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Abstract Let R be a G-graded commutative ring with identity and M be a
unitary G-graded R-module. Let S(M) be the set of all graded submodules of
M and ϕ : S(M) → S(M) ∪ {∅} be a function. A proper graded submodule
N of M is called ϕ-graded semi-n-absorbing submodule if whenever r ∈ h(R)
and m ∈ h(M) with rnm ∈ N\ϕ(N), then rn ∈ (N : M) or rn−1m ∈ N
(n ≥ 2). In this work, firstly, we state with deeper results on the structure
of generalizations of prime submodules as ϕ-graded prime submodules. More-
over ϕ-graded semi-n-absorbing submodules are studied and some results are
obtained.
Keywords ϕ-Graded prime submodule · ϕ-Graded semi-n-absorbing
submodule · ψ-Graded semi-n-absorbing ideal · (n, n − 1)-ϕ-Graded prime
submodule
Mathematics Subject Classification (2010) 13C05 · 13C13

1 Introduction

In this work, all rings are commutative with identity and all modules are
unitary. Let G be an abelian group with identity e. A ring R is called G-graded
ring if there exists a family of subgroups {Rg}g∈G of R such that R =

⊕
g∈GRg

with the property that RgRg′ ⊆ Rg+g′ for all g, g′ ∈ G where RgRg′ is the set
of all elements consisting of all finite sums in the form rgr

′
g′ with rg ∈ Rg and

r′g′ ∈ Rg′ . A non-zero element r ∈ Rg is called a homogeneous element of R
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of degree g. If r ∈ R, then r can be written uniquely as r =
∑

g∈G rg, where
rg ∈ Rg and the sum contains only a finite number of non-zero terms. Each
rg is called the g-component of r in Rg and h(R) = ∪g∈GRg. Moreover, Re

is a subring of R, 1R ∈ Re and Rg is an Re-module for all g ∈ G. An ideal
I of R is called graded ideal of R if I =

⊕
g∈G Ig such that Ig = I ∩ Rg for

g ∈ G. If I is a graded ideal of R, then h(I) = ∪g∈GIg = ∪g∈G(I ∩ Rg) =
I∩h(R). Furthermore, R/I is a G-graded ring and R/I =

⊕
g∈G(R/I)g where

(R/I)g = (I + Rg)/I for g ∈ G. Let R, R′ be two G-graded rings. Suppose
that f : R → R′ be a ring homomorphism. Then f is said to be graded ring
homomorphism of degree σ if f(Rg) ⊆ R′

g+σ for all g ∈ G.
Now, Let R be a G-graded ring. Then an R-module M is said to be G-

graded if it has a direct sum decomposition M =
⊕

g∈GMg such that RgMg′ ⊆
Mg+g′ for all g, g′ ∈ G. Here RgMg′ denotes the additive subgroup of M
consisiting of all finite sums of elements rgmg′ with rg ∈ Rg and mg′ ∈ Mg′ .
Any element of Mg is said to be a homogeneous element of degree g. Also, we
write h(M) = ∪g∈GMg. If m ∈M , then the element m can be written uniquely
as m =

∑
g∈Gmg where mg ∈Mg and the sum contains only a finite number

of non-zero terms. If m ̸= 0 is in Mg for some g ∈ G, then m is homogeneous
of degree g and we write : deg m = g( or m is called the g-component). For all
g ∈ G, the subgroup Mg of M is an Re-module. Let M =

⊕
g∈GMg is a graded

R-module and N a submodule of M . Then N is called a graded submodule
of M if N =

⊕
g∈GNg, where Ng = N ∩ Mg for g ∈ G. In this case, Ng

is called the g-component of N . Furthermore, M/N becomes a G-graded R-
module with g-component (M/N)g = (Mg+N)/N for g ∈ G. If N is a graded
submodule of M , then h(N) = ∪g∈GNg = ∪g∈G(N ∩Mg) = N ∩ h(M). Let
R be a graded ring and M , M ′ be graded R-modules. Let φ : M → M ′ be
an R-module homomorphism. Then φ is said to be graded homomorphism of
degree σ, σ ∈ G, if φ(Mg) ⊆M ′

g+σ for all g ∈ G. For general background and
more detail, the reader may consult [14] and [16].

