resulting geodesic equations are
solved numerically using Computer Program Matlab, the geodesics are dis-
played through Figures.
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1 Introduction

In an axiomatic approach to geometry we study the properties of points and
lines. Most of the theorems in axiomatic geometry deal with the relationships
between points and lines. If we are to see how the differential geometry we
have been studying is to relate to axiomatic geometry, we need some method
for developing an abstract definition of a line. This is different from our ax-
iomatic technique of taking a line as an undefined term. There are various
ways in which a straight line in usual Euclidean geometry can be character-
ized. For instance,it has zero curvature everywhere, all its tangent vectors are
parallel, or it is the solution of the simple first order linear differential equation
v (t) =g .

Neither of these characterizations can be immediately transferred to the case

*Corresponding author

Samira Latifi

Department of Mathematics, Mohaghegh Ardabili, Ardabil, P.O.Box 56199-11367, Iran
E-mail: Samira_ltiQyahoo.com

© 2016 Damghan University. All rights reserved. http://gadm.du.ac.ir/



60 Samira Latifi

of curves within a Riemannian manifold but the following definition is gener-
alizable:A straight line between two points is the curve which minimizes the
distance between these points. Since in a Riemannian metric we have the no-
tion of length, we can use this to define what a straight line in a curved space
is. Such straight lines are called geodesics. Geometrically, a geodesic on a sur-
face is an embedded simple curve on the surface such that for any two-points
on the curve the portion of the curve connecting them is also the shortest path
between them on the surface. A different characterization of a geodesic is the
following: A curve on a surface is geodesic if and only if the normal vector to
the curve is everywhere parallel to the local normal vector of the surface. This
goes back to Johann Bernoulli (1697)!

Geodesic on a surface is an intrinsic geometric feature that plays an impor-
tant role in a diversity of applications. Many geometric operations are inher-
ently related to geodesics. For instance, when a developable surface is flat-
tened into a planer figure (with no distortion), any geodesic on it will be
mapped to a straight line in the planer figure [9]. Thus, to flatten an arbitrary
non-developable surface with as little distortion as possible, a good algorithm
should try to preserve the geodesic curvatures on the surface [1,2]. Geodesic
method also finds its applications in computer vision and image processing,
such as in object segmentation [5,6,16] and multi-scale image analysis [17,
18]. The concept of geodesic also finds its place in various industrial applica-
tions, such as tent manufacturing, cutting and painting path, fiberglass tape
windings in pipe manufacturing, textile manufacturing [3,4,10-14,21]. Avail-
able approaches for the computation of geodesic curves on surfaces can be
classified broadly as analytical reference [8] and numerical [19,15].

2 Main results

t: Unit tangent vector of C at P.

n: Unit normal vector of C at P.

N: Unit surface normal vector of S at P.

u: Unit vector perpendicular to ¢ in the tangent plane defined by N;.

We can decompose the curvature vector k of C' into N component k,,, which is
called normal curvature vector, and u component kg, which is called geodesic
curvature vector

k=ky,+ky=—k,N+Kgu

bkn=—-k-N, Kg=k-u
Consequently,

dt
kg =—"-(N Xt
Geodesic paths are sometimes defined as shortest path between points on a
surface, however this is not always a satisfactory definition.
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Fig. 1 Definition of geodesic curvature

Definition 1 Geodesics are curves of zero geodesic curvature [20)].

The computation of geodesic curves

Let C' is a geodesic curve on a surface r = r(u(s),v(s)). Because the surface
normal N has the direction of principal normal n of C'. Then, we can write

n-r,=0 and n-r,=0. (1)

The unit tangent vector of the curve C' on the surface r is given by

d (@, dudv(NE L@
ds e\ ds Twogsas T\ ds "o\ g2 "o\ ds? )

Since kn = dt/ds , from Eqgs. (1) and (2), we obtain

du\’® du dv dv \? d?v
(Tuu . T’u) (ds) + Q(Tuv . T'u)££ + (TUU . T’u) <d$2> + F (d52> = 0,

(3)
du\? du dv dv v
o () +20m e G o () + 6 (7)) =00 @
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where £ =1y, -1y , F =147, and G = 1, -1, are coeflicient of first fundamental
form of the surface, and

Ey =21 Tu, Ey=2ruyw -Tu, Fu=Tou Tu+7s Tuu,
szrvv'ru'i_rv'ruvaGu:2ruv'TUa szrvv'rva
E,—2F, = 2ryy 1y, Gyu—2F,==2ry, ry.

By eliminating d?v/ds? from Eq.(3) have,

i = () o (5) + (5) e
(3 e (8) + (5) ()

Now, using d?v/ds? in Eq(4) obtain,

EG\ (d?u G du'\? 2G du dv
(F - T) (ﬁ) + |:("'uu . 'r'v) - E(Tuu . Tu):| (%) + (2(7'1“) . T’U) - ?(Tuv . Tu) E%

2
+ |:(Tv1) . 7"1)) - %(T’U’U . ru)i| (%) =0
Thus
o GE, + FE, — 2FF, e —-E,F — EE, + 2FF,
n 2(EG — F?) oo 2(EG — F?)
L GE, — FG, e EG, — FE,
27 pG-F2 > 127 EG-F?
o —GG, + 2GF, — FG, re FG, — 2FF, + EG,
22 2(EG — F?) b= 2(EG — F?)

