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Abstract

Let E be a normed lattice and an g-order dense majorizing sublattice of a vector lattice E’. We extend the norm of E to E’,
denoted by ||.||;- The pair (E’, ||.||;) forms a normed lattice and preserves certain lattices and topological properties whenever these
properties hold in E. As a consequence, every positive linear operator defined on a normed lattice E has a linear extension to E.
This manuscript provides an explicit formula for these extensions. The extended operator 7" is a lattice homomorphism from E’
into F, and it belongs to .%,(E",F) whenever 0 < T € %,(E,F) and T(xAy) = Tx ATy for all 0 < x,y € E. Furthermore, if
T € %,(E,F) and certain lattice and topological properties hold for T, then T* € .%,(E’, F) will also preserve these properties.
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1 Introduction

A vector sublattice E of vector lattice G is said to be order dense in G whenever for each 0 < x € G there exists some y € E with 0 <y <x
and E is generalized order dense (g-order dense) in G whenever for each 0 < x < z in G there exists some y € E with 0 <x <y <z Itis
clear that each g-order dense subspace is order dense, but the converse not holds. For example, ¢ is order dense in ¢*, but is not g-order
dense. Let us say that a vector subspace E of an ordered vector space G is majorizing of G whenever for each x € G there exists some y € E
with x < y. Let E be a normed lattice that is both g-order dense and majorizing in a vector lattice E’. It is possible to extend the norm from
E to E'. In this paper, we investigate the method of this norm extension and demonstrate that certain lattice and topological properties can
be carried over from E to E’. Now, suppose T is a positive order bounded operator from a normed lattice E to a Dedekind complete normed
lattice F. Then, there exists a linear operator T* from E' to F that extends T, and furthermore, we have ||T|| = ||T’||. In Section 1.2 of [2],
the authors studied some new extensions of operators on vector lattices. In [3], Onno van Gaans introduced and studied a generalization
of the notion of a seminorm on a directed partially ordered vector space. In this paper, we investigate this problem in a different way and
extend some results to the general case.

Let E be a normed lattice and a sublattice of G, and assume that E is order dense and majorizing in a vector lattice E’ that is a subset of

G. The motivations of this manuscript are as follows:

1. We can extend the norm from E to E' as follows: For any x € E’, we define ||x||; = inf{||y|| : y € E,y > |x|}, where |x| =xV (—x),
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which is the supremum of x and its additive inverse —x. Then, (E’, || - ||;) is a normed lattice.

2. Suppose T is an order-bounded operator from E to a Dedekind complete normed lattice F. We can define a linear extension 77 :
E'" — F of T to E" as follows:
For any x € E’, we define T'(x) = sup{T(y) : y € E,y < x}, where the supremum is taken in F. Then, T* is well-defined and

order-bounded.

3. Moreover, T' is the unique linear extension of 7 from E’ to F in the sense that if S : E’ — F is any extension of T using the same
method, then 77 = S.
If certain lattice and topological properties hold for T € .%},(E,F), then T' € %, (E", F) will also preserve these properties.

To state our result, we need to fix some notation and recall some definitions. A Banach lattice £ has order continuous norm if ||x¢| — O
for every decreasing net (xq)q with infg xq = 0. A Banach lattice E is said to be an AL-space if we have ||x+y|| = ||x|| + ||y|| for each
x,y € E such that |x| A |y] = 0. A Banach lattice E is said to be KB-space whenever each increasing norm bounded sequence of E™ is norm
convergent. A Riesz space that is at the same time Dedekind complete and laterally complete is referred to as a universally complete Riesz
space. Let E and F be Riesz spaces. An operator T : E — F is said to be order bounded if it maps each order bounded subset of E into order
bounded subset of F. The collection of all order bounded operators from a Riesz space E into a Riesz space F will be denoted by .%,(E, F).
A linear operator between two Riesz spaces is order continuous (resp. o-order continuous) if it maps order null nets (resp. sequences) to
order null nets (resp. sequences). The collection of all order continuous (resp. o-order continuous) linear operators from vector lattice E
into vector lattice F will be denoted by %, (E,F) (tesp. £.(E,F)).

