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Abstract Let R be a G-graded commutative ring with identity and M be a
unitary G-graded R-module. Let S(M) be the set of all graded submodules of
M and ¢ : S(M) — S(M) U {0} be a function. A proper graded submodule
N of M is called ¢-graded semi-n-absorbing submodule if whenever r € h(R)
and m € h(M) with r"m € N\¢(N), then r* € (N : M) or 7""'m € N
(n > 2). In this work, firstly, we state with deeper results on the structure
of generalizations of prime submodules as ¢-graded prime submodules. More-
over ¢-graded semi-n-absorbing submodules are studied and some results are
obtained.
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1 Introduction

In this work, all rings are commutative with identity and all modules are
unitary. Let G be an abelian group with identity e. A ring R is called G-graded
ring if there exists a family of subgroups { Ry }ge of R such that R = P, Ry
with the property that RgR, C Ry for all g,¢g' € G where RyR, is the set
of all elements consisting of all finite sums in the form rgr'g, with r, € R, and
T, € Ry. A non-zero element r € R, is called a homogeneous element of R
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of degree g. If r € R, then r can be written uniquely as r = deg T4, Where
gy € Ry and the sum contains only a finite number of non-zero terms. Each
ry is called the g-component of r in R, and h(R) = UgegRy. Moreover, R,
is a subring of R, 1r € R. and Ry is an R.-module for all g € G. An ideal
I of R is called graded ideal of R if I = P . I, such that I, = I N R, for
g € G. If I is a graded ideal of R, then h(I) = Ugegly = Ugec(I N R,) =
INh(R). Furthermore, R/I is a G-graded ring and R/I = EquG(R/I) where
(R/I)g = (I+ Ry)/I for g € G. Let R, R’ be two G-graded rings. Suppose
that f : R — R’ be a ring homomorphism. Then f is said to be graded ring
homomorphism of degree o if f(R,) C Ry, for all g € G.

Now, Let R be a G-graded ring. Then an R-module M is said to be G-

graded if it has a direct sum decomposition M = P, My such that Ry M, C

My, for all g,¢' € G. Here R;My denotes the addltwe bubgroup of M
consisiting of all finite sums of elements rgmg with r4 € Ry and mg € My
Any element of M, is said to be a homogeneous element of degree g. Also, we
write h(M) = UgeaMy. If m € M, then the element m can be written uniquely
asm = dec mg where mgy € My and the sum contains only a finite number
of non-zero terms. If m # 0 is in M, for some g € G, then m is homogeneous
of degree g and we write : deg m = g( or m is called the g-component). For all
g € G, the subgroup M, of M is an R.-module. Let M = @geG My is a graded
R-module and N a submodule of M. Then N is called a graded submodule
of M if N = P,cq Ny, where Ny = N N M, for g € G. In this case, Ny
is called the g- component of N. I*"‘urtherlrnore7 M/N becomes a G-graded R-
module with g-component (M/N), = (My,+ N)/N for g € G. If N is a graded
submodule of M, then h(N) = UgeaNg = Ugec(N N My) = N N h(M). Let
R be a graded ring and M, M’ be graded R-modules. Let ¢ : M — M’ be
an R-module homomorphism. Then ¢ is said to be graded homomorphism of
degree 0, 0 € G, if p(My) C M, for all g € G. For general background and
more detail, the reader may consult [14] and [16].