Graded prime submodules, graded primary submodules, graded almost
prime submodules, graded weakly prime submodules, graded classical prime
submodules, graded almost semiprime submodules and graded weakly semiprime
submodules of general graded modules over graded rings have been studied by
several authors (See, for example, [4,5,7,15]). In this work, we investigate
a generalization of graded semi-n-absorbing submodules and prove some re-
marks for ϕ-graded semi-n-absorbing submodules. Generalizations of prime
submodules and prime ideals play an important role in extended submod-
ules and ideals. D.D. Anderson and Bataineh stated various generalizations
of prime ideals (See [3]). Also, Zamani in [17] introduced this concept to ϕ-
prime submodule i.e., a proper submodule N of M is a ϕ-prime submodule if
rm ∈ N\ϕ(N) whenever r ∈ R and m ∈M , then m ∈ N or r ∈ (N :M) where
ϕ : S(M) → S(M)∪{∅} is a function and S(M) is the set of all submodules of
M . D.F. Anderson and Badawi defined an n-absorbing ideal i.e., a proper ideal
I of R is called an n-absorbing ideal if r1 . . . rn+1 ∈ I where r1, . . . , rn+1 ∈ R,
then r1 . . . ri−1ri+1 . . . rn+1 ∈ I for some i ∈ {1, . . . , n+1}. Also, they called I
to be a semi n-absorbing ideal if rn+1 ∈ I where r ∈ R, then rn ∈ I. A proper
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submodule N of M is called n-absorbing (or (n, n+1)-prime) submodule of M
if r1 . . . rnm ∈ N where r1, . . . , rn ∈ R and m ∈ M , then r1 . . . rn ∈ (N : M)
or r1 . . . ri−1ri+1 . . . rn ∈ N for some i ∈ {1, . . . , n} (See [8]). A proper sub-
module N of M is said semi-prime if r2m ∈ N where r ∈ R and m ∈M , then
rm ∈ N . In particular,N is called a semi-n-absorbing submodule ofM if when-
ever m ∈ M and r ∈ R with rnm ∈ N , then rnm ∈ (N : M) or rn−1m ∈ N .
Some authors extended various generalized prime submodules, prime ideals
and obtained some results on generalizations of prime submodules (For ex-
ample see [1,2,10,12,13]). Now, we will define the ϕ-graded semi-n-absorbing
submodules and will give some basic results about ϕ-graded semi-n-absorbing
submodules of graded modules. Let R be aG-graded R-module andN a graded
submodule of M . The ideal {r ∈ R | rM ⊆ N} will be denoted by (N : M).
The annihilator of M is defined as (0 : M) and is denoted by Ann(M). The
graded R-module M is called faithful if Ann(M) = 0.

At the end of this section we recall several definitions and remarks. Let M
be a graded R-module, S(M) be the set of all graded submodules of M and
ϕ : S(M) → S(M) ∪ {∅} be a function. A proper graded submodule N of M
is called ϕ-graded semi-n-absorbing if rnm ∈ N\ϕ(N) where r ∈ h(R) and
m ∈ h(M), implies that rn ∈ (N : M) or rn−1m ∈ N (n ≥ 2). Let R be a G-
graded ring, I(R) be the set of all graded ideals of R and ψ : I(R) → I(R)∪{∅}
be a function. We say that a proper graded ideal I of R is ψ-graded semi-n-
absorbing ideal if rn+1 ∈ I \ ψ(I) for r ∈ h(R), then rn ∈ I (n ≥ 2). Let
M be a graded R-module and P be a proper graded submodule of M . Let
ϕ : S(M) → S(M) ∪ {∅} be a function where S(M) be the set of all graded
submodules of M . P is called ϕ-graded prime submodule of M if whenever
r ∈ h(R) and m ∈ h(M) with rm ∈ P \ ϕ(P ), then r ∈ (P : M) or m ∈ P .
Assume that N be a graded submodule of M , N is said ϕ-graded semiprime
submodule of M if N = ∩P∈SP such that

S ⊆ Specϕ(M) = {P ∈ S(M) | P is a ϕ− graded prime submodule}.

Moreover, suppose that n ≥ 2 be a positive integer and N be a proper graded
submodule of M , N is called (n − 1, n)-ϕ-graded prime submodule of M if
whenever r1, . . . , rn−1 ∈ h(R) and m ∈ h(M) with r1 . . . rn−1m ∈ N \ ϕ(N),
then r1 . . . rn−1 ∈ (N : M) or r1 . . . ri−1ri+1 . . . rn−1m ∈ N for some i ∈
{1, . . . , n− 1} (See [10]).

Remark 1 Let R be a G- graded ring and M be a graded R- module. It is
clear that, if N is a (n, n + 1)-ϕ-graded prime submodule of M , then N is a
ϕ-graded semi-n-absorbing submodule of M . Also, if N is a ϕ-graded prime
submodule of M , then N is a (n, n− 1)-ϕ-graded prime submodule of M .

Remark 2 Let R be a G- graded ring and M be a graded R- module. If N is
a ϕ-graded semi-2-absorbing submodule of M , then N is a ϕ-graded semi-n-
absorbing submodule of M . Also, if N is a (n, n−1)-ϕ-graded prime submodule
of M , then N is a (n, n+ 1)-ϕ-graded prime submodule of M .
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Remark 3 Let R be a G- graded ring, M be a graded R- module and ϕ1,
ϕ2 : S(M) → S(M)∪{∅} be two functions where S(M) is the set of all graded
submodules of M with ϕ1 ⩽ ϕ2 (i.e., for every graded submodules of M ,
ϕ1(N) ⊆ ϕ2(N)). If N is a ϕ1-graded semi-n-absorbing ((n, n − 1)-ϕ1-graded
prime) submodule of M , then N is a ϕ2-graded semi-n-absorbing ((n, n− 1)-
ϕ2-graded prime) submodule of M .

By the definition of ϕ-graded semi-n-absorbing submodule N , if ϕ(N) = ∅
(resp. ϕ(N) = 0, ϕ(N) = (N : M)N , ϕ(N) = (N : M)m−1N and ϕ(N) =
∩∞
i=1(N :M)mN), then a submodule N is a graded semi-n-absorbing submod-

ule (resp. graded weakly semi-n-absorbing submodule, graded almost semi-
n-absorbing submodule, graded m-almost semi-n-absorbing submodule and
graded ω-semi-n-absorbing submodule) of M . Now, by Remark 1.6 , we have
graded semi-n-absorbing submodule ⇒ graded weakly semi-n-absorbing sub-
module ⇒ graded ω-semi-n-absorbing submodule ⇒ graded m-almost semi-
n-absorbing submodule ⇒ graded almost semi-n-absorbing submodule
One of the most important questions is ”Under what circumstance is the re-
verse of above condistions held ?”
In the next section, we state some properties of ϕ- graded semi-n-absorbing
submodule of M and obtain a number of results concerning ϕ-graded semi-n-
absorbing submodules.