A Dedekind complete vector lattice G is said to be a Dedekind completion of the vector lattice E whenever E is lattice isomorphism to
a majorizing order dense sublattice of G. A subset A of a vector lattice E is said to be order closed whenever (xq)o C A and xq S xinE
imply x € A. A lattice norm ||.|| on a vector lattice E is said to be a Fatou norm (or that ||.|| satisfies the Fatou property) if 0 < x¢ 1 x in E
implies ||x¢|| 1T ||x||. o-Fatou norm has similar definition. An operator T : E — E on a vector lattice is said to be band preserving whenever
T leaves all bands of E invariant, i.e., whenever 7' (B) C B holds for each band B of E. An operator T : E — F between two vector lattices
is said to be preserve disjointness whenever x | y in E implies Tx | Ty in F. For a normed lattice E, E’ is the its order dual and o (E,E’) is

the weak topology for E. For unexplained terminology and facts on Banach lattices and positive operators, we refer the reader to [1,2].

2 An Extension of the Norms

Let E be an Archimedean vector lattice. Then there exists a Dedekind complete vector lattice £ 9 that contains a majorizing, order dense
vector subspace that is Riesz isomorphic to E, which we will identify as E. E 8 is called the Dedekind completion of E. Throughout this
manuscript, we assume that the vector lattices under consideration are Archimedean. Let E and G be a normed lattice and a vector lattice,
respectively, such that E is order dense and majorizing in G. The universal completion of a vector lattice E will be denoted by E*. According
to [ [1], Theorem 7.21], every Archimedean vector lattice has a unique universal completion. In all parts of this manuscript, we assume that

E is g-order dense and majorizing in G. Throughout this paper, (E, || - |) denotes a normed space that serves as a vector sublattice of G.
Theorem 1. For eachx € G, let p(x) = sup{||z| : z<|x|, z€ ET}. Then p(x) is a norm on G, and moreover, (G,p(x)) is a normed lattice.

Proof. 1tis clear that p(x) = 0 if and only if x = 0, and p(Ax) = |A|p(x) for each real number A and x € G. Now we prove that p(x+y) <
p(x)+p(y) whenever x,y € G.

Letx,y € G. Fix z € E™ such that z < |x+y|. By Riesz Decomposition property, [ [1], Theorem 1.10], there are z1,z, € G such that |z;| < |x],
|za] < |y| and z = z; +z5. Since E is order dense in G, there are wy,w, € E™ such that |z1| < wy < |x| and |z2| < wp < |y]. It follows that

z=z1+2 <lzt| +z2| S wi+wa < x|+ 1yl
Then we have
lzll < [lwi +wa < [[will+ w2l < p(x) +p ().

Consequently, we have sup{||z|| : z< |x+y|andz € ET} < p(x) + p(y), which implies that p(x+y) < p(x) +p(y). O
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For a normed lattice (E, ||.|), assume that EP is the set of all x € G such that satisfies in the following equality,

px) =inf{[ly]: [x| <y, y€ ET} 1)
=sup{||z||: z<|x|, z€ ET}. ®)

Then E is subspace of EP and p is a real function from EP into [0, +oo) and satisfies in the following properties:
I. p(x)=0iffx=0
2. p(Ax) = Ap(x) foreach A € R" and x € EP.
3. p(x+y) <p(x)+p(y), forx,y € EP.

(EP,p) is an extension of (E, || - ||), meaning that E is a sublattice of EP and ||x|| = p(x) forallx € E.
To see why this is true, note that by Theorem 1, we can extend the norm on E to a complete lattice norm p on EP, such that ||x|| = p(x) for
all x € E. Therefore, (EP,p) is indeed an extension of (E, || - ||).

An example that illustrates this point is as follows.

Example 1. Let ¢ be the collection of all real number sequences which are convergence in R with {*°-norm. It is obvious that c is order

dense majorizing of {7°. By easy calculation, we can prove that cP = (.

Definition 1. Assume that E C E' is a vector sublattice of G in which every element of E' satisfies the equalities (1) and (2), we can define

a new norm in E' called the t-norm, denoted by ||x||; = p(x).

It is evident that (E', ||.||;) is a normed lattice. However, E' is not necessarily unique, and in general, we have E C E' C G. The objective
of this manuscript is to identify vector lattices E’ that are distinct from E. Therefore, in this manuscript, E is a proper sublattice of E”.

