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Abstract Let V be a variety of groups defined by a set V' of laws. Then the
verbal subgroup and the marginal subgroup of a group G associated with the
variety are denoted by V(G) and V*(G), respectively. Let (N, G) be a pair of
groups in which N is a normal subgroup of G. In the paper, we study the lower
and upper V-marginal series of the pair (N, G) and prove some properties of
isologism of pairs of groups.
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1 Introduction and preliminary

Let F be a free group freely generated by a countable set {z1,xa,...}. Let
V be a variety of groups defined by a subset V of F. Then for any group G
we assume that the reader is familiar with the notions of the verbal subgroup
V(G) and the marginal subgroup V*(G), associated with the variety of groups.
(see [6,7] for more information).

Let (N, G) be a pair of groups in which N is a normal subgroup of G, then
we define [NV*G] to be the subgroup of G generated by the following set

{U(915927"'7gina"'797")1](.917927"'797')_1 | 1 S'L.ST,’UEX/,gi GG,TLGN}
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We can see that [NV*@G] is the smallest normal subgroup 7" of G contained in

G

N such that N/T is contained in V*(T)
VY(N,G)={ne N |v(gi,92,--, 9N ..., 9r) =0(g1,- -, r),

VoveV, geG, 1<i<r}

. Also, we define

In particular, if N = G, then V(N,G) = V(G) and V*(N,G) = V*(G) are
ordinary verbal and marginal subgroups of G. (see [5,8] for more information).

In 1976, Leedham-Green and McKay [6] introduced the notion of the prod-
uct of varieties as follows.

Let V and W be varieties of groups defined by the set of laws V and W,
respectively. The product & =V x W is the variety of all groups G such that
V(G) € W*(@Q). Also, the varbal subgroup of the product & = V * W is
U(G) = [V(G)W*G]. (see [4] for more information).

The notion of ¥V V W is the variety whose set of laws are in V N W and
also, [V, W] consists of all groups whose V-subgroups centralize W-subgroups.
Moreover, VW is the variety of groups such that are extensions of a group in
V by a group in W.

Let (N,G) and (M, H) be pairs of groups. An homomorphism from (N, G)
to (M, H) is a homomorphism f : G — H such that f(N) C M. We say
that (N,G) and (M, H) are isomorphic and write (N,G) ~ (M, H), if f is
an isomorphism and f(N) = M. Let (N,G) and (M, H) be two pairs of
groups and V be a variety of groups defined by the set of laws V. An V-
isologism between (N,G) and (M, H) is a pair of isomorphism (a, ) with
a:G/V*(N,G) - H/V*(M,H) and g : V(N,G) — V(M, H), such that

a(N/V*(N,G)) = M/V*(M, H),
and for everyv € V,n e N and ¢1,...,9, € G

B(U(gl7"' s Gilly - 7gT)U(g17"' ;gr)_l) =
'U(hlv"' vhima'“ 7hr)v(h1a”' 7hr)_la

whenever, h; € a(g;V*(N,G)) and m € a(nV*(N,G)). We say that (N,G)
and (M, H) are V-isologic, if there exists an V-isologism between them. In this
case we write (N, G) ~y (M, H).

If V is the variety of abelian groups or nilpotent groups of class at most n,
then V-isologism coincides with isoclinism and n-isoclinism between pairs of
groups. In addition, if N = G and M = H, then V-isologism between two pairs
of groups is an V-isologism between G and H. (see [1-3] for more information).

2 The main results

In this section, we generalize some properties of isologism of groups to a pair
of groups. First of all, we discuss some preliminaries which are needed for the
proof of our results. The following lemma is similar to Lemma 1 of [2].
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Lemma 1 If (N,G) is a pair of groups and M < G such that M < N, then
N G ) N

(N,G)'V(N,G)) ~ V(N,G)’

(b) V(N,G) = {e) if and only if V*(N,G) = N if and only if G €V,

(a) V(V*(N,G)) = (e) and V* (V

(c) [KV*G] = (e) if and only if K C V*(N,G),

N G\ VIV,G)K (N G
(@ V(K’K> =— 5 wmdV <KK)
(e) V(K) C [KV*G] € KNV(N,G),

V*(N,G)K
K K

U

() IFKNV(N,G) = (e), then K C V*(N,G) and V* (N G) _ .G

©K)T K

(9) If [K,G] C V*(N,QG), then [V(N,G), K] = (e). In particular
[V(N,G), VI (N,G)] = (e).

Theorem 1 (/2], Theorem 2) Let (N1,G1) and (Na,G2) be pairs of groups.