2 Properties of ϕ-Graded Semi-n-Absorbing Submodules

The following corollaries be given some results when we utilize the defintion
ϕ-graded semi-n-absorbing submodule.
Corollary 1 Let M be a graded R-module and N be a proper graded submodule
of M . Let ϕ : S(M) → S(M) ∪ {∅} be a function where S(M) be the set of
all graded submodules of M . If N is a ϕ-graded prime submodule of M , then
N is a ϕ-graded semi-n-absorbing submodule of M .

Proof Let N be proper graded submodule and rnm ∈ N\ϕ(N) where r ∈ h(R)
andm ∈ h(M) (n ≥ 2). SinceN is a ϕ-prime submodule ofM , so rn ∈ (N :M)
or m ∈ N . Thus rn−1m ∈ N or rn ∈ (N :M), as required.

Corollary 2 Suppose that N is a ϕ-graded semi-n-absorbing submodule of M ,
then N is a ϕ-graded semi-n+ 1-absorbing submodule of M .

Proof It is clear.

Corollary 3 Let R, S be two G-rings, φ : R → S be a graded ring ho-
momorphism and M be a graded S-module. Suppose that N is a ϕ-graded
semi-n-absorbing submodule of graded S-module M , then N is a ϕ-graded
semi-n-absorbing submodule of graded R-module M .

Proof Let rnm ∈ N \ ϕ(N) where r ∈ h(R) and m ∈ h(M). We know that
rnm = φ(r)nm ∈ N \ϕ(N) such that φ(r) ∈ S. It is clear that N is a ϕ-graded
semi-n-absorbing submodule of graded R-module M .
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Example 1 Let R = Z = Re be a Z-graded ring and M = Z
pZ a Z-graded Z-

module where p ∈ Z is a prime number. Clearly, N = {0M} = pZ is a proper
graded submodule of Z

pZ and (pZ : Z
pZ ) = pZ. Suppose that np(m + pZ) ∈ pZ

where m,n ∈ Z, so npm ∈ pZ and hence p | npm, therefore p | np or p | m.
Then np ∈ pZ = (pZ : Z

pZ ) or m ∈ pZ. Accordingly, N is a graded semi-p-
absorbing submodule of M = Z

pZ .
Now, let R = Z = Re be as Z-graded ring and M = Z × Z be a Z-graded
Z-module with M0 = Z × {0} and M1 = {0} × Z. Clearly, N = 16Z × {0}
is a proper graded submodule of Z × Z and (16Z × {0} : Z × Z) = 0. Since,
22(4, 0) ∈ 16Z×{0} but 2(4, 0) /∈ 16Z×{0} and 22 /∈ (16Z×{0} : Z×Z) = 0,
so N = 16Z× {0} is not graded semi-2-absorbing submodule of M = Z× Z.

Corollary 4 Let ϕ : S(M) → S(M) ∪ {∅} be a function where S(M) be the
set of all graded submodules of graded R-module M and Ni be a proper graded
submodule of M for i ∈ Λ, with ϕ(∪i∈ΛNi) ⊆ ϕ(∩i∈ΛNi). If Ni is a ϕ- graded
semi-n-absorbing submodule of M for each i ∈ Λ, then ∩i∈ΛNi is a ϕ-graded
semi-n-absorbing submodule of M .

Proof Let rnm ∈ ∩i∈ΛNi \ ϕ(∩i∈ΛNi) where r ∈ h(R) and m ∈ h(M). So
rnm ∈ ∩i∈ΛNi and rnm /∈ ϕ(∩i∈ΛNi), since ϕ(∪i∈ΛNi) ⊆ ϕ(∩i∈ΛNi), hence
rnm ∈ Ni \ϕ(Ni) for every i ∈ Λ. Because Ni is a ϕ-graded semi- n-absorbing
submodule of M , therefore rn ∈ (Ni : M) or rn−1m ∈ Ni for all i ∈ Λ. Thus
rn ∈ (∩i∈ΛNi :M) or rn−1m ∈ ∩i∈ΛNi, as needed.

Proposition 1 Let M be a graded R-module , ϕ : S(M) → S(M) ∪ {∅} be a
function and N be a proper graded submodule of M . Assume that ψ : I(R) →
I(R)∪ {∅} be a function where I(R) is the set of all graded ideals of R. Then
the following conditions hold:

(1) If (N : m) is a ψ-graded semi-n− 1-absorbing ideal of R with ψ(N : m) ⊆
(ϕ(N) : m) for every m ∈ h(M), then N is a ϕ-graded semi-n-absorbing
submodule of M (n ≥ 2).

(2) If N is a ϕ-graded semi-n-absorbing submodule of M with (ϕ(N) : m) ⊆
ψ(N : m), then (N : m) is a ψ-graded semi-n-absorbing ideal of R.