Graded prime submodules, graded primary submodules, graded almost
prime submodules, graded weakly prime submodules, graded classical prime
submodules, graded almost semiprime submodules and graded weakly semiprime
submodules of general graded modules over graded rings have been studied by
several authors (See, for example, [4,5,7,15]). In this work, we investigate
a generalization of graded semi-n-absorbing submodules and prove some re-
marks for ¢-graded semi-n-absorbing submodules. Generalizations of prime
submodules and prime ideals play an important role in extended submod-
ules and ideals. D.D. Anderson and Bataineh stated various generalizations
of prime ideals (See [3]). Also, Zamani in [17] introduced this concept to ¢-
prime submodule i.e., a proper submodule N of M is a ¢-prime submodule if
rm € N\¢(N) whenever r € Randm € M, thenm € N orr € (N : M) where
¢:S(M)— S(M)u{d} is a function and S(M) is the set of all submodules of
M. D.F. Anderson and Badawi defined an n-absorbing ideal i.e., a proper ideal
I of R is called an n-absorbing ideal if r1 ...7r,41 € I where r1,...,741 € R,
then ry...r;_1741...7ny1 € I for some i € {1,...,n+1}. Also, they called T
to be a semi n-absorbing ideal if 7"+ € I where r € R, then r™ € I. A proper
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submodule N of M is called n-absorbing (or (n,n+ 1)-prime) submodule of M
ifry...rp,m € N where r1,...,7, € Rand m € M, then ry...7, € (N : M)
Or 71...Ti—1Tit1...Tn € N for some i € {1,...,n} (See [8]). A proper sub-
module N of M is said semi-prime if 72m € N where » € R and m € M, then
rm € N.In particular, N is called a semi-n-absorbing submodule of M if when-
ever m € M and r € R with r"m € N, then 7"m € (N : M) or v 'm € N.
Some authors extended various generalized prime submodules, prime ideals
and obtained some results on generalizations of prime submodules (For ex-
ample see [1,2,10,12,13]). Now, we will define the ¢-graded semi-n-absorbing
submodules and will give some basic results about ¢-graded semi-n-absorbing
submodules of graded modules. Let R be a G-graded R-module and N a graded
submodule of M. The ideal {r € R| rM C N} will be denoted by (N : M).
The annihilator of M is defined as (0 : M) and is denoted by Ann(M). The
graded R-module M is called faithful if Ann(M) = 0.

At the end of this section we recall several definitions and remarks. Let M
be a graded R-module, S(M) be the set of all graded submodules of M and
¢:S(M)— S(M)U {0} be a function. A proper graded submodule N of M
is called ¢-graded semi-n-absorbing if r"m € N\¢(N) where r € h(R) and
m € h(M), implies that r™ € (N : M) or r"~'m € N (n > 2). Let R be a G-
graded ring, Z(R) be the set of all graded ideals of R and ¢ : Z(R) — Z(R)U{0}
be a function. We say that a proper graded ideal I of R is i-graded semi-n-
absorbing ideal if r"*1 € I\ ¢(I) for r € h(R), then 7™ € I (n > 2). Let
M be a graded R-module and P be a proper graded submodule of M. Let
¢ : S(M) — S(M)U {0} be a function where S(M) be the set of all graded
submodules of M. P is called ¢-graded prime submodule of M if whenever
r € h(R) and m € h(M) with rm € P\ ¢(P), then r € (P : M) or m € P.
Assume that N be a graded submodule of M, N is said ¢-graded semiprime
submodule of M if N = NpecsP such that

S C Specy(M) ={P € S(M) | P is a ¢ — graded prime submodule}.

Moreover, suppose that n > 2 be a positive integer and N be a proper graded
submodule of M, N is called (n — 1,n)-¢-graded prime submodule of M if
whenever ry,...,r,—1 € h(R) and m € h(M) with r;...7,_1m € N \ ¢(N),
then 7 ...7-1 € (N : M) or r1...7_17i41...7pn—1m € N for some i €
{1,...,n — 1} (See [10]).

Remark 1 Let R be a G- graded ring and M be a graded R- module. It is
clear that, if N is a (n,n + 1)-¢-graded prime submodule of M, then N is a
¢-graded semi-n-absorbing submodule of M. Also, if N is a ¢-graded prime
submodule of M, then N is a (n,n — 1)-¢-graded prime submodule of M.

Remark 2 Let R be a G- graded ring and M be a graded R- module. If N is
a ¢-graded semi-2-absorbing submodule of M, then N is a ¢-graded semi-n-
absorbing submodule of M. Also, if N is a (n,n—1)-¢-graded prime submodule
of M, then N is a (n,n + 1)-¢-graded prime submodule of M.
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Remark 3 Let R be a G- graded ring, M be a graded R- module and ¢1,
@21 S(M) — S(M)U{D} be two functions where S(M) is the set of all graded
submodules of M with ¢1 < ¢o (i.e., for every graded submodules of M,
d1(N) C ¢a(N)). If N is a ¢p1-graded semi-n-absorbing ((n,n — 1)-¢1-graded
prime) submodule of M, then N is a ¢o-graded semi-n-absorbing ((n,n —1)-
¢a-graded prime) submodule of M.