In Theorem 2, we will demonstrate that E’ = G whenever E is a Dedekind complete or has an order-continuous norm.

Theorem 2. By one of the following conditions, the equality (1) holds for each x € G, that is, E' = G, (G,||.||;) is normed lattice and
I¥[l = [yll: for each y € E.

i) E is a Dedekind complete.
ii) E has order continuous norm.
Proof. i) According to Theorem 1, the function
p(x) = sup{[lzll :z < |x|, z€ E*},
defines a norm for the vector lattice G. By contradiction, assume that
p(x) <inf{[lyl| : [x| <y, y € ET}.

LetA={y€E": |x| <y}. Since E is order dense in G, A is bounded below, and s0 A has infimum in E, by Dedekind completeness
of E. Take infA = yo where yg € E. It is clear that yg < |x| and p(x) < ||yo||. Then ||yo|| = p(yo) = p(x). Let the natural number n
be enough large such that

1 .
p(x) < voll+ —Ivoll < inf{llyll: || <y, y € ET}.

Putzo = (1+ %)yo. Consequently we have zg € A, then
inf{[[y]l: x| <y, y € ET} <z,

which is impossible.
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ii) First we show that
inf{[|y]l : |x[ <y, y€ E} =sup{|lz]|: z<|x|, z€ E},
holds whenever x € G. Set
A={z<|x|: z€ E'},
and
B={y=>x|: yeE}.

Since E is order dense and majorizing of G, it follows that A and B are not empty and they are directed sets. We consider the set A
as a net {z¢ }, where zo = « for each o € A. In the same way we consider B = {yﬁ}, and by using [ [2], Theorem 1.34], we write
Za T |x] and ygd |x|. Since z¢ < |x| < yp for each & and B, it follows that ¥p —2a 4 0, and so

0 <Ilygll = llzall < llvp —zall = 0.

It follows that ||x[|; = inf||yg|| = sup||za |- Obviously that ||. |; is a norm for G and (G, ||.|;) is a normed lattice.
O

In Example 1, we note that c is neither Dedekind complete nor equipped with an order-continuous norm, yet we observe that ¢! = £*.
However, Theorem 2 provides justification for extending the norm of E to a vector lattice E' in various other cases.

It is also important to determine when (E')’ = E’. In the following example, we demonstrate that E exists whenever E satisfies the
Fatou property. It is worth noting that according to Example 4.3 and 4.4 from [1], every normed lattice with the Fatou property, in a general

sense, is neither order-continuous nor Dedekind complete.

Example 2. By [ [1], Theorem 4.12], if (E, ||.|) satisfies the Fatou property, the Dedekind completion of E, E® is a normed space with
0 —norm. Let E be the vector lattice of all real-valued functions defined on an infinite set X whose range is finite, with the pointwise

ordering and satisfies the Fatou property. It can be seen that E is not Dedekind complete and E S — g (X).

We now present an important lemma that plays a crucial role throughout this manuscript.

I-1ls

Lemma 1. Let E has order continuous norm. For each 0 < x € E', there are sequences {x} CE * and {m}CE T such that x, T X, Xy —— X,

Yn 4 x and y, Mx.

Proof. Choose {r,} CR" and {x,} C E™ satisfies in the following conditions:
1. r, 10,
2. x,€{z€E: z<xand ||x—z||; <rn}, for eachn €N,
3. X, Tx.

The justification for the above statement is as follows:
By [ [2], Theorem 1.34], set
A={z<x: z€ET}y={z},

and
B={y>x:yeE}={y}
such that zq 1 x and yg | x. Then zq <x < yg holds for each & and B. Thus
lx =y lle: [1x = zalls < llza = yplle = [Iza = yp1l = 0.

Let 0 < r; € R. Then there exist
ae{zeA: [x—z| <n},
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0 <ry <min{ry, [jz1 —x]|¢}.
We choose 2,23, ...,2p and 2,41 €{z €A ||[x—zu|; < rn} where

0 <ry <min{r,_1, ||zo—1 — x|}

We define x, = VI_,z;. Now, if x, <w < x for each n € N, then

0<x—w<x—x, <x—2.
It follows that

x=wlle < llx = xalle < [lx—zulle <ra 0.