Proof (1) Let r ∈ h(R) and m ∈ h(M) with rnm ∈ N \ ϕ(N) and rn /∈ (N :
M), so rn ∈ (N : m) and rn /∈ (ϕ(N) : m). Since ψ(N : m) ⊆ (ϕ(N) : m),
hence rn ∈ (N : m) and rn /∈ ψ(N : m). Thus rn ∈ (N : m) \ ψ(N : m). Since
(N : m) is a ψ-graded semi-n− 1-absorbing ideal of R, hence rn−1 ∈ (N : m).
Therefore rn−1m ∈ N , so N is a ϕ-graded semi-n-absorbing submodule of
graded R-module M .
(2) Let r ∈ h(R) and m ∈ h(M) with rn+1 ∈ (N : m) \ ψ(N : m), so
rn+1m ∈ N or rn+1 /∈ ψ(N : m) and hence rn(rm) ∈ N \ ϕ(N). Since
r ∈ h(R) and m ∈ h(M), so r ∈ Rg and m ∈Mg′ for some g, g′ ∈ G and hence
rm ∈ RgMg′ ⊆Mg+g′ . Then rm ∈ h(M), therefore rn(rm) ∈ N \ϕ(N) implies
that rn−1(rm) ∈ N or rn ∈ (N :M). So rnm ∈ N or rn ∈ (N :M) ⊆ (N : m).
Consequently, rn ∈ (N : m).



144 Mohammad Hosein Moslemi Koopaei, Masoud Zolfaghari

Let R be a G-graded ring. A graded R-module M is called graded finitely
generated if M =

∑n
i=1Rmgi where mgi ∈ h(M) (1 ≤ i ≤ n).

Proposition 2 Let M be a graded finitely generated R-module such that M =∑k
i=1Rmgi , N be a proper graded submodule of M and ψ : I(R) → I(R)∪{∅}

be a function where I(R) is the set of all graded ideals of G-graded ring R,
mgi ∈ h(M). Then
(1) If (N : mgi) is a ψ-graded semi-n-absorbing ideal of R with ψ(N : mgi) ⊆

ψ(N : M) for every i = 1, . . . , k, then (N : M) is a ψ-graded semi-n-
absorbing ideal of R.

(2) If (N :M) is a ψ-graded semi-n-absorbing ideal of R, then (N : mgi) is a
ψ-graded semi-n-absorbing ideal of R.

Proof (1) Assume that rn+1 ∈ (N : M) \ ψ(N : M) and rn /∈ (N : M). Since
(N :

∑k
i=1Rmgi) = ∩k

i=1(N : Rmgi) = ∩k
i=1(N : mgi), so rn /∈ (N : mgj ) for

some j ∈ {1, . . . , k} and mgj ∈ h(M). Because of rn+1 /∈ ψ(N : M), hence
rn+1 /∈ ψ(N : mgi) for each i ∈ {1, . . . , k}. Thus rn+1 ∈ (N : mgj )\ψ(N : mgj )
for some j ∈ {1, . . . , k} and mgj ∈ h(M) . Since (N : mgj ) is a ψ-graded semi-
n-absorbing ideal of graded ring R, so rn ∈ (N : mgj ) which contradicts with
our assumption. Therefore (N : M) is a ψ-graded semi-n-absorbing ideal of
R.
(2) Let r ∈ h(R) with rn+1 ∈ (N : mgi) \ ψ(N : mgi) for each i ∈ {1, . . . , k}.
We have rn+1 ∈ ∩k

i=1(N : mgi) = (N :
∑k

i=1Rmgi) = (N : M) and since
ψ(∩k

i=1(N : mgi)) ⊆ ∩k
i=1ψ(N : mgi) ⊆ ψ(N : mgi) for all i and so rn+1 /∈

ψ(N : mgi) implies that rn+1 /∈ ψ(∩k
i=1(N : mgi)) = ψ(N : M). It follows

that rn+1 ∈ (N : M) \ ψ(N : M). Since (N : M) is a ψ-graded semi-n-
absorbing ideal of R, hence rn ∈ (N : M), so rn ∈ ∩k

i=1(N : mgi), therefore
rn ∈ (N : mgi) for every i ∈ {1, . . . , k}. Thus (N : mgi) is a ψ-graded semi-n-
absorbing ideal of R.
Suppose that N and L be two graded submodules with L ⊆ N , let

ϕL : S(
M

L
) → S(

M

L
) ∪ {∅},

be defined by ϕL(
N
L ) = ϕ(N)+L

L with L ⊆ N (and ϕL(
N
L ) = ∅ if ϕ(N) = ∅)

where ϕ : S(M) → S(M)∪{∅} is a function and S(ML ) is the set of all graded
submodules of M

L . We recall N =
⊕

g∈GNg where Ng = Mg ∩N and Mg be
an Re-module, so Ng is an Re- module and hence

(
N

L
)g =

Ng + L

L
,

is a Re-submodule of Re-module Mg+L
L . Moreover, we define

ϕL(
N

L
) = ϕL(

⊕
g∈G

Ng + L

L
) =

⊕
g∈G

ϕ(Ng) + L

L
,

and ϕ(N) = ϕ(
⊕

g∈GNg) =
⊕

g∈G ϕ(Ng). In connection with this concept, we
assert the following theorems.
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Theorem 1 Let M be a graded R-module and L ⊆ N be proper graded sub-
modules of M . Suppose that ϕLe

: S(
Mg+L

L ) → S(
Mg+L

L ) ∪ {∅} be defined by
ϕLe

(
Ng+L

L ) =
ϕe(Ng)+L

L where ϕe : S(Mg) → S(Mg) ∪ {∅} is a function and
S(

Mg+L
L ) is the set of all Re- submodules of Re-module Mg+L

L , S(Mg) is the set
of all Re-submodules of Re-module Mg. Then the following statememts hold:

(1) If Ng is a ϕe-semi-n-absorbing submodule of Re-module Mg, then Ng+L
L

is a ϕLe-semi-n- absorbing submodule of Re-module Mg+L
L .