Then (N1,G1) ~y (Na, G2) if and only if there exists a pair (N,G) of groups
and there exists normal subgroups My and Ms of G with My C N and My C N

such that (N1,G1) ~ <J\JZ’ 5), (N2,G3) ~ (;4\[, ]\Cj); and
1 My 2 My

(N1,G1) ~y (N,G) ~yp (Na, Ga).

Lemma 2 (/2] , Lemma 5) Let (N,G) be a pair of groups. If M is a normal
subgroup of G with M < N and H is a subgroup of G, then

(a) (HNN,H) ~y (HNN)V*(N,G), HV*(N,G)). In particular if
G = HV*(N,G),
then (HNN, H) ~y (N,G). Conversely, zfﬁ satisfies the ascend-
ing chain condition on normal subgroups and (HNN,H) ~y (N,G), then
G'=HV*(N,G).
(b) (N/M,G/M) ~, (NJMNV(N,G),G/MNV(N,G)). In particular if
MOV(N,G) = (e),

then (N,G) ~y (3%, %), Conversely, if V(N,G) satisfies the ascending
chain condition on normal subgroups and (N, G) ~y (%, %), then

MNOV(N,G) = (e).

Definition 1 Let (N, G) be a pair of groups, V and W are two varieties of
groups defined by the sets of laws V and W, respectively, then the product
V W is the variety of all groups G such that V(N,G) C W*(N,G).
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Lemma 3 LetV and W be varieties of groups and put Y =V « W. Then the
following are equivalent.

(a) For any pair of groups (N, G):

USN,G) _ .. [ N e
WG = <W*(N,G)’W*(N,G))’

(b) For any pair of groups (N,G) and K < G:
[KV*GI]W*G] C [KU*G).

Moreover, the equality sign holds in (a) if and only if the equality sign holds
in (b).

Proof (a) = (b): Let K = L So, K C U* <g7 [i) We can see that

[KU*G]

Hence, by using Lemma 1(c) we have [[KV*G|W*G| = (€) and so,
[KV*GIW*G] C [KU*G].
(b) = (a): Now, put K =U*(N, Q). By using Lemma 1(c) we have

UN.G) _ . ( N e
wev.e) <V <W*<MG>’W*<N,G>>'

Now, assume that for any pair of group (N,G), we have

U*(N,G) . N G
W+(N,G) =V (W*(N,G)’W*(N,G))'

Suppose that K I G. By the first part of the proof [[KV*G|W*G] C [KU*G].

— K
PutK=——————_Th
" [Ev-Gw+a] "
B N G
EW'(N.G) (| % K
WH(N,G) ~ (N G NG
Wz ) W5 )

Now, [KU*%} = (€). So, [KU*G|] C [[NV*G|W*G]. Finally, assume that
[KV*GIW*G] = [KU*G].

Put

/N ¢\ M
v (W*(N,G)’ W*(N,G)) WA N.G)
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Then M <1 G and [MV*G] C W*(N,G). Hence, by using lemma 1(c)
[MV*GIW*G] = (e).
On the other hand, [MV*G|W*G| = [MU*G]. Thus, M C U*(N,G). There-

fore,
- N G c U*(N,QG)
W*(N,G)” W*(N,Q) W*(N,G)’
and so, the equality sign holds in (b).

Theorem 2 Let (N, G) be a pair of groups, V, W are two varieties of groups
defined by the sets of laws V and W and put U =V« W. Then for any pair of
groups (N, Q) the following hold.

(a) W*(N ) C U*(N,G).
U*(N,G)
(6) 3 W (N,

QQ

wev.a) wew,a) ) Y W*(JJ\G,G)’W*(?V,G)'
V( <]JVVG>W<?VG>> U( )

)~

Proof If (N,G) is a pair of groups such that G € W, then N = W*(N,G).
Also, V(N,G) € W*(N,G) = N. Thus, G € U. Hence, W C U. It fol-
lows that W*(N,G) C U*(N,G), which proves (a). Now, if G € V, then
V(N,G) = (e). So, U(N,G) = [V(N,G)W*G] = (e). Thus, G € U and
50, V CU. Now, let K <G, if v(g1,92,---,GiM -, 9-)0(g1,92,---,9») " and
w(g1, g2, -+, GiMy -, 9s)v(g1,92, .. .,9s) " are words in V(N,G) and W(N, G),
respectively, then, the laws which determine U are given by