Thus x = w, and so supx, = x. Therefore x, 1 x and ||x, —x|| — 0.
The existence of {y,} follows the same argument. O

Theorem 3. Suppose E is a normed lattice. If E is a KB-space or an AL-space, then E' is also a KB-space or an AL-space, respectively.

Proof. Assume that {x,} C (E")" is increasing sequence such that
sup |[xp ||; < +oo.
By using Lemma 1, for each n € N, there is increasing sequences

{xn,m}m C E+7

such that Xy, Ty X, and [Jx, — X m s 2 0. Take y, = V;'lj:1xi.,j~ It follows that 0 <y, 1 and sup ||y, || < sup; ; lIxi ;1

< sup ||| < oe.

Since E is a KB-space, it follows that there exists x € E such that ||y, — x||; — 0. On the other hand, the inequalities y, < x, < x implies

that ||x, — x||; < ||lyn — x]|; for each n € N. It follows that ||x, — x||; — 0 holds in E’. Now, if E is an AL—space, then E has order continuous

norm. Now, let 0 < x,y € E' with x Ay = 0. By using Lemma 1, there are {x,} and {y, } in E™ such that x, 1 x, y, Ty, ||x — x|l — 0 and

[ly = ynlls = O. It follows that 0 < x, Ay, T xAy =0 implies that x, Ay, = 0 for each n € N. Hence

[+ Yall = [lxal| + [yl

for each n € N. Then

[l Yl = Tim [l =y || = Timm [ || 4oy [| = [l + [[¥]]e-

Consequently, E' is an AL—space. O
Theorem 4. For a normed lattice E with order continuous norm, we have the following assertions

1. IfE is a norm completion of E, then E' C E = E*, and if E is norm complete, then E' = F* = E.

2. Foreachx € E" and A C E with supA = x, we have ||x||; = sup,¢4 ||z]|.

3. Foreach x € E' and A C E with infA = x, we have ||x||; = inf,c4 ||z]|.

4. (E")||.|ls) has Fatou property and Bg: = {x € E' : ||x||; < 1} is order closed.

5. IfE is an ideal in E', then £ = E'.
Proof. 1. According to [ [1], Theorem 2.40], (£, ||’|) is a normed lattice, where ||-|| is the unique extension of the norm from E to £.

Letx € E'. Then by Lemma 1, there exists {x,} in E™ such that x, 1 x and [Jx* —x,|; — 0. Thus {x,} is a norm Cauchy sequence

in E, and so convergence in £. It follows that xt € E. In the similar way x~ € £, which implies that x € £. Now by Theorem 7.51
of [1], we conclude that E' C £ = E* and ||. |, = ||-||. On the other hand if E is norm complete, it is obvious that E' = E* = E and

[l = {1l = 1111
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2. By [ [1], Theorem 7.54], E* has order continuous norm. Since by part (1), we have E C E", it follows that E’ has order continuous
norm. Consider A = (xq) with supA = x. It follows that x — xg | O which implies that ||x —xq]|; — 0. Then by using inequalities

0 < [lx[ls = [lxa || < llx = xq |1, we have supg [|x || = [|x]];-
3. The proof follows a similar argument as that of (2).

4. By [ [1], Lemma 4.2], (E,||.||) has Fatou property. The proof of the first statement follows a similar argument to that of Theorem
3(1), and we omit the details. The second part follows by [ [1], Theorem 4.6].

5. The proof follows by [ [1], Theorem 3.8].
O

Note that a linear subspace E of a partially ordered vector space G is said to be order dense if x = inf{y € E : x <y} for every x € G.

Based on our earlier discussion, we can pose the following question:
Problem 1. IfE' is a partially ordered vector space and E is order dense and majorizing in E', is there a norm extension from (E, || - ||) fo

E'?

3 The Extension of Order Bounded Operators

In this section, we explore the extension properties of order-bounded operators. Specifically, we consider 7 to be an order-bounded operator
from a normed lattice E into a Dedekind complete normed lattice F, and we aim to introduce an operator 7* from E’ to F as an extension of
T. We investigate various lattice and topological properties of T* that hold when these properties are satisfied by 7. Our analysis provides
insights into the behavior of order-bounded operators under extensions of normed lattices, which has important applications in the positive

operators studying and related fields.