By the definition of ¢-graded semi-n-absorbing submodule N, if ¢(N) =
(resp. ¢(N) = 0, ¢(N) = (N : M)N, ¢(N) = (N : M)™ "IN and ¢(N) =
X (N : M)™N), then a submodule N is a graded semi-n-absorbing submod-
ule (resp. graded weakly semi-n-absorbing submodule, graded almost semi-
n-absorbing submodule, graded m-almost semi-n-absorbing submodule and
graded w-semi-n-absorbing submodule) of M. Now, by Remark 1.6 , we have
graded semi-n-absorbing submodule = graded weakly semi-n-absorbing sub-
module = graded w-semi-n-absorbing submodule = graded m-almost semi-
n-absorbing submodule = graded almost semi-n-absorbing submodule
One of the most important questions is "Under what circumstance is the re-
verse of above condistions held 7”
In the next section, we state some properties of ¢- graded semi-n-absorbing
submodule of M and obtain a number of results concerning ¢-graded semi-n-
absorbing submodules.

2 Properties of ¢-Graded Semi-n-Absorbing Submodules

The following corollaries be given some results when we utilize the defintion
¢-graded semi-n-absorbing submodule.

Corollary 1 Let M be a graded R-module and N be a proper graded submodule
of M . Let ¢ : S(M) — S(M)U {0} be a function where S(M) be the set of
all graded submodules of M. If N is a ¢-graded prime submodule of M, then
N is a ¢-graded semi-n-absorbing submodule of M.

Proof Let N be proper graded submodule and r™m € N\¢(N) where r € h(R)
and m € h(M) (n > 2). Since N is a ¢-prime submodule of M, sor™ € (N : M)
or m € N. Thus 7"~ 'm € N or ™ € (N : M), as required.

Corollary 2 Suppose that N is a ¢p-graded semi-n-absorbing submodule of M,
then N is a ¢-graded semi-n 4+ 1-absorbing submodule of M.

Proof 1t is clear.

Corollary 3 Let R, S be two G-rings, ¢ : R — S be a graded ring ho-
momorphism and M be a graded S-module. Suppose that N is a ¢-graded
semi-n-absorbing submodule of graded S-module M, then N is a ¢-graded
semi-n-absorbing submodule of graded R-module M.

Proof Let r"m € N \ ¢(N) where r € h(R) and m € h(M). We know that
r"m = @(r)"m € N\ ¢(N) such that p(r) € S. It is clear that N is a ¢-graded
semi-n-absorbing submodule of graded R-module M.
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Ezxample 1 Let R = Z = R, be a Z-graded ring and M = p% a Z-graded Z-
module where p € Z is a prime number. Clearly, N = {05/} = pZ is a proper
graded submodule of p% and (pZ : p%) = pZ. Suppose that nP(m + pZ) € pZ
where m,n € Z, so nPm € pZ and hence p | n?m, therefore p | n? or p | m.
Then n? € pZ = (pZ : %) or m € pZ. Accordingly, N is a graded semi-p-
absorbing submodule of M = %.

Now, let R = Z = R, be as Z-graded ring and M = Z x Z be a Z-graded
Z-module with My = Z x {0} and M; = {0} x Z. Clearly, N = 16Z x {0}
is a proper graded submodule of Z x Z and (16Z x {0} : Z x Z) = 0. Since,
22(4,0) € 16Z x {0} but 2(4,0) ¢ 16Z x {0} and 22 ¢ (16Z x {0} : Z x Z) = 0,
so N = 16Z x {0} is not graded semi-2-absorbing submodule of M = Z x Z.

Corollary 4 Let ¢ : S(M) — S(M) U {0} be a function where S(M) be the
set of all graded submodules of graded R-module M and N; be a proper graded
submodule of M for i € A, with ¢(UijcaN;) C ¢(NicaN;). If N; is a ¢- graded
semi-n-absorbing submodule of M for each i € A, then NieaN; is a ¢-graded
semi-n-absorbing submodule of M.