(2) If L ⊆ ϕe(Ng) and Ng+L
L is a ϕLe

-semi-n-absorbing submodule of Mg+L
L ,

then Ng is a ϕe-semi-n-absorbing submodule of Re-module Mg (n ≥ 2).

Proof (1) Let re ∈ Re and mg + l + L ∈ Mg+L
L with

rne (mg + l + L) ∈ Ng + L

L
\ ϕLe(

Ng + L

L
),

so rnemg + L ∈ Ng+L
L and rnemg + L /∈ ϕLe(

Ng+L
L ) =

ϕe(Ng)+L
L . It follows

that rnemg ∈ Ng \ ϕe(Ng). Since, Ne is a ϕe-semi-n-absorbing submodule of
Re-module Mg, that gives rne ∈ (Ng :Mg) or rn−1

e mg ∈ Ng. Therefore

rne ∈ (
Ng + L

L
:
Mg + L

L
),

or rn−1
e (mg + l + L) ∈ Ng+L

L .
(2) Let re ∈ Re and mg ∈Mg with rnemg ∈ Ng\ϕe(Ng). Since, L ⊆ ϕe(Ng), so,
rnemg /∈ ϕe(Ng)+L

L . Hence, rne (mg + L) ∈ Ng+L
L \ ϕLe(

Ng+L
L ). Since, Ng+L

L is a
ϕLe

-semi-n-absorbing submodule of Re-module Mg+L
L , so rne ∈ (

Ng+L
L :

Mg+L
L )

or rn−1
e (mg + l+ L) ∈ Ng+L

L . It follows that rne ∈ (Ng :Mg) or rn−1
e mg ∈ Ng,

as required.

Theorem 2 Let M be a graded R-module and L ⊆ N be proper graded sub-
modules of M . Assume that ϕL : S(ML ) → S(ML ) ∪ {∅} be a function where
ϕ : S(M) → S(M) ∪ {∅} is a function and S(ML ) is the set of all graded
submodules of M

L .

(1) If N is a ϕ-graded semi-n-absorbing submodule of M , then N
L is a ϕL-graded

semi-n-absorbing submodule of M
L .

(2) If L ⊆ ϕ(N) and N
L is a ϕL-graded semi-n-absorbing submodule of M

L ,
then N is a ϕ-graded semi-n-absorbing submodule of M .

Proof It is evident.

Now, we introduce function ϕIM . Let M be a graded R-module and I be a
graded ideal of G-graded ring R. Then I =

∑
g∈G Ig and Ig′∩(

∑
g∈G\{g′} Ig) =

{0}. It follow that
IM = (

∑
g∈G

Ig)M =
∑
g∈G

(IgM),
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and
Ig′M ∩ (

∑
g∈G\{g′}

IgM) = {0},

and hence, IM =
⊕

g∈G IgM , so IM is a graded submodule of M . Since, I ⊆
AnnR(M/IM), so M/IM becomes a G-graded R/I-module with g-component
(M/IM)g = (Mg + IM)/IM for g ∈ G.

Corollary 5 Let M be a graded R-module, N be a graded submodule of M
and I be a graded ideal of G-graded ring R with IM ⊆ N . Assume that
ϕIM : S(M/IM) → S(M/IM) ∪ {∅} be a function where S(M/IM) is the
set of all graded submodules of R/I-module M/IM . If N is a ϕ-graded semi-
n-absorbing submodule of R-module M , then N/IM is a ϕIM -graded semi-n-
absorbing submodule of R/I-module M/IM .

Proof By Theorem 2, the proof is clear.

Corollary 6 Let M be a graded R-module, N be a proper graded submodules
of M where Ng is a g-component of N and I be an ideal of Re. Suppose that

ϕIMe
: S(

Mg + IM

IM
) → S(

Mg + IM

IM
) ∪ {∅},

be defined by

ϕIMe(
Ng + IM

IM
) =

ϕe(Ng) + IM

IM
,

where ϕe : S(Mg) → S(Mg) ∪ {∅} is a function and S(
Mg+IM

IM ) is the set of
all Re/I- submodules of Re/I-module Mg+IM

IM , S(Mg) is the set of all Re-
submodules of Re-module Mg. Then the following statememts hold:

(1) If Ng is a ϕe-semi-n-absorbing submodule of Re-module Mg, then Ng+IM
IM

is a ϕIMe
-semi-n- absorbing submodule of Re/I-module Mg+IM

IM .
(2) If IM ⊆ ϕe(Ng) and Ng+IM

IM is a ϕIMe
-semi-n-absorbing submodule of

Re/I-module Mg+IM
IM , then Ng is a ϕe-semi-n-absorbing submodule of Re-

module Mg (n ≥ 2).

Proof Apply Theorem 1.

We recall a proper graded submodule N of a graded R-module M as a graded
weakly semi-n-absorbing submodule of M if whenever r ∈ h(R), m ∈ h(M)
with 0 ̸= rnm ∈ N , then rn ∈ (N :M) or rn−1m ∈ N . The following proposi-
tion be used for ϕ-semiprime submodules and weakly semiprime submodules
(See [9], Proposition 2.15). We state the following proposition for ϕ-graded
semi-n-absorbing submodules and graded weakly semi-n-absorbing submod-
ules.
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Proposition 3 Let M be a graded R-module, N be a proper graded submodules
of M and ϕ : S(M) → S(M) ∪ {∅} be a function with

ϕ(Ng ∩Ng′) = ϕ(Ng) ∩ ϕ(Ng′), ϕ(
∑
g∈G

Ng) =
∑
g∈G

ϕ(Ng),

and ϕ(0) = 0 where Ng is a g-component of N . N is a ϕ-graded semi-n-
absorbing submodule of graded R-module M if and only if N

ϕ(N) is a graded
weakly semi-n-absorbing submodule of R-graded module M

ϕ(N) .

