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Abstract In this paper, the stochastic weakly singular integro-differential
equation is discussed. The shifted Legendre Tau method is introduced for find-
ing the unknown function. For this purpose, shifted Legendre polynomials and
their properties are introduced. The proposed method is based on expanding
the approximate solution as the elements of shifted Legendre polynomials. We
reduce the problem to set of algebraic equations by using operational matri-
ces. Also, the convergence analysis of shifted Legendre polynomials and error
estimation for this method have been discussed. Finally, several numerical
examples are given to demonstrate the high accuracy of the method.
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1 Introduction

Stochastic functional equations have been an interesting research area in differ-
ent fields, e.g. geophysics, biology, chemistry, epidemiology, microelectronic,
finance, and medical. Modeling such phenomena requires the use of various
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stochastic differential equations [13,14,4,5,21,9], stochastic integral equations
or stochastic integro-differential equations [20,26,10,27,24].

Since in many cases it is difficult to derive an explicit form of the solution
to these class of equations, numerical approximation becomes a practical way
to face this difficulty. Many published papers have been devoted to describe
numerical solution of stochastic differential and integral equations [8,1,18,11,
12,6].

The Tau method that is a way to solve linear and nonlinear functional
equations is one of the important types of the spectral method that express
the solution of the problem as a linear combination of orthogonal or non-
orthogonal basis functions. The main advantage of using orthogonal basis is
that the problem under consideration is reduced into solving a system of linear
or nonlinear algebraic equation [23]. Recently, different orthogonal basis func-
tions such as block pulse functions, Fourier series, Walsh functions, orthogonal
polynomials, and wavelets, were utilized to approximate solution of functional
equations [3,16,17,2]. Shifted Legendre polynomials have been widely applied
for solving functional equations [15,25].

In this paper the shifted Legendre polynomials will be used for solving the
stochastic weakly singular integro-differential equation as follows

ug(z,t) + aug(z,t) — (b+ B%)um(m,t) = /0 K(t — s)u(z,s)ds + f(x,t),
(1)

where, a, b, and 8 are considered to be real constants. The integral term is
called memory term, the kernel is a weakly singular kernel

Kit—s)=(@t—s)"% 0<a<l,
subject to the initial condition
u(z,0) = go(x), 0<uxz<lI, (2)
and the boundary conditions

U(O,t) = fO(t)7 u(l7t) = fl(t), t >0, (3)

where, go(x), fo(t), fi1(t), and f(z,t) are the stochastic processes defined on
the probability space (2, F,P) and u(z,t) is an unknown stochastic function
to be determined and B(t) is a one-dimensional Brownian motion process.

A real-valued stochastic process B(t), t € [0,T] is called Brownian motion, if
it satisfies the following properties [8,19]

(i) B(0) = 0 (with the probability 1).

(if) For 0 < s < ¢t < T the random variable given by the increment B(t) —
B(s) is normally distributed with mean zero and variance ¢ — s; equiva-
lently, B(t) — B(s) ~ v/t — sN(0,1), where N(0,1) denotes a normally
distributed random variable with zero mean and unit variance.
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(iii) For 0 < s <t <wu < v < T the increments B(t) — B(s) and B(v) — B(u)
are independent.
(iv) The function ¢ — B(t) is continuous functions of ¢.

The paper is organized as follows. In the next section, the shifted Legendre
polynomials and their properties are described. In section 3, we construct the
operational matrices of Legendre polynomials. In section 4, by using shifted
Legendre Tau method we construct and develop an algorithm for the solution
of the stochastic weakly singular integro-differential equation with boundary
conditions. We obtain the error estimatoin for this method in section 5. Some
numerical examples are solved using the method of this article in section 6.
Finally, a conclusion is given in section 7.

2 Properties of shifted Legendre polynomials

It is well-known that the classical Legendre polynomials are defined on the
interval [—1, 1] and can be determined with the aid of the following recurrence
formulae

LO(Z) = ]-7 Ll(z) =2z,

2141 1 .
Liy1(2) = i1 ZLi(Z)_mLi—l(z)a i=12,....
Assume z € [zq, 2] and let 2z~ = 22;172_7‘22” Then {L;(2™)} are called the

shifted Legendre polynomials on [z,, 23]. In this paper, we mainly consider the
shifted Legendre polynomials defined on [0,].