Theorem 5. Let T be an order bounded operator from normed lattice E into Dedekind complete normed lattice F. We have the following

assertions.

1. There exists an extension order bounded operator T' from E' into F satisfying T'(y) = Ty for each y € E.
2. For each positive continuous operator T, we have ||T|| = ||T"||, and if T is norm continuous, then so is T".
3T =T

4. ForeachT,S € £,(E,F), we have (TVS) =T'V §'.

5. IfS: E' — F is an order bounded and norm continuous operator, then T' = S.

6. Each order interval of E" is 6(E", (E")")-compact.

Proof. 1. Since T is an order bounded operator and F Dedekind complete, we have T = T — T~. So first we assume that T is a

positive operator from E into F. According to [ [2], Theorem 1.32], the mapping p : E' — F defined via the formula
p(x)=inf{Ty: ye E, x<y}, x€ E".

is a monotone sublinear and Ty = p(y) for each y € E. So by [ [3], Theorem 1.5.7], there is an extension 7’ from E’ into F satisfying
T'x < p(xT) forall x € E', and T'y = Ty for all y € E. Now we define T/ = (T )" — (T ™), and so for all y € E, we have

Thy=(T")(y)—(T") (=T y—-T y=Ty.

2. Assume that T is a positive operator and x € E’. According part (1), we have T'x < p(x*) < Ty for all y € E such that y > xT, and
so ||T'x|| < ||Ty| for all y € E such thaty > xT. It follows that

IT" [l < (IT]| inf [lyl] < [ITIxX* e < 1T lxr-
y>xt

Then ||T"|| < ||T||. Since Bg C Bg, follows that || T|| < ||7"]|. Thus ||T|| = ||T"||, and proof follows.
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3. In this part, we assume that x,y,z are members of E and x’,y", 7z’ are members of E when there is not any confused. Now let x' > 0.

Since E is order dense in E’, we have the following equalities
(1) ()= sup Ty
0<y'<x'

= sup sup T’z
0<y' <xf 0<z<y"

= sup Ty
0<y<x’

= sup sup Ty
0<z<x' 0<y<z

= sup Tz
0<z<x

= (TT)(x).

Similarly, we have (') (x') = (T~)'(x) for all X' > 0. It is obvious that for each x' € E', we have (T*)"x' = (T*)'(x') and
(T") X = (T7)'(x'). Thus

ITJ = (75 +77) = (T4 +(T7) = () + (1)~ =|T'|
4. By using the equality TV S = %(T +S+|T —S|) and part (3), proof follows.

5. Firstlet 0 < x € E". By Lemma 1, there exists {x,} in E™ such that x, T x and ||x* —x,|; — 0. Since S*x, 1 and ||x™ —x,| — 0,
follows that STx, 1 STx. We have T = S| (restriction of S on E), which follows that 7~ =S~ |g and T = S*|g . Obviously
(T7) =S and (T™)" = ST, and so by part (3), we have the following equalities

S=8T - =T (") =)t (1) =T".
Thus S = 7! on E~ and E™, which follows that
Sx=Sxt —Sx~ =T'x" —T'x™ =T'x,
for each x € E'.

6. Consider a,b € (E')" and a < b. By Lemma 1, take {x,,} and {y,} in E™ such that x, T @, y, | b,
0. Since E has order continuous norm, [x,,y,] NE is 6(E,E’)-compact subset of E for each n € N. It follows that [a,b] NE is

a—xyl|ly = 0 and |y, —b|; —

o(E,E')-compact subset of E. Now, if we set
V={s€E: X¥(s)<randx €E'},
then by using part (5), the order density of V is
Vi={seE": (X)'(s) <rand (x) € (E")'}.