Proof Let N be a proper graded submodules of R-graded module M , hence
N = Σg∈GNg and Ng′ ∩ (

∑
g∈G\{g′}Ng) = {0}. In regard to definition ϕ,

we have ϕ(N) =
∑

g∈G ϕ(Ng) and ϕ(Ng′) ∩ (
∑

g∈G\{g′} ϕ(Ng)) = {0}, so
ϕ(N) =

⊕
g∈G ϕ(Ng) and hence ϕ(N) is a garded submodule of M . Then

M
ϕ(N) becomes a G-graded R-module with g-component ( M

ϕ(N) )g =
Mg+ϕ(N)

ϕ(N)

for g ∈ G. Moreover, m+ ϕ(N) ∈ h( M
ϕ(N) ) implies that m+ ϕ(N) ∈ Mg+ϕ(N)

ϕ(N)

for some g ∈ G, hence m ∈ h(M). Now, N be a ϕ-graded semi-n-absorbing
submodule of graded R-module M and ϕ(N) ̸= rn(m + ϕ(N)) ∈ N

ϕ(N) where
r ∈ h(R) and m + ϕ(N) ∈ M

ϕ(N) , so rnm ∈ N \ ϕ(N) and m ∈ h(M). Then
rn−1m ∈ N or rn ∈ (N : M), therefore rn−1m + ϕ(N) ∈ N

ϕ(N) or rn ∈
( N
ϕ(N) : M

ϕ(N) ) and so N
ϕ(N) is a graded weakly semi-n-absorbing submodule of

R-graded module M
ϕ(N) . Now, assume that N

ϕ(N) is a graded weakly semi-n-
absorbing submodule of R-graded module M

ϕ(N) . Similarly, we can prove that
N is a ϕ-graded semi-n-absorbing submodule of graded R-module M .

Let R and R′ be two G-graded rings, so

R =
⊕
g∈G

Rg, R′ =
⊕
g∈G

R′
g, RgRh ⊆ Rg+h,

and R′
gR

′
h ⊆ R′

g+h. Suppose that (R×R′)g = Rg ×R′
g. We define

R×R′ =
∑
g∈G

Rg ×R′
g = {

∑
f.s

(rg, r
′
g) | rg ∈ Rg, r

′
g ∈ R′

g}.

Now, we show that

(Rg′ ×R′
g′) ∩ (

∑
g∈G\{g′}

Rg ×R′
g) = {(0, 0)},

and
(R×R′)g(R×R′)h ⊆ (R×R′)g+h.

Let (rg′′ , r′g′′) ∈ (Rg′ ×R′
g′) ∩ (

∑
g∈G\{g′}Rg ×R′

g). It follows that

rg′′ =
∑
g′ ̸=gi

rgi , rg′′ = rg′ ,
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and
r′g′′ =

∑
g′ ̸=gi

r′gi , r′g′′ = r′g′ ,

where rg′ ∈ Rg′ , r′g′ ∈ R′
g′ , rgi ∈ Rg and r′gi ∈ R′

g. Then

rg′′ ∈ Rg′ ∩ (
∑

g∈G\{g′}

Rg) = {0},

and r′g′′ ∈ R′
g′ ∩ (

∑
g∈G\{g′}R

′
g) = {0}, hence (rg′′ , r′g′′) = (0, 0).

Now, assume that z ∈ (R×R′)g(R×R′)h and hence z =
∑

f.s(rg, r
′
g)(rh, r

′
h)

where (rg, r
′
g) ∈ Rg ×R′

g and (rh, r
′
h) ∈ Rh ×R′

h. Therefore

z = (
∑
f.s

rgrh,
∑
f.s

r′gr
′
h).

On the other hand,
∑

f.s rgrh ∈ RgRh and
∑

f.s r
′
gr

′
h ∈ R′

gR
′
h. Since RgRh ⊆

Rg+h and R′
gR

′
h ⊆ R′

g+h, so z ∈ Rg+h×R′
g+h = (R×R′)g+h. Accordingly, we

have R×R′ =
⊕

g∈GRg ×R′
g.

Let R and R′ be two G-graded rings, M a graded R-module and M ′ a
graded R′-module. We prove that M ×M ′ is a graded R × R′-module. We
write M × M ′ =

∑
g∈GMg × M ′

g. Since Mg′ ∩ (
∑

g∈G\{g′}Mg) = {0} and
M ′

g′∩(
∑

g∈G\{g′}M
′
g) = {0}, so (Mg′×M ′

g′)∩
∑

g∈G\{g′}(Mg×M ′
g) = {(0, 0)}.

Also, we show that (R×R′)g(M ×M ′)h ⊆ (M ×M ′)g+h.
Let x ∈ (R×R′)g(M ×M ′)h and hence

x =
∑
f.s

(rg, r
′
g)(mh,m

′
h) = (

∑
f.s

rgmh,
∑
f.s

r′gm
′
h),

where (rg, r
′
g) ∈ (R ×R′)g and (mh,m

′
h) ∈ (M ×M ′)h. Since RgMh ⊆Mg+h

and R′
gM

′
h ⊆ M ′

g+h, so
∑

f.s rgmh ∈ Mg+h and
∑

f.s r
′
gm

′
h ∈ M ′

g+h, hence
x ∈Mg+h ×M ′

g+h = (M ×M ′)g+h. Then M ×M ′ =
⊕

g∈GMg ×M ′
g.