For z € [0,1], let L;;(z) = L;(2%7!), i = 0,1,2,.... Then the shifted
Legendre polynomials {L; ;(x)} are defined by

Llﬁo(z) = 1,

2z — 1
Ll,l(m) = I 3

(20 + 1)(2¢ — 1) i ‘
ot = @) = — Ly a(x), i=1,2,. ...
(Z+1)l B (CL’) i+ 1 B 1(%) G

Liipi(z) =

The set of L;;(z) is a complete L?(0,[)-orthogonal system, namely

I
! o
/ Lii(z)Lyj(x)de = 2i+1 "~
0 0, i # .

So, we define II,,, = span {L; 0, L1, .., L} Thus, for any y(z) € L*(0,1),
we write

y(x) = ¢l (),
=0
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where the coefficients c; are given by

2j+1 [! .
cj = ]l /0 y(x)Ly ;(z)de, j=0,1,2,.... (4)

In practice, only the first (m + 1)-terms of shifted Legendre polynomials are
considered. Hence we can write

ym(@) =Y eiLu (@),
§=0

which alternatively may be written in the matrix form
Ym (T) =~ CT¢l7m(x), CT =[co, ¢ty Cm),
with
By (2) = [L1o0, Ligs- - Lin]” = VX, (5)

where V is the coeflicient matrix of shifted Legendre polynomials as follows

1 0 0 0...
-1 2 0 0...
v=|1-66 0.. ,
—-112 -3020...
and X, = [17:5,9527 .. 7xm]T7 ()T stands for the transpose.

Similarly a function of two independent variables u(z,t) which is infinitely
differentiable for 0 < x <[ and 0 < ¢t < 7 may be expressed in terms of the
double shifted Legendre polynomials as

Upy o (2, 1) = Zzai,le,i(x)LT,j(t). (6)
i=0 j=0

If the infinite series in (6) is truncated, then it can be written as

Un,m(x, t) ~ Z Z ai,le,i(w)L‘r,j (t) = (I)ljjn(x)A@'r,m(t)a (7)

i=0 j=0

where the shifted Legendre vectors @, ,,(z) and &;,,,(x) are defined similarly
to (5). Also the shifted Legendre coefficient matrix A is given by

apo @o1 --- Aom
a0 @11 ... G1m

Anpo Anl - - - Gnm
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a; = (22: 1) <2jl“) /OT /Ol () i (O) Loy (2)dadt.  (8)

Now, we present the shifted Legendre expansion of a function u(x,t) with
bounded mixed fourth partial derivative, converges uniformly to u(zx,t).

where

Theorem 1 (convergence theorem) If a continuous function u(z,t), defined

on [0,1] x [0,7], has bounded mized fourth partial derivative ﬁ, then the

shifted Legendre expansion of the function as
oo o0
Z Z ai,jLM (QZ)LT’]' (t),
i=0 j=0

converges uniformly to the u(x,t).

< a,

Proof Let u(z,t) be a function defined on [0, 1] x [0, 7] such that ‘g - jg;

where « is a positive constant and

. . T l
Gi; = (2”1> <2jz+1)/ / w(z, ) Lri(t) L () dedt,
T o Jo

fori=0,1,...,nand j =0,1,...,m. By partial integration and using follow-
ing equation

2 .
f,i+1 - 2,1'71 = 7(22 + 1)Ly (x),
we have

? /T u(z, t) (Lz it1(z) — Ll,i,l(x)) ‘;Lm(t)dt

23 +1 / / ou(z t) Ll,i+1(m) - Ll,i—l(m))LT,j(t)dzdt

= 2j = _/ / e Ll,i+1(m) - Ll»ifl(x)> Lrj(t)dedt
(23 e auu 9 (D) = Luale) | Laale) ~ Luaale)
0

i,j =

l
L. ;(t)dt
) Era®

4T oz 2i4+3 21— 1
25 + 1 0%u( tL- — Ly Ly i(x)— Ly ;_
( J + ) / / u Z, l,z+2(l:) l,l(x) _ l,z(z) : 1,4 Q(x)>L-,—’j(t)dxdt
2143 2t —1
_ 2] + 1)l / / 32“ (z,t) Ll,i+2(l‘) — Lii(z)  Lii(z) — Lz,¢72($)>L (#)dadt
2+ 3 2 —1 I ’