Proof Let r™m € NicaN; \ ¢(NieaN;) where r € h(R) and m € h(M). So
r"m € NieaN; and m ¢ &(N;eaN;), since p(UjeaN;) C ¢(NieaN;), hence
r"m € N; \ ¢(IV;) for every i € A. Because N; is a ¢-graded semi- n-absorbing
submodule of M, therefore r™ € (N; : M) or r"~'m € N; for all i € A. Thus
™ € (NieaN; : M) or r"~tm € N;eaN;, as needed.

Proposition 1 Let M be a graded R-module , ¢ : S(M) — S(M) U {0} be a
function and N be a proper graded submodule of M. Assume that ¢ : Z(R) —
Z(R)U{D} be a function where Z(R) is the set of all graded ideals of R. Then
the following conditions hold:

(1) If (N : m) is a v-graded semi-n — 1-absorbing ideal of R with (N : m) C
(¢(N) : m) for every m € h(M), then N is a ¢-graded semi-n-absorbing
submodule of M (n > 2).

(2) If N is a ¢-graded semi-n-absorbing submodule of M with (¢(N) : m) C
(N :m), then (N :m) is a -graded semi-n-absorbing ideal of R.

Proof (1) Let r € h(R) and m € h(M) with r"m € N\ ¢(N) and r™ ¢ (N :
M), sor™ € (N :m) and r™ ¢ (¢(N) : m). Since (N : m) C (¢(N) : m),
hence ™ € (N : m) and ™ ¢ )(N : m). Thus r™ € (N : m) \ ¥(N : m). Since
(N :m) is a i-graded semi-n — 1-absorbing ideal of R, hence r"~! € (N : m).
Therefore "~ 'm € N, so N is a ¢-graded semi-n-absorbing submodule of
graded R-module M.

(2) Let r € h(R) and m € h(M) with r"*1 € (N : m) \ ¥(N : m), so
r"m € N or vt ¢ (N : m) and hence 7"(rm) € N \ ¢(N). Since
r € h(R) and m € h(M), sor € Ry and m € My for some g, g € G and hence
rm € RgMg C Myyg . Then rm € h(M), therefore " (rm) € N\ ¢(NN) implies
that 7" ~Y(rm) € Norr" € (N : M).Sor"m € Norr™ € (N : M) C (N : m).
Consequently, ™ € (N : m).
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Let R be a G-graded ring. A graded R-module M is called graded finitely
generated if M = >""" | Rm,, where my, € h(M) (1 <i<n).

Proposition 2 Let M be a graded finitely generated R-module such that M =

Zle Rmy,, N be a proper graded submodule of M and ¢ : Z(R) — Z(R)U{0}

be a function where Z(R) is the set of all graded ideals of G-graded ring R,

mg, € h(M). Then

(1) If (N :myg,) is a 1-graded semi-n-absorbing ideal of R with (N : mg,) C
Y(N : M) for every i = 1,...,k, then (N : M) is a ¢-graded semi-n-
absorbing ideal of R.

(2) If (N : M) is a ¢-graded semi-n-absorbing ideal of R, then (N : my,) is a
-graded semi-n-absorbing ideal of R.

Proof (1) Assume that "™t € (N : M)\ (N : M) and r™ ¢ (N : M). Since
(N : S5, Rmy,) = 1, (N Rimg,) = 0, (N 2 my), s0 1 ¢ (N s m,) for
some j € {1,...,k} and mg, € h(M). Because of r"! & (N : M), hence
"t ¢ (N :my,) for eachi € {1,...,k}. Thus r" ™! € (N : mg, )\ (N : my, )
for some j € {1,...,k} and my, € h(M) . Since (N : my,) is a 1-graded semi-
n-absorbing ideal of graded ring R, so 7™ € (N : m,,) which contradicts with
our assumption. Therefore (N : M) is a 1)-graded semi-n-absorbing ideal of
R.

(2) Let r € h(R) with r"* € (N : my,) \ (N : my,) for each i € {1,...,k}.
We have "1 € nF_ (N : m,,) = (N : E?Zl Rmygy,) = (N : M) and since
P(NE (N 2 my,)) € NF_ (N my,) € (N : my,) for all i and so r"F! ¢
(N : my,) implies that r" ™1 & (NE_ (N : my,)) = (N : M). It follows
that r"*t € (N : M)\ ¢(N : M). Since (N : M) is a tp-graded semi-n-
absorbing ideal of R, hence 7 € (N : M), so 7™ € Nk_ (N : my,), therefore
™ € (N :my,) for every i € {1,...,k}. Thus (N : my,) is a ¢-graded semi-n-
absorbing ideal of R.