And the geodesic equations become

d*u 1 [ du 2 1 dudv 1 [dv 2
ds2+F11<ds) +F12dsds+F22<ds> =0,

d*v 9 [ du 2 o dudv 5 (dv ?
i = a2 =) =
a2 " at <ds) 1 dsds |2 (ds) 0

These two second order differential equations can be rewritten as a system of
four first order differential equations [7].

d7u
ds
dp
ds
@
ds
dq
s = - 121192 - ngpq - F222(12

=Pp
= _11111102 - F112Pq - F212(12

=4q

Then using the Matlab function file, we have the numerical solution for the
geodesic equations, if that is shown in the following example.
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Example
Ezample 1 bilinear surface r(u,v) = (u, v, uv).

F111:F121:F212:F222:O

2v
Ihy=————
127 42 + 02
2u
Ih=—->—.
27 w2 402
And the geodesic equations become
d?u n 2v dudv
ds?  14+u2+v2dsds
P ou dude_
ds?  14u2+0v2dsds
So
du
ds p
dp 2v
ds 1+v2+u2pq
v _
ds 1
@ 2u

ds __1+112+u2pq

Next, we write a Matlab function file and observe:




64 Samira Latifi

References

1. P.N. Azariadis and N.A. Aspragathos, Geodesic curvature preservation in surface flat-
tening through constrained global optimization, Comput.-Aided Des., 33, 581-591 (2001).

2. P. Azariadis and N.A. Aspragathos, Design of plane developments of doubly curved
surfaces,Comput.-Aided Des., 29(10), 675-685 (1997).

3. R. Brond, D. Jeulin, P. Gateau, J. Jarrin and G. Serpe, Estimation of the transport prop-
erties of polymer composites by geodesic propagation, J. Microsc., 176, 167-177 (1994).
4. S. Bryson, Virtual spacetime: an environment for the visualization of curved spacetimes

via geodesic flows, Technical Report, NASA NAS, Number RNR-92-009, March 1992.

5. V. Caselles, R. Kimmel and G. Sapiro, Geodesic active contours, Int. J. Comput. Vision,
22(1), 61-71 (1997).

6. L. Cohen and R. Kimmel, Global minimum for active contours models: a minimal path
approach,Int. J. Comput. Vision, 24(1), 57-78 (1997).

7. G. Dahlquist and A.Bjorck, Numerical Methods. Prentice-Hall, Inc., Englewood Cliffs,
NJ (1974).

8. M.P. Do Carmo, Differential Geometry of Curves and Surfaces, Prentice-Hall, Englewood
Cliffs, NJ (1976).

9. I.D. Faux and M.J. Pratt, Computational Geometry for Design and Manufacturing, Ellis
Horwood, England, (1979).

10. L. Grundig, L. Ekert and E. Moncrieff, Geodesic and Semi-geodesic Line Algorithms
for Cutting Pattern Generation of Architectural Textile Structures, in: T.T. Lan, (Ed.),
Proceedings of the Asia-Pacific Conference on Shell and Spatial Structures, Beijing (1996).

11. R.J. Haw, An application of geodesic curves to sail design, Comput. Graphics Forum,
4(2), 137-139 (1985).

12. R.J. Haw and R.J. Munchmeyer, Geodesic curves on patched polynomial surfaces, Com-
put. Graphics Forum, 2(4), 225-232 (1983).

13. R. Heikes and D.A. Randall, Numerical integration of the shallow-water equations of a
twisted icosahedral grid. Part I: Basic design and results of tests, Mon. Weath. Rev., 123,
1862-1880 (1995).

14. R. Heikes and D.A. Randall, Numerical integration of the shallow-water equations of
a twisted icosahedral grid. Part II: A detailed description of the grid and an analysis of
numerical accuracy, Mon. Weath. Rev., 123, 1881-1887 (1995).

15. I. Hotz and H. Hagen, Visualizing geodesics, in: Proceedings IEEE visualization, Salt
Lake City, UT, 311-318 (2000).

16. R. Kimmel, R. Malladi and N. Sochen, Images as embedded maps and minimal sur-
faces:movies, color, texture, and volumetric medical images, Int. J. Comput. Vision, 39(2),
111-129 (2000).

17. R. Kimmel, Intrinsic scale space for images on surfaces: the geodesic curvature flow,
Graph.Models Image Process, 59(5), 365-372 (1997).

18. T. Lindeberg, Scale-space Theory in Computer Vision, Kluwer Academic, Dordrecht
(1994).

19. N.M. Patrikalakis and L. Badris, Offsets of curves on rational B-spline surfaces, Eng.
Comput., 5, 39-46 (1989).

20. D.J. Struik, Lectures on Classical Differential Geometry, Addison-Wesley, Cambridge,
MA (1950).

21. D.L. Williamson, Integration of the barotropicvorticity equation on a spherical geodesic
grid, Tellus, 20, 642-653 (1968).