Now, let Q(x) = (2i — l)Ll,i+2 = 2(20 + 1)Ly () + (20 + 3)Li,i—2(x) then
we have

_ (2j + 1)l d*u mt
Y = g (2i+ 3)(2i — 1) / / T ) () L (1)

6(2z+3)(2z—1)(2]+3 (2 — 1) / / atga > le( )Qr;(t)dtdz.
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Thus

()| @ (1) dbdx

It
<
9651 < T2+ 3)(2i — 127 +3)( 23_1/
lTa
16(2i +3)(2i — 1)(2j +3)(25 — 1) /‘Q“ ldx/ |Qrj(t)]dt.

Also we have

(/Ol |Qi(x)|da;)2 - (/Ol (20 — 1)Ly i o () — 2(2i + 1)Ly i (x) + (20 + S)Ll,i_g(a:)\dx)Q

<( /0 l(l)?dx) ( /0 (26— 1L a(e)? 4 (4042 Lys(@)” + (201 8)2 Ly (2)? ) da

< l<(2i'f 1)21 (4i'+2)21 (2&3)21)
2i+5 21+ 1 2t —3

< 612(2i+3)2.

- 2i-3
Then we get

/ e \fl(Qz +3)
’ T V2i-3
Thus we obtain
0| < ITa y V61(2i + 3) y V67 (27 + 3)
DT 16(20 +3) (20 — 1)(25 +3)(25 — 1) V2i—3 V25 =3

312712

8y/(2i = 3)°\/(25 - 3)

o0 oo

Consequently, > > a; ; is absolute convergent and thus the expansion of the
i=05=0

function converges uniformly.

Theorem 2 Let u(x,t) be a continuous function defined on [0,1] x [0, 7] with

bounded mixed fourth partial derivative, say “g ° gttz)

< «a, then we have the

following accuracy estimation

3ad?72 > 1 > 1
En S 74 .747
8 i:ZnH (2 —3) j:ZmH (25 — 3)

where

e = // (z,1) Zalez (t))dedt)1/2. 9)

=0 j=0

2_2
Also in the case of n = m the error bound is £, < 3‘“87 > (2123)4'
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Proof
/ / u €T, t Zza’l,JLll ‘r]( ))2d$dt
=0 j=0
/ / ZZ%LM ZZamL“ (t))zdxdt
i= OJ 0 i=0 j=0
/ / Z Z a; lez 7—]( ))QdIdt
= n+1j m+1
:/ / SN e (e
1= n+1] m+1
- Z Z w/ L dfﬂ/TLf,j(t)dt
1= n+1j m-+1 0
:zglj ;1 2Z+—+1)
9&214 4
< Z Z 64(27 —3)3(2j — 3)3(2i + 1)(2j + 1)

i=n+1j=m+1
9a214 S N

S Ted Z Z (21 — )2]—3)

i=n+1j= m+1

o0

902147t & 1 1
64 i§l(2i—3)4j:m2:ﬂ(2j—3)4'

Then we have

3al?7r? 1 1
< E I E
e 8 = (21 - 3)4 j=m (2 ) — 3)47 (10)

2 2
which in the case of n =m, &, < 3"‘18

Z (giig)z .

i=n+1

3 Operational matrices of shifted Legendre polynomials

In this section, we make the operational matrix of stochastic weakly singular
integro-differential equation of the shifted Legendre vector.
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3.1 Matrix representation of partial differential part

The derivative of the vector &; ,,,(z) can be expressed by

%@l_’m(x) = D®; (), (11)

where D is the (m + 1) x (m + 1) operational matrix of derivative given by

72(2j+1) forj=i—k, k=
D =(di;) = Lo ’

0, otherwise.

1,3,...,m, if m odd,

1,3,...,m—1, if m even.