Now, let N be a proper graded submodule of M and N ′ a proper graded
sumodule of M ′. We have N =

⊕
g∈GNg and N ′ =

⊕
g∈GN

′
g where Ng =

N ∩Mg and N ′
g = N ′ ∩M ′

g. So,

Ng ×N ′
g = (N ∩Mg)× (N ′ ∩M ′

g)

= (N ×N ′) ∩ (Mg ×M ′
g)

= (N ×N ′) ∩ (M ×M ′)g

= (N ×N ′)g,

and we can write

N ×N ′ =
⊕
g∈G

(N ×N ′)g =
⊕
g∈G

Ng ×N ′
g.

Hence, N ×N ′ is a proper graded submodule of M ×M ′. Let

ϕ : S(M ×M ′) → S(M ×M ′) ∪ {∅}, ϕ1 : S(M) → S(M) ∪ {∅},
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and ϕ2 : S(M ′) → S(M ′)∪{∅} be functions with ϕ(N×N ′) = ϕ1(N)×ϕ2(N ′)
where S(M ×M ′) is a the set of all graded submodules of M ×M ′. Now, with
respect to above results we will assert the next theorems.

Theorem 3 Let M × M ′ be a graded R × R′-module, N a proper graded
submodule of M and N ′ a proper graded submodule of M ′ with (Rg × R′

e) ⊆
(R×R′)g and Mg×{0} ⊆ (M×M ′)g for all g ∈ G. If N×N ′ is a ϕ-graded semi-
n-absorbing submodule of M ×M ′, then N is a ϕ1-graded semi-n-absorbing
submodule of M .

Proof Let N be a proper graded submodule of M , r ∈ h(R) and m ∈ h(M)
with rnm ∈ N \ ϕ1(N). We have (rnm, 0) ∈ N ×N ′ and (rnm, 0) /∈ ϕ1(N)×
ϕ2(N

′). So (rnm, 0) = (r, 1)n(m, 0) ∈ N×N ′ \ϕ1(N)×ϕ2(N ′) where r ∈ h(R)
and m ∈ M . We have (r, 1) ∈ h(R) × R′

e, hence r ∈ Rg for some g ∈ G,
therefore (r, 1) ∈ Rg×R′

e. Since (Rg×R′
e) ⊆ (R×R′)g, so (r, 1) ∈ (R×R′)g ⊆

h(R × R′). Also, m ∈ h(M) implies that m ∈ Mg for some g ∈ G and hence
(m, 0) ∈ Mg × {0}. Since Mg × {0} ⊆ (Mg ×M ′)g, so (m, 0) ∈ (M ×M ′)g ⊆
h(M×M ′). Therefore we show that (m, 0) ∈ h(M×M ′) and (r, 1) ∈ h(R×R′).
Since N × N ′ is a ϕ-graded semi-n-absorbing submodule of M ×M ′. Thus
(r, 1)n ∈ (N × N ′ : M × M ′) or (r, 1)n−1(m, 0) ∈ N × N ′. It follows that
(r, 1)n(m′′,m′) ∈ N ×N ′, for each (m′′,m′) ∈ h(M ×M ′) ⊆ h(M) × h(M ′),
or rn−1m ∈ N . Therefore rn ∈ (N :M) or rn−1m ∈ N , as required.

Corollary 7 Let M × M ′ be a graded R × R′-module, N a proper graded
submodule of M and N ′ a proper graded submodule of M ′ with (Re × R′

g) ⊆
(R×R′)g and {0}×M ′

g ⊆ (M×M ′)g for all g ∈ G. If N×N ′ is a ϕ-graded semi-
n-absorbing submodule of M ×M ′, then N ′ is a ϕ2-graded semi-n-absorbing
submodule of M ′.

Proof The proof is similar to the proof of Theorem 3.

Theorem 4 Let M ×M ′ be a graded R × R′-module and ϕ : S(M ×M ′) →
S(M × M ′) ∪ {∅} be a function with ϕ(N × N ′) = ϕ1(N) × ϕ2(N

′) where
ϕ1 : S(M) → S(M)∪{∅},ϕ2 : S(M ′) → S(M ′)∪{∅} be two functions such that
h(R′) = (ϕ2(M

′) : h(M ′)). If N is a ϕ1-graded semi-n-absorbing submodule of
M , then N ×M ′ is a ϕ-graded semi-n-absorbing submodule of M ×M ′.

Proof Let (r, r′) ∈ h(R×R′) and (m,m′) ∈ h(M ×M ′) with (r, r′)n(m,m′) ∈
N×M ′\ϕ(N×M ′). It follows that rnm ∈ N , r′nm′ ∈M ′ and (rnm, r′nm′) /∈
ϕ1(N)× ϕ2(M

′). Since h(R×R′) ⊆ h(R)× h(R′) and h(M ×M ′) ⊆ h(M)×
h(M ′), so (r, r′) ∈ h(R) × h(R′), (m,m′) ∈ h(M) × h(M ′) and hence r ∈
h(R), r′ ∈ h(R′), m ∈ h(M) and m′ ∈ h(M ′). On the other hand, since
h(R′) = (ϕ2(M

′) : h(M ′)), so r′nm′ ∈ ϕ2(M
′) and hence rnm /∈ ϕ1(N).

