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Abstract Let P be a group property. A group G is called a locally P-group
if each finite subset of G is contained in a P-subgroup of G. In this paper
some relations between the central factor groups and commutator subgroups
in locally nilpotent and locally finite groups are investigated.
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1 Introduction

A famous theorem of Schur asserts that for a group G, if G/Z(G) is finite,
then G’ is finite. This theorem is widely studied as follows:

G/Z(G) is x —group & G’ is x — group.

Mann in [3] proved that if the central factor group of a group is locally finite
then so is its derived subgroup. For a nilpotent group G, Hilton in [2] showed
that G/Z(G) is a p- group if and only if G’ is a p-group.

In this paper, we investigate the converse of the mentioned theorem of
Mann for the quotient group G/Z,(G) and the subgroup v,+1(G) as follows:
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Theorem 1 For a group G, if yn+1(G) is locally finite and G/Z,(G) is tor-
sion, then G/Z,(QG) is locally finite.

Furthermore, we prove a theorem of Mann’s type for a group whose central
factor group is a locally finite 7-group.

Theorem 2 If G is a group for which G/Z(G) is a locally finite w-group, then
G’ is a locally finite T-group.

In the rest of the paper a locally nilpotent group G is considered instead of a
nilpotent group to verify what Hilton proved. More precisely, we show that if
G/Z(G) is a p-group, then G’ is a p-group too. But by an example we expose
that the converse does not hold in general. Thus we have to impose an extra
condition to conclude the converse of the statement as follows:

Theorem 3 For a locally nilpotent group G, if G' is a p-group and G/Z(QG)
is torsion, then G/Z(G) is a p-group.

2 Proof of Main Theorems

To prove our main theorems the following preliminaries are needed.

Definition 1 Let G and H be two groups. An isoclinism from G to H is a
pair of homomorphisms (a, 8) with

a:G/Z(G) = H/Z(H),

and
B 72(G) = 2 (H),

such that the following diagram is commutative:

vic) * ziey — 1(1L.G) 72(G)
o’ Bl
Z{IILI) X zg{) = (1, H) v2(H).

Whenever the groups G and H are isoclinic, we write G ~ H.

Lemma 1 [1, 6.1] Let G be a group. Then there exists a group T such that

(a) G~ T,
(b) Z(T) < 7(T),
(¢) T is finitely generated, in case G is finitely generated.

Lemma 2 A finitely generated torsion nilpotent group is finite.
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Proof (Proof of Theorem 1) Let H/Z,(G) be a finitely generated subgroup
of G/Z,(G). Consider the finitely generated torsion factor group H/Z, (H).
Set K = H/Z,_1(H). Since K/Z(K) is finitely generated, then there exists
a finitely generated group S isoclinic to K. By Lemma 2, we have a finitely
generated group T for which T ~ K and Z(T) < ~»(T). Since T/Z(T) is a
finitely generated torsion group it can be seen that v2(T) is finitely generated
and therefore vo(T)/v3(T)Z(T) is also finitely generated. The recent group is
torsion abelian and so it has to be finite. To continue this process we observe
that ~,(T)Z(T) is finitely generated and v, (T)Z(T)/vn+1(T)Z(T) is finite.
Thus v,4+1(T)Z(T)/Z(T) is finitely generated. The last is also finite for the
sake of the following isomorphisms:

T H ~ '7n+1(H)
Z(T)

) = Yot ( )=

’7n+1( Zn(H) - ’Yn—i—l(H) N Zn(H)'

Hence,

~

wm(T)Z(T)/Z(T) o w(T)Z(T)

(D) Z(T)/Z(T) 1 (T)Z(T)
and therefore v, (T)Z(T)/Z(T) is finite. This can be continued to deduce
v2(T)/Z(T) is finite. This implies that T/Z(T) and so H/Z,(H) are finite. As

H  H/Z,(G)

Zn(H) — Zn(H)/Zn(G)’

and H/Z,(QG) is finitely generated, then so is Z,,(H)/Z,(G). Also Z,(H)/Z,(G)
is a torsion nilpotent group which yields that H/Z,,(G) is finite.

The following example shows that the assumption of being torsion for G/Z,, (G)
can not be omitted.

Ezxample 1 Regard G = Z31Z in which ! denotes the standard wreath product
of groups. It can be easily seen that G’ is the direct product of countable
number of the groups Zs which is locally finite. Also Z(G) = 1, since Z is an
infinite abelian group. Therefore G/Z(G) is not torsion and so it is not locally
finite.

It is known that if G/Z(QG) is finitely generated, then G’ is not necessary finitely
generated. But from the proof of Theorem 1, as an immediate consequence we
have the following result.

Corollary 1 If G is a group with finitely generated torsion central quotient,
then G’ is finitely generated.

Proof (Proof of Theorem 2) Consider a finitely generated subgroup of G, say
H, and assume that H =< hq, ho, ..., h; >, for some k& € N. Let

hi =[x,y - [ v ™

where aq,...,a; € Z,] € N. Set

K= <$1i,-~~,$l,;,y1“-~-,yl,; |1 §i§k>.
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If M =< K,Z(G) >, then M/Z(G) is a finite m-group and so is M/Z(M).
This yields that K’ is a finite m-group too. Clearly H < K’ has to be finite
and this completes the proof.

Theorem 2, can be easily extended to the nth central factor group.

Theorem 4 If G/Z,(G) is a locally finite w-group, then v,4+1(G) is a locally
finite w-group.

Corollary 2 Suppose that G is a locally nilpotent group. If G/Z(G) is a p-
group, then G’ is a p-group.

Proof Tt is easy to check that a locally nilpotent group is locally finite if and
only if it is torsion. Now use Theorem 2 to achieve the result.

Proof (Proof of Theorem 3) By contrary consider G/Z(G) not to be a p-group.
Since G/Z(G) is torsion, then there exists an element 2Z(G) € G/Z(G) such
that [2Z(G)| = ¢%, for some prime ¢ # p and « > 0. Therefore there is an
element y € G such that [z,y] # 1. Set H =< z,y, Z(G) >. Then H/Z(H) is
a finitely generated torsion nilpotent group and hence it is finite. By [1, 7.7
and 7.8] there exists a finite group M isoclinic to H such that if H/Z(H) is a
m-group, then M is a w-group. It can be easily seen that M is nilpotent. Thus
M = [[,c. Mp, where M, is the Sylow p-subgroup of M. Since q||zZ(H)],
q € m, M has the ¢-Sylow subgroup. Since G’ is a p-group, Mé = 1. In this
case M, < Z(M) which implies that M/Z (M) and hence H/Z(H) does not
have any g-element and this is a contradiction.

FEzample 2 Consider G as the semidirect product of infinite priifer group Z,e
and the infinite cyclic group Z with the action 6 : Z — Aut(Z,) by the rule
0(1)(z) = 21*P. One can check that G’ is a p-group and

Z(G) =< (0,1/p+Z) > .

By regarding (1,1/p + Z)Z(G) as an element of G/Z(G), it can be seen that
G/Z(G) is not a torsion group. One can readily check that the semidirect
product of the subgroups Z by < 1/p* + Z > is nilpotent which implies that
G is locally nilpotent.
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