Suppose that N and L be two graded submodules with L C N, let

M M

o S() = S(7) U0},
be defined by ¢r,(X) = 2EEE with [ € N (and ¢ () = 0 if ¢(N) = 0)
where ¢ : S(M) — S(M)U{0} is a function and S(4£) is the set of all graded
submodules of 2. We recall N = @®,cq Ng where Ny = My, N N and M, be
an R.-module, so N, is an R.- module and hence
(ﬁ) _ Ng+L

LY L

My+L

is a R.-submodule of R.-module . Moreover, we define

N Ny, + L N, L
¢L(f) = or(EP %) - P %7
geG geG

and ¢(N) = (D cq Ng) = Byeq ¢(IVy)- In connection with this concept, we
assert the following theorems.



Some Remarks on ¢-Graded Semi-n-Absorbing Submodules 145

Theorem 1 Let M be a graded R-module and L C N be proper graded sub-
modules of M. Suppose that ¢r,, : S(M9L+L) — S(Mg;L) U {0} be defined by
¢LE(NQE_L) = d)e(NLgHL where ¢ = S(My) — S(My) U {0} is a function and
S(%) is the set of all R.- submodules of R.-module M"LJFL, S(My) is the set
of all Rc-submodules of R.-module M. Then the following statememts hold:

(1) If Ny is a ¢.-semi-n-absorbing submodule of R.-module My, then %
is a ¢r,,-semi-n- absorbing submodule of R.-module M9L+L,

(2) If L C ¢e(Ng) and N“’;L is a ¢, -semi-n-absorbing submodule of MHLJFL,
then Ny is a ¢o-semi-n-absorbing submodule of R.-module My (n > 2).

Proof (1) Let r. € R, and mg+ 1+ L € % with

. Ny+L Ny+L
re(mg+1+1L) € —=—\¢r.(—7—),

so rmmy + L € ML and vimy + L ¢ ¢y, (Netl) = 2R g follows
that r7mg € Ny \ ¢e(INy). Since, N, is a @.-semi-n-absorbing submodule of
Re-module My, that gives 7 € (N, : M) or v *mg, € N,. Therefore

Ny+ L Mq+L)
L L ’

re € (

or r Y mg+1+1L)€ %

(2) Let re € R and my € M, with r'mg € Ny \ @e(Ny). Since, L C ¢ (Ny), so,
rimg ¢ w Hence, 77 (mgy + L) € NgLJrL \d)Le(Ng;L). Since, N9L+L is a
¢1,.-semi-n-absorbing submodule of R.-module M9L+L, sory € (Ngz_ L. M9L+L)
or r» Ymy+1+ L)€ % It follows that v € (N, : M) or r»~tm, € Ny,
as required.

Theorem 2 Let M be a graded R-module and L C N be proper graded sub-
modules of M. Assume that ¢r, + S(2£) — S(35) U {0} be a function where
¢ S(M) — S(M) U {0} is a function and S(3L) is the set of all graded

submodules o %

-
U

(1) If N is a ¢-graded semi-n-absorbing submodule of M, then %is a ¢r,-graded
semi-n-absorbing submodule o %
(2) If L C ¢(N) and & is a ¢r-graded semi-n-absorbing submodule of 3L,

then N is a ¢-graded semi-n-absorbing submodule of M.
Proof Tt is evident.

Now, we introduce function ¢yp;. Let M be a graded R-module and I be a
graded ideal of G-graded ring R. Then I = 37 Iy and Iy N (3 con (43 Lo) =
{0}. Tt follow that

IM = (ZIQ)M = Z(IQM)7

geG geG
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and

LMa( Y M) = {0},
9€G\{g'}

and hence, IM = @QEG I,M, so IM is a graded submodule of M. Since, I C
Anng(M/IM),so M/IM becomes a G-graded R/I-module with g-component
(M/IM), = (My+IM)/IM for g € G.

Corollary 5 Let M be a graded R-module, N be a graded submodule of M
and I be a graded ideal of G-graded ring R with IM C N. Assume that
drag 2 S(M/IM) — S(M/IM) U {0} be a function where S(M/IM) is the
set of all graded submodules of R/I-module M/IM. If N is a ¢-graded semi-
n-absorbing submodule of R-module M, then N/IM is a ¢rp-graded semi-n-
absorbing submodule of R/I-module M /IM.