Therefore, we show that rnm ∈ N \ ϕ1(N) where r ∈ h(R) and m ∈ h(M).
Because N is a ϕ1-graded semi-n-absorbing submodule of M , hence rn ∈
(N : M) or rn−1m ∈ N . Then (rn, r′n) = (r, r′)n ∈ (N ×M ′ : M ×M ′) or
(rn−1m, r′n−1m′) = (r, r′)n−1(m,m′) ∈ N ×M ′, as needed.
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Corollary 8 Let M ×M ′ be a graded R ×R′-module and ϕ : S(M ×M ′) →
S(M × M ′) ∪ {∅} be a function with ϕ(N × N ′) = ϕ1(N) × ϕ2(N

′) where
ϕ1 : S(M) → S(M) ∪ {∅}, ϕ2 : S(M ′) → S(M ′) ∪ {∅} be two functions such
that h(R) = (ϕ1(M) : h(M)). If N ′ is a ϕ2-graded semi-n-absorbing submodule
of M ′, then M ×N ′ is a ϕ-graded semi-n-absorbing submodule of M ×M ′.

Proof The proof is similar to the proof of Theorem 4.

Let R be a G-ring. A graded R-module M is called a graded multiplication
R-module if for every graded submodule N of M , N = IM for some graded
ideal of R. One can easily prove that if N is a graded submodule of a graded
multiplication module M , then N = (N :M)M . Now, suppose that N , K be
two graded submodules of graded R-module, N = IM and K = JM for some
graded ideals I and J of R, then the product of N and K, denoted by NK,
is defined by IJM . We recall that Nm is defined by Nm = (N :M)mM (See
[6] and [11]).

Definition 1 Let M be a graded multipilication R-module and t a positive
integer with t ⩾ 2. A proper graded submodule N of M is said a t-potent
graded semi-n-absorbing submodule if whenever r ∈ h(R) and m ∈ h(M)
with rnm ∈ N t, then rn−1m ∈ N .

Proposition 4 Let M be a graded multiplication R-module and N be a proper
graded submodule of M . If N is a graded m-almost semi-n-absorbing submodule
of M for m ⩾ 2 and N is a t-potent graded semi-n-absorbing submodule of
M such that t ⩽ m, then N is a graded semi-n-absorbing submodule of M
(n ⩾ 3).

Proof Let r ∈ h(R) and x ∈ h(M) with rnx ∈ N . Since Nm ⊆ N t, so rnx /∈ N t

imples that rnx /∈ Nm and hence rnx ∈ N \Nm. On the other hand, we have
N \Nm = N \(N :M)mM = N \(N :M)m−1(N :M)M = N \(N :M)m−1N .
Thus rnx ∈ N\(N :M)m−1N . Since N is a graded m-almost semi-n-absorbing
submodule of M , so rn−1x ∈ N or rn ∈ (N : M). Therefore N is a graded
semi-n-absorbing submodule of M . If rnx ∈ N t, beacause N is a t-potent
graded semi-n-absorbing submodule of M , hence rn−1x ∈ N , as required.

Acknowledgment

We would like to thank the referee for his/her valuable comments and sugges-
tions which improve the quality of this paper.

References

1. D. F. Anderson and A. Badawi, On n-absorbing ideals of commutative rings , Comm.
Algebra, 39, 1646–1672 (2011).

2. D. F. Anderson and A. Badawi, On (m,n)-closed ideals of commutative rings, J. Alge-
bra, (in press).



Some Remarks on ϕ-Graded Semi-n-Absorbing Submodules 151

3. D. D. Anderson and E. Batanieh, Generalizations of prime ideals, Comm. Algebra, 36,
686–696 (2008).

4. S. E. Atani, On graded prime submodules, Chiang Mai J. Sci., 33(1), 3–7 (2006).
5. S. E. Atani and F. Farzalipour, Notes on the graded prime submodules, Inter. Mathe-

matical Forum, 1(38), 1871–1880 ( 2006).
6. A. Barnard, Multiplication modules, J. Algebra, 71, 174–178 (1981).
7. M. Bataineh and Ala, Khazaa,leh, Graded prime submodules over multiplication mod-

ules, Inter. J. of pure and applied math., 76(2), 241–250 (2012).
8. A. Y. Darani and F. Soheilnia, On n-absorbing submdules, Math. Commun., 17, 547–557

(2012).
9. M. Ebrahimpour and F. Mirzaee, On ϕ-semiprime submodules, J. Korean Math. Soc.,

54(4), 1099–1108 (2017).
10. M. Ebrahimpour and R. Nekooei, On generalizations of prime submodules, Bull. Iranian

Math.Soc., 39(5), 919–939 (2013).
11. Z. A. El-Bast and P. F. Smith, Multiplication modules, Comm. Algebra, 16, 766–779

(1988).
12. C. P. Lu, Prime submodules of modules, Comm. Math. Univ. Sancti Pauli, 33, 61–69

(1984).
13. R. L. McCasland and M. E. Moore, Prime submodules, Comm. Algebra, 20, 1803–1817

(1992).
14. C. Nastasescu and F. Van Oystaeyen, Graded rings theory, Mathematical Library 28,

North Holand, Amsterdam, (1982).
15. H. A.Tvallaee and M. Zolfaghari, Graded weakly semiprime submodules of graded mul-

tiplication modules, Lobachevskii J. Math., 34(1), 61–67 (2013).
16. F. Van Oystaeyen and J. P. Van Deuren, Arithmetically graded rings , Lecture Notes

in Math., Ring Theory (Antwerp 1980), Proceedings 825, 279–284 (1980).
17. N. Zamani, ϕ-prime submodules, Glasgow Math. J., 52(2), 253–259 (2010).