Q

w(glvg27 e agiv(gs-‘rlv DRI 7gS+T)5 e g, . 7gs)w(gh re. 7.95)_1

where, 1 <i<s, g; € G andn € N. A generating element of [[KV*GI]W*G]
is of the following form

U}(gh e 7g’ifv(gs+17 e 7gs+jk7 e ugs+'r)v(gs+17 e ags+’l“)_17 e 7gs)w(glu e 795)_17

(1)
where, g1,...,9s4r € G, k€ K, 1<i<sand1<j<r. Put
v = v(gs+17 e 7gs+'r)7
and v' = v(gs41,- -, 9s+jk, ..., gs+r). Then the element in (1) takes form

w\g1,.-- 7givlvilagi+17 e ags)w(glv e 793)71 -

(
w(gr, ... g0 vv'v T g,y gs)
w(g1,- - 90 Givts s gs) taw(gn, o 90 gints s gs)w(grs -, gs)
and this is an element of [KU*G]. Thus, [[KV*GI]W*G] C [KU*G].
Corollary 1 Let V and W be varieties of groups and put U = V x W. Let
K QG. Then, the following hold.

(a) If K C U*(N,G), then [KV*G] C W*(N,G).
(b) If KN V*(N,G) = {e), then K NU*(N,G) C V*(N,G).
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Proof (a) If K C U*(N,Q), then by Lemma 1(c), [KU*G] = (e). By lemma
3 and Theorem 2(b), we get [[KV*GIW*G] = (e). Again by Lemma 1(c),
[KV*G] C W*(N,G).
(b) We can see that

[(KNU*(N,G)V*G] C KN[U*(N,G)V*G] C KNW*(N,G).
Thus, if K "W*(N,G) = (e), then by Lemma 1(c) the proof is completed.
Corollary 2 Let V,W and U be any varieties of groups. Then

Ve WsU) T U=W)*=U.

Proof Let G € V«(W=U). Put T =W=U. Thus, V(N,G) C T*(N,G). Now,
[V(N,GYW*G] C U*(N,QG). Thus, S(N,G) C U*(N,QG), where S =V * W,

as required.

Corollary 3 Let V C Vi and W C Wy be wvarieties of groups. Then the

following hold.

(a) VW CVy«W.

(b) Vx AD A%V, where A is the variety of all abelian groups.

(c) For any m,n >0, V* Nmin = (V* nm) * n,, where 1. s the variety of all
nilpotent groups of class at most c.

Proof(a) If G € YV« W, then V1(N,G) C V(N,G) C W*(N,G) C W1(N,G).
Thus, G € V1 * Wy.

(b) Let G € AxV. Thus, [N,G] C V*(N,G). Then V(N,G) C A(N,G) and
so, GeVxA.

(¢) 1t is follows from the fact that for any groups G and m,n > 0,

Zmin(N,G) 7 N
Z,(N,G) "™\ Z,(N,G))"

Proposition 1 Let V, W and U be varieties of groups. Then the following

hold.

(a) VVWCVxWCVYW.

(b) If V CUx A, then V«W C [U,W]. In particular V =W C [V, W].

Proof (a) By Lemma 1(e), we have [V(N,GYW*G] C V(N,G) NW(N,G) for
any pair (N, G) of groups. Hence, VVW C VxW. Assume that G € V*W.
Thus, V(N,G) C W*(N,G). By Lemma 1(a), we get W(V(N,G)) = (e).
So, G € WV. we conclude that V x W C VW.

(b) Let GeV«W. So, V(N,G) C W*(N,G). By hypothesis

[U(N,G),N] S V(N,G),
and so, [U(N,G), N] CW*(N,G) and by Lemma 1(g),
[W(N,G),U(N,G)] = (e).

Thus, G € [U,W)]. This implies that V « W C [U, W] and so, V TV x A.
By settingU =V, the result is held.
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Let ¥V and W be varieties of groups and put & =V x W. For a pair (N, G) of
groups, let

v N G
W*(N,G)” W*(N,G)
U*(N,G) '
W+(N,G)
In other words, Ay (N, G), measures to what extend the group

- N G
W+(N,G)" W*(N,G) )’

AV,W(N7 G) =

U*(N,G)

m, following Lemma 3.

deviates from the group
Theorem 3 Let V and W be varieties of groups and put U =V xW. Assume
that (N, G) ~u (Hl,HQ). Then Ava(N, G) =~ Aww(K,H).
Proof By Theorem 1, we may assume that
N G

Hi, Hy)=|— — ],

(Hy, Hy) ( iR M)
for some normal subgroup M of G such that M < N and M NU(N,G) = {(e).