For example, for odd m, we have

[0000... 0 0 0
1000... 0 0 0
0300... 0 0 0
p=2|1050... 0 0 0

0307...2m—-3 0 0
1050... 0 2m—10]

Theorem 3 Let @ ,,,(x) be the shifted Legendre vector and
Un,m (z,t) = @ljjn(x)A@tm(t),

then

%unym(x,t) = @lj:n(x)(DT)rA@Tym(t). (12)

Proof From equations (7) and (11) we have

T r—1
I _ T T
G tinmn(:1) = 2y (P,(2) DT A (1))
20 T
= =2 (5, P (@) DT AP (1))
87"—2

=02 (27, @)(DT)2 A (1))

= O (o] @)D"y A1)

= B/, (2)(DT)" APy 1 (1).
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Corollary 1 Let &, () be the shifted Legendre vector and
Un,m (Jf, t) = q),l]:n(x)A@T,Tn(t)a

then

%unm(m7 t) = @;‘Cn (x)AD" D (2). (13)

Proof From equations (7) and (11) we have

ﬂu (m t) — ﬂ
atr n,m\+, - atr_l
87”72

= =z (A @) AD% 0, (1)

(@, (@)AD®, (1))

- %(qﬁfm (x)AD’"—lqu,m(t))

=&/, (2)AD" D, (1).

Lemma 1 Let y,,(t) = CTV X, be a polynomial where

CT:[Co,Cl,...,Cm,O,...], Xt:[l,t,tQ,...]T,
then we have
d* Tk
Ry (t) = CTVE* Xy,
k=0,1,2,...,
where
0100... (1)0
010 d 020
H= an n=
01 003

Proof see [22].
Lemma 2 Let @, ,,(x) be the shifted Legendre vector and
Un,m (T, 1) Qlf)lj:n(z)A@T,m(t),

then
.

ts%un,m(l‘ﬂf) = gplTn(x)(DT)TANSQT)T,WL(t>7 (14)
- )

where s = VutV =1 and u is given in Lemma 1.
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Proof From Theorem (3), Lemma (1), and equations (7) and (11) we have

I

F iz, ) ~t8(qs W (@) (D7) AP (1))
z) (DT At D, . (1)
x) (DT AtV X,
(D" AVEEX,
~ @, ()(D") AV i° X,
~ qsfn(x)(DT)"AvMSV*WXt
DL, (@) (D) Apps®r (1)

Ln(
N¢T(

~ @Tn (z

)

3.2 Matrix representation of integral part

Lemma 3 If I' is the Gamma function, then we have

/t om . I'(1—a)(m+ 1>tm—a+1
o (

t—s)> o I'(m-—a+2)

., m=0,1,2,....

Proof With integration by parts and using I'(a) = (o — 1)! it can easily be
obtained.

Theorem 4 Let & ,,,(x) = VX, be the shifted Legendre vector then

/t (ltt( )) ds ~ &) (2) AVUK®, (1), (15)
0 — S

where U is a diagonal matrix with elements
'l—a)I'(i+1)

Ui = . ;
’ Iri—a+2)

—0,1,2,....m,
and
T
K = [BO,Bl,...,Bm} . B = [tj,o,tﬂ,...,tj,m],

which t;;, i, = 0,1,...,m are the coefficients of L,;, i+ = 0,1,...,m in
expansion of t3 T,

Proof
tou(z,s) - t glSZI:TL(33)14‘515‘r,7n(3)
e e s
- T T 0(5 L 1(5) o Lr, m(s)]
=P A/ = s) ds
— o7 ViLs,...,s"]" mT
=P A/ = ds

—af,@av| [ ﬁd /ﬁd/%d]
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by using lemma (3) we can write
FA-o)l’'), o FA-)I'(2), oo
I'—a+2) T I'(—a+3) ’
T
P )T 4+1) o
T I'm—a+2)
=&/, (x)AVUII, (16)

/0 (?(f’ss))a ds ~ @], (z)AV

where
= [t’”‘“ ot tm*a“]T

By approximating t =1, j =0,1,...,m, we get

tj—oz-‘rl ~ Zt]zLTﬂ(t) = BdeT,WL(t)’
=0

Bj =1[tj0,t515--->tjml;
we obtain
T = [Bo@rm(t), Bi®@rm(t), s BuBrom()]" = Kbr i (8),
K =By, By,...,Bn". (17)
By substituting (17) into (16) we obtain

/ | (1:(% s))a ds = &, (1) AVUK Py, (¢). 18
0 — S

4 Description of the proposed method

In this section, a new algorithm for solving stochastic weakly singular equations
is proposed based on shifted Legendre polynomials.
Consider the stochastic weakly singular integro-differential equation with a
weakly singular kernel (1). Let us start our algorithm to solve (1)-(3).