Proof By Theorem 2, the proof is clear.

Corollary 6 Let M be a graded R-module, N be a proper graded submodules
of M where Ny is a g-component of N and I be an ideal of R.. Suppose that

oMy +IM My +IM
be defined by

s (Ng—i-IM)id)e(Ng)—i-IM

M IM

where ¢ : S(Mg) — S(My) U {0} is a function and S(MQILIM) is the set of
all R./I- submodules of Re/I-module MgILIM, S(My) is the set of all R.-
submodules of Re-module My. Then the following statememts hold:

(1) If Ny is a ¢.-semi-n-absorbing submodule of R.-module Mg, then N-"IEM
is a @rar, -semi-n- absorbing submodule of R./I-module MQIEM.

(2) If IM C ¢.(Ng) and NQILIM is a ¢ru,-semi-n-absorbing submodule of

R./I-module M-‘f]'éM , then Ny is a ¢.-semi-n-absorbing submodule of R.-

module My (n > 2).

Proof Apply Theorem 1.

We recall a proper graded submodule IV of a graded R-module M as a graded
weakly semi-n-absorbing submodule of M if whenever r € h(R), m € h(M)
with 0 # r"m € N, then ™ € (N : M) or "~ 'm € N. The following proposi-
tion be used for ¢-semiprime submodules and weakly semiprime submodules
(See [9], Proposition 2.15). We state the following proposition for ¢-graded
semi-n-absorbing submodules and graded weakly semi-n-absorbing submod-
ules.
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Proposition 3 Let M be a graded R-module, N be a proper graded submodules
of M and ¢ : S(M) — S(M)U {0} be a function with

Qb(Ng mNg’) = ¢(Ng) N (b(Ng’)a (b(z Ng) = Z ¢(Ng)7

geG geG
and $(0) = 0 where Ny is a g-component of N. N is a ¢-graded semi-n-
absorbing submodule of graded R-module M if and only if % is a graded

weakly semi-n-absorbing submodule of R-graded module %

Proof Let N be a proper graded submodules of R-graded module M, hence
N = YgeaNg and Ny 0 (3 ccn o1 Ng) = {0} In regard to definition ¢,
we have 3(N) = ,eq 6(Ny) and 6(Ny) 0 (Syeen i #(N)) = {0}, 50
d(N) = D eq ?(Ng) and hence ¢(N) is a garded submodule of M. Then

% becomes a G-graded R-module with g-component ( ¢éVI<f))9 = M"d;(rj‘f,()N)
for g € G. Moreover, m + ¢(N) € h(%) implies that m + ¢(N) € M"%ﬁ()m

for some g € G, hence m € h(M). Now, N be a ¢-graded semi-n-absorbing

submodule of graded R-module M and ¢(N) # r™*(m + ¢(N)) € % where
r € h(R) and m + ¢(N) € %, so r"m € N\ ¢(N) and m € h(M). Then
™~ im € N or v € (N : M), therefore r"~tm + ¢(N) € ﬁ or r" €
( % : #N)) and so %N) is a graded weakly semi-n-absorbing submodule of
R-graded module % Now, assume that ﬁ is a graded weakly semi-n-

absorbing submodule of R-graded module % Similarly, we can prove that
N is a ¢-graded semi-n-absorbing submodule of graded R-module M.

Let R and R’ be two G-graded rings, so
R=@R, R =ER, ReRnC Rgn,
geG geG
and Ry Rj C R ;. Suppose that (R x R'), = Ry x Rj. We define
RxR =Y RyxRy={> (rg,1y) | vy € Ry, 1)) € R}.
geG f.s
Now, we show that
(R x Ry)N (Y Ry x Ry)={(0,0)},
9€G\{g'}

and
(RxR')y(Rx R, C(RXR)gqn.