By Lemma 1(f), we have K CU*(N,G) and
(X 6) UG
M’ M M

K
Put W* (N7G) = — such that K <G and MW*(N,G) C K. Thus,
M M M

Ay (N/M, /M) = L= ((N/M)/W* (N/M,G/M) ,(G/M)/W* (N/M,G/M))

U* (N/M,G/M) JW* (N/M,G/M)

( N K G K
v (W*(N, o/ WrIN.G) WG T, G))
T (N, G) /W (N.G)
KJW+(N,G)

o~

(2)
We have [KW*G] C M and so,
(KNV(N,G)W*G) C [KW*G]IN[V(N,G)W*G] C M NU(N,G) = (e).
Therefore, Lemma 1(c) gives KNV (N,G) C W*(N,G), where

K N G )
W*(N,G) nv (W*(N,G)’ W*(N,G)) = (e).
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An application of Lemma 1(f), again shows that

- N K G K B
W*(N, G)/W*(]\C G)’ W*(N, G)/W*(M G) |

v (N/W* (N,G),G/W*(N, G))
K/V*(N,G)

Now, by (2), we obtain Ay yw(N,G) = Ay w(N/M,G/M).

Theorem 4 Let V and W be varieties of groups. Put U =V x W. Suppose
that (N,G) ~y (K, H). Then the following hold.

(a)
(b)

(N/V*(N,G),G/V*(N,G)) ~y (K/V*(K,H), H/V*(K, H)).
V(N,G) ~w V(K, H).

Proof (a) Put K/M =V*(N/M,G/M), so that K <G and

(b)

MW*(N,G) C K.
Now, we show that K NV (N,G) C W*(N, Q). Indeed it implies that
(KNV(N,G)W*(N,G) =W*(N,G),
whence
K/W*(N,G)NV(N/W*(N,G),G/W*(N,QG)) = (e),
by Lemma 1(d). Thus, by Lemma 2(b) we have
(N/WH(N,G),G/W*(N,G)) ~y (N/JW*(N,G),G/W* (N, G))/(K/W*(N, G))
~ N/K
= (N/M)/(K/M)
~ (N/M)/W*(N/M,G/M).
which is precisely what we want to prove. certainly
[(KNV(N,G)W*G] C [KW*G|N[V(N,G)W*G] C M NU(N,G) = (e).

So, indeed by Lemma 1(c), we have K N V(N,G) C W*(N, G).
We show that

V(N,G) ~w V(N/M,G/M) = V(N,G)K/K =~ V(N,G)/(M NV (N,G)).

Now, we have M NV(N,G)NW(V(N,G)) = MNW(V(N,G)). So, by
Proposition 1(a), we get U(N,G) 2 W(V(N,G)). Since,

MNU(N,G) = (e),
we obtain M NW(V(N,G)) = (e).

Corollary 4 Letn > 0 and (N,G)~(K,H). Then for eachi € {0,...,n}, the
following hold
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(a) (NJZi(N,G),G/Z/N.G)) - (K/Z (K, H), H/Z,(K. H)).
(b) [N,iG]nNﬂ_[K,iH].

Proof By Corollary 3(c), we have 1; * p—; = Ny = Np—i * 1; for any i with
0 < i <n. Thus, the result follows from Theorem 4.

Lemma 4 LetV and W be varieties of group. Then the following are equiva-
lent

(a) VCW.
(b) For any two pairs of groups (N,G) and (K,H), (N,G).(K,H) implies
v
(N, G) (K, H).

w

Proof (a) = (b): Let (N,G)(K,H). We may assume by Theorem 1 that
v

(K,H) = (N/M,G/M) for some M <G with MNV(N,G) =e. AsV CW,
we have W(N,G) C V(N,G), whence M NW (N,G) = e. By Lemma 2(b), we
get (N, G)..(N/M, G/M).

w
() = (a): Let G € V, so (N, G) (e, e). By hypothesis this implies (N, G) .. (e, €).

v w

Thus, in particular W(N, G) = e. Again Lemma 1(b) shows that G € W.
Let x denote a class of groups which is invariant under 1-isoclinism.

Corollary 5 Let W be a variety and U a subvariety of AxW. Suppose that
(N,G)~ (K, H). Then the following hold.

(a)MN/V*(N,G) € x if and only if K/V*(K,H) € x.
(b) W(N,G) € x if and only if W(K,H) € x.

Proof By Corollary 3(b) U C AxW C W x A. Hence, by Theorem 4 and
Lemma 4, the proof is completed.
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