Now, we approximate the functions f(z,t), go(z), fo(t), and f1(t) by the
shifted Legendre polynomials as

frm (2, 1) = Z Z figLui(x)Lr;(t) = @Zn(m)F¢T,m(t),

i=0 j=0
go(x) =Y giLii(x) = &, ()G,
=0
fot) =Y pilii(t) = Por o (t),
=0
f1 (t) ~ TlLl z(t) = R§p7—7m( ), (19)
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where F', G, P, and R are known matrices which can be written as
P:[P07p17--~7pm]7 R:[T07r17"'7r7ﬂ}7 G:[gOagl7"'agn]T7

fOO fOl me
flO fll flm

fn() fnl fnm
where p;, rj, and g; are given as in (4) but f;; are given as in (8).

Now, we consider discretized Brownian motion, where B(t) is determined
at N1 + 1 distinct values and utilized an interpolation to construct B(t). Let
ti = ih, i = 0,1,2,...,N1, h = {= and B; denote B(t;). Condition (i) in
introduction says that By = 0 with probability 1, and condition (i¢) and (4i7)
tell us that

B, =B, 1+dB;, i1=1,2,...,Nq,

where each dB; is an independent random variable of the form VAN (0, 1).

For approximation Ugf we perform the following steps

1) Let By = 0.

2) Let B; = B;_1 + Random[Normal Distribution[0, v/At]]. That’s mean each
B; will be obtained by the sum of the previous value with a random amount
in the interval [0, 1] which distributed with mean 0 and variance v/At.

3) Let data = {(0, 0), (At,Bl), ey (NlAt7 BNl)}-

4) Now, we obtain a polynomial interpolating from these points which is an
approximation for the B(t) function. B(t) is not differentiable but we ap-
proximate it as a polynomial and show it by B (t).

g
5) Let 42 = 3" p;t' then we have
i=0

dBum (z,t) Zpltl (@ DT)2A(PTm( ))

= of,(x)( prDT)?Am)qu,m(t). (20)

The Mathematica program for constructing Brownian motion is as follows

1
At = —;
t N,
B[0] = 0;
Bli_] := B[i — 1] + Random[Normal Distribution|0, v/ At]];

data = Table[{iAt, B[i]}, {7,0, N1 }];
Blt_] := Interpolating Polynomial[data, t];
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Now, using (12), (13), (15), (19), (20), and substituting in equation (1), it is
easy to obtain that

O] () AVUED 1 () + D, (2) FPr (1) =], () ADD 1, (1)
+ ad], () DT Ad, (1)
— 0@}, (x)(D")? AD, ()
- ﬁ@lj:n(:v)AgﬁT’m(t),
J
where A = Y pi(DT)2Ap;. Hence the residual Ry, ,,(z,t) for (1) can be writ-

i=0
ten as

Rym(z,t) =@, (x) [AD +aD" A —b(D")?A— BA— AVUk — F| &, 1, (t)
= (2)HD, (1),

ln

where
H=A(D-VUk)+ (aD” —b(D")*) A— BA - F.

For finding a typical matrix formulation, similar to the typical tau method, we
eliminate one last column and two last rows of the matrix H, then we generate
(n — 1) x m algebraic equations by using the following algebraic equations

Hy; =0, +=0,1,...,n—=2, j=0,1,...,m—1,

namely
I pr7
/ / Ry m(x,t)L;;(t) Ly j(x)dtde = 0. (21)
0o Jo
Also, by substituting equations (7) and (19) in equations (2) and (3) we have

s

D

which implies that

A@T,m(o) = G, (22)
&/, (0)A=P, (23)
&}, (1)A=R. (24)

We can find n + 1 linear algebraic equations from (22), m linear algebraic
equations by choosing m equations from (23), similarly m equations from (24)
and finally (n— 1) x m equations from (21). Since the number of the unknown
coefficients a;; is equal to (n+ 1) x (m + 1) we generate a system of (n+1) x
(m + 1) equations. Consequently wy, ., (z,t) given in (7) can be calculated. In
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our implementation, we have solved this system using the Mathematica Solve
function.