It is obvious that V C V', and so o(E,E’) C o(E',(E")). Since [a,b] NE is order dense in [a,b], follows that [a,b] is
o(E", (E")")-compact subset of E’.
O

In the following, we examine some properties of the operator 77, and we demonstrate that T’ preserves certain lattice and topological

properties when these properties hold for 7.
Theorem 6. Let 0 < T € %, (E,F). Then we have the following assertions

1 If0<x<E"and {xq} CE" withxq | x, then Txq | T'x.
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2. If T(xAy) = Tx ATy for each 0 < x,y € E, then T" is a lattice homomorphism from E' into F and moreover T' € %, (E' ,F).
3. If0 < T :E — E is a band-preserving operator, then T' : E' — E' is also band-preserving.
4. IfT : E — F is an order bounded operator that preserves disjointness, then T' : E' — F also preserves disjointness.

5. Suppose E has an order continuous norm. Then {Tx,} is norm convergent in F for every positive increasing norm-bounded sequence

{xn} in E if and only if {T'x,} is norm convergent in F for every positive increasing t-norm-bounded sequence {x,} in E'.

Proof. 1. Let{xg} C E" suchthatxg | x. If y € E™ such that x <y, then yV xg | y holds in E, and so by order continuity of T : E — F

and Theorem 4 (3), we see that
Ty =inf{T (xq Vy)} <infTxq < T'x.

This easily implies that Txg | T'x.

2. Assume that 0 < x,y € E'. We prove that T*(x \y) = T'x AT"y. By [ [2], Theorem 1.34], there are {xq } and {yg} of E* such that
xq L x and yg | y. It follows that xo Ayg | x Ay. Then by order continuity of T : E — F and Theorem 4 (3), we have the following

equalities,

T'(xAy) =inf{T (xq Ayp)} = inf{T (xa) AT (yp)}
=inf{T (x¢)} Ainf{T (yg)} = T'xAT'y.

By combining Theorem 1.10 and Theorem 2.14 from [2] with Theorem 3, we can conclude that the mapping 77 : (E')™ — (F')™ has
a unique extension 77 : (E') — (F'), which is a lattice homomorphism. Now, we will show that T* € %, (E",F). Let {xq} C (E")*
be such that xy | 0. Put

A={ycE": Ja such that x4 <y}.

Since E majorizes E’, it follows that A is not empty. By using Theorem 5 since T is positive, T’ is positive. Thus inf7(A) >
infT"xq > 0holds in F. Since A L 0 and T € .%,(E, F), it follows that inf7'(A) = 0, and so T"xq J. 0.

3. Letx,y € E' satisfying |x| A[y] = 0. Assume that (xq), (vg) € E™ such that xg 1 [x[ and yg 1 [y]. It follows that (xo Ayg) T [x[ Aly] =0,
and so xg Ayg = 0, by [ [2], Theorem 2.36], follows that [Tx¢| Ayg = O for each o and B. Since |Txq| Ayg 1 |Tx| Aly|, we have
|Tx| L |y|, and so by another using [ [2], Theorem 2.36], proof follows.

4. Letx,y € E' satisfying x | y. Assume that (x¢), (vg) € E* such that xq 1 |x| and yg 1 |y|. It follows that (xg Ayg) T [x[ Aly] = 0.
Now since T preserve disjointness, follows that Txg L Txg. From our hypothesis, we have Txq ATxg T T!|x| AT"|y| which follows
that 7' |x| AT'|y| = 0. Since |T'x| A |T"y| < T'|x| AT'|y|, we have T'x L T'y.

5. Since T = T+ — T, without loss generality, we assume that T is a positive operator. Assume that {x,} C (E*)" is increasing
sequence with sup ||x,||; < 4ec. By using Lemma 1, for each n € N, there are positive increasing sequences {x,, i} With Xy Tim Xn

and ||x, — xpm|l; — 0. Take y, = V?,j:l x; j. It follows that 0 <y, 1 and

sup [|ya |l < sup [|x; ;| < sup ||| < +oo.
irj

By assumption there is s* € F such that | Ty, —s*|| — 0. Then by using [ [2], Theorem 2.46], Ty, T s*. By Theorem 5, we know that
T' is norm continuous from E’ into F. It follows that ||T7x, — Txy, || 2, 0 holds in F. The inequality Txym < Tyn < T'x, implies
that

1 T"x, — s*|| < || T %0 — Txpm|| for each n,m € N.
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Then
(T2 = 5™|| < |IT" %0 = Tyal| + | Tyn — s*|| = 0.

Thus T"x, — s*, and the proof follows.

The converse is straightforward.
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