Let (rgr,m0n) € (R X Ry,) N (X e gy Bg X Ry). 1t follows that

y Pgrr
’/‘g// = E TQH Tg// = ’/‘g/7

9'#9i
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and
/ ! / /
Tg// = E Tgﬂ Tg// = Tg/7
9'#3i
where 7y € Ryr, 70, € R/, 79, € Ry and 7, € Ry, Then

rgr € Ry 0 ( Z Ry) = {0},

9€G\{g'}

and 7y, € Ry N (32, cq () By) = {0}, hence (rgr,7y,) = (0,0).
Now, assume that 2z € (R x R')g(R x R'), and hence z =3, (rg,7)(rn,7},)
where (ry,7,) € Ry x Ry and (r,7},) € Ry, X R},. Therefore

z= (Z TgThs ZT;T;L).
f.s f.s

On the other hand, Zf <TgTh € RgRy and Z r! rh € R R),. Since RyR;, C
Ryin and Ry R C R’ ihs SO 2 € Rg+h xR, = (R x R/ )g+h Accordmgly, we
have R x R’ = @geG Ry x Ry,

Let R and R’ be two G-graded rings, M a graded R-module and M’ a
graded R’-module. We prove that M x M’ is a graded R x R’-module. We
write M x M" = 3 o Mg x Mg. Since Mg N (3 e gy Mg) = {0} and
My N e ey My ) = {0}, 80 (Mg x My )N32 con g3 (Mg x Mg) = {(0,0)}.
Also, we show that (R x R')4(M x M’);L C (M x M")gtn.

Let € (R x R')y(M x M"), and hence

T = g (rg,rq mp,my,) g rgmh,g rmh

f.s

where (rg,7y) € (R x R'), and (my,my,) € (M x M")p,. Since RyMy, € Mgyp
and R’gM,’l c M g+ho SO Zf‘s rgmp € Mgy, and Zf.s r;mh € M g+ho hence
x € Mgyp X Mg+h = (M x M')gin. Then M x M' = D,cq My % M’

Now, let N be a proper graded submodule of M and N’ a proper graded
sumodule of M’. We have N = @ 5 N, and N = P .5 N, where N, =

geG
NN M, and N}, = N' 0 M}. So,

geG

Ny x N = (N1 M,) x (N' 0 M)
= (N x N')n (M, x M)
=(NxN')N(M x M),
= (N x N'),,

and we can write
NxN =N xN'), =P N, x N,
geG geG

Hence, N x N’ is a proper graded submodule of M x M’. Let
¢:S(Mx M) — S(M x MYU{D}, ¢1:S(M)— S(M)u {0},
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and ¢g : S(M') — S(M')U{0} be functions with ¢(N X N') = ¢1(N) x ¢2(N')
where S(M x M’) is a the set of all graded submodules of M x M’. Now, with
respect to above results we will assert the next theorems.

Theorem 3 Let M x M’ be a graded R x R'-module, N a proper graded
submodule of M and N’ a proper graded submodule of M’ with (R4 X R.) C
(RxR')g and Myx{0} C (M xM'), forallg € G. If Nx N’ is a ¢-graded semi-
n-absorbing submodule of M x M’, then N is a ¢1-graded semi-n-absorbing
submodule of M .

Proof Let N be a proper graded submodule of M, r € h(R) and m € h(M
with 7"m € N \ ¢1(N). We have (r"m,0) € N x N’ and (r"m,0) ¢ ¢1(N) x
¢2(N"). So (r"m,0) = (r,1)"(m,0) € N X N'\ ¢1(N) x ¢p2(N') where r € h(R)
and m € M. We have (r,1) € h(R) x R., hence r € R, for some g € G,
therefore (r,1) € Ry x R.,. Since (Ryx R.) C (RxR')4,50 (r,1) € (RxR'), C
h(R x R’). Also, m € h(M) implies that m € M, for some g € G and hence
(m,0) € My x {0}. Since M, x {0} C (M, x M'),, so (m,0) € (M x M'), C
h(M x M'"). Therefore we show that (m,0) € h(M x M') and (r,1) € h(Rx R’).
Since N x N’ is a ¢-graded semi-n-absorbing submodule of M x M’. Thus
(r,1)» € (N x N' : M x M') or (r,1)""1(m,0) € N x N'. It follows that
(r,1)"(m”,m') € N x N’, for each (m”,m’) € h(M x M') C h(M) x h(M"),
or r"~tm € N. Therefore r™ € (N : M) or r"~1m € N, as required.

Corollary 7 Let M x M’ be a graded R x R'-module, N a proper graded
submodule of M and N' a proper graded submodule of M' with (R. x Ry) C
(RxR')g and {0} x M) C (MxM'), forallg € G. If NxN' is a ¢-graded semi-
n-absorbing submodule of M x M’, then N’ is a ¢o-graded semi-n-absorbing
submodule of M'.

Proof The proof is similar to the proof of Theorem 3.

Theorem 4 Let M x M’ be a graded R x R'-module and ¢ : S(M x M') —
S(M x M) U{D} be a function with ¢(N x N') = ¢1(N) x ¢o(N') where
¢1:S(M) = S(M)U{D},02 : S(M') — S(M")U{0} be two functions such that
h(R") = (¢po(M") : L(M")). If N is a ¢1-graded semi-n-absorbing submodule of
M, then N x M’ is a ¢-graded semi-n-absorbing submodule of M x M’'.

Proof Let (r,7") € h(Rx R') and (m,m’) € h(M x M') with (r,r")"(m,m’) €
N XxM'\¢(N x M'). It follows that r"m € N , r""m’ € M’ and (r"m,r"™m') ¢
$1(N) x ¢o(M"). Since h(R x R') C h(R) x h(R') and h(M x M’) C h(M) x
h(M"), so (r,r") € h(R) x h(R'), (m,m') € h(M) x h(M') and hence r €
h(R), ' € h(R'), m € h(M) and m’ € h(M’). On the other hand, since
h(R') = (¢2(M') : h(M')), so r'™m’ € ¢o(M’) and hence r"m ¢ ¢1(N).
Therefore, we show that r"m € N \ ¢1(N) where r € h(R) and m € h(M).
Because N is a ¢;-graded semi-n-absorbing submodule of M, hence r" €
(N : M) or r"~tm € N. Then (r",7'™) = (r,7")* € (N x M' : M x M’) or
(r“=tm, eI’y = (r,7")" "t (m,m’) € N x M’, as needed.
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Corollary 8 Let M x M’ be a graded R x R'-module and ¢ : S(M x M') —
S(M x M) U {0} be a function with ¢(N x N') = ¢1(N) X ¢o(N') where
1 : S(M) = S(M)U {0}, ¢o: S(M') — S(M")U{D} be two functions such
that h(R) = (¢p1(M) : h(M)). If N’ is a ¢pa-graded semi-n-absorbing submodule
of M', then M x N' is a ¢-graded semi-n-absorbing submodule of M x M'.

Proof The proof is similar to the proof of Theorem 4.

Let R be a G-ring. A graded R-module M is called a graded multiplication
R-module if for every graded submodule N of M, N = IM for some graded
ideal of R. One can easily prove that if IV is a graded submodule of a graded
multiplication module M, then N = (N : M)M. Now, suppose that N, K be
two graded submodules of graded R-module, N = IM and K = JM for some
graded ideals I and J of R, then the product of N and K, denoted by NK,
is defined by IJM. We recall that N™ is defined by N™ = (N : M)™M (See
[6] and [11]).

Definition 1 Let M be a graded multipilication R-module and ¢ a positive
integer with t > 2. A proper graded submodule N of M is said a t-potent
graded semi-n-absorbing submodule if whenever r € h(R) and m € h(M)
with r"m € Nt then r"'m € N.

Proposition 4 Let M be a graded multiplication R-module and N be a proper
graded submodule of M. If N is a graded m-almost semi-n-absorbing submodule
of M for m > 2 and N is a t-potent graded semi-n-absorbing submodule of
M such that t < m, then N is a graded semi-n-absorbing submodule of M
(n>3).

Proof Let r € h(R) and z € h(M) with 7"z € N. Since N™ C N, sor"x ¢ N*
imples that r"z ¢ N™ and hence "z € N\ N™. On the other hand, we have
N\N™ = N\(N: M)"M = N\(N : M\)™Y(N: M)M = N\(N : M)™"!N.
Thus r"z € N\(N : M)™1N. Since N is a graded m-almost semi-n-absorbing
submodule of M, so r"~tx € N or v € (N : M). Therefore N is a graded
semi-n-absorbing submodule of M. If r"z € N?, beacause N is a t-potent
graded semi-n-absorbing submodule of M, hence »"~'x € N, as required.
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