In all the considered examples in section 6, this function has succeeded to
obtain an accurate approximate solution of the system. We summarize the
algorithm of the method as follows.

Algorithm of the method

Step 1. Choose the set of shifted Legendre polynomials { L; ;(z) }}-, { L+ ; () }]Lo,

and let the approximate solution s, (x,t) = > > a; jLi(x) Ly ;(t).

i=04=0

Step 2. Find the coefficient matrix V respect to X, = [1,x,x2, e ,xm]T
such that & ,,(z) = VX,.

Step 3. Using equations (13), (12), (14) (15), and (19) convert problem (1)
and boundary conditions (2) and (3) to an algebraic system.

Step 4. Linearize the supplementary conditions in the same way as mentioned
in Step 3.

Step 5. We can find n+ 1 linear algebraic equations from (22), 2m equations
from (23) and (24), and m(n — 1) equations from (21) in the obtained

)

system.
Step 6. Solve the system obtained from Steps 4 and 5 to find the unknown
coefficients a; ;, 4 = 0,1,...,n,and 7 =0,1,...,m.

5 Error analysis for Tau method

In this section, we state the error analysis for the solution of stochastic weakly
singular integro-differential equations (2) and (3). Let

enm(z,t) = u(z, t) — Upm(z,1). (25)
If wy, (2, t) is & good approximation for u(x,t) then for a given ¢ > 0, Max
|en,m(x,t)] < e. To this end, we are looking for an approximation for ey, ., (x,t)
by using the same method we used for approximation of u(z,t). Firstly, we
obtain from equation (25) that

w(z,t) = enm(x,t) + unm(z, t). (26)

Therefore by using equations (26) and (1) we have,

(en,m)t(xa t) + a(en,m)w(xv t) - (b + 6%)(en,m)xx (537 t)

t
= / k(t — s)en,m(z, 8)ds + Hy m(x, 1),
0
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where, H,, ,(z,t) is a perturbation term associated with wy, ., (z,¢) and can
be obtained with following formulae

Hn,m(l'7t) :/O k'(t — S)U’TL,m(:E’ S)dS + f(x’t) - (un,m)t(l‘,t) o a(u”7m)x(x7t)
+ (b + B%)(un,m)mw(‘r’ t>7

which % is the same approximation polynomial that is mentioned in previous
section, and the boundary conditions

enm(2,0) = u(z,0) — up m(z,0)
= gO(x) - Un,m(xa 0)7

en,m(0,t) = u(0,t) — wp 1m(0,t)
= fO(t> - un,m(oa t)v

enm(l,t) =u(l,t) — unm(l, 1)
= f1(t) — unm(l,t).

We proceed to find an approximation (€y,m)ns,m, (Z,t) to the e, n(z,t) in the
same as we did for the solutions of equations (1)-(3) ((n1,m1) denotes the Tau
degree of ey m(z,1)).

6 Numerical results and comparisons

In this section, we present three numerical examples to demonstrate the ac-
curacy of the proposed method. The results show that this method, by select-
ing afew number of shifted Legendre polynomials is accurate. Let t, = nk,
n=012...,M k=2, z;=1ih i=0,1,2,...,N, and h = & where M,
N respectively denotes the final time level ¢); and the final space level z,
N + 1 is the number of nodes. In order to check the accuracy of the proposed
method, the maximum absolute errors and Mean squared errors between the
exact solution u(z, ) and the approximate solution u, ,(z,t) are given by the

following definitions.
Maximum norm error: |ep|lcc = max |u(x;, tar) — Un,m (T, tar)]-
0<i<N

1

N 1/2
Mean squared error: |ey||s = N <Zz; | w(zi tar) — Unom (Tistar) |2> .

Ezxample 1 As a first application, we offer the following stochastic weakly sin-
gular integro-differential equation

u(x, s)

Jt— s

t
ut(ac,t)+aux(x,t)—(b+662—f)um(aj,t) = / ds+f(z,t), x €]0,1], t > 0,
0
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with a = 0.005, b = 0.5, and the following initial condition
u(z,0) = 1 —cos 27z + 27%x(1 —x), 0< <1,
and boundary conditions

uw(0,t) =u(l,t) =0, 0<t<1,

fz,t) =2(1 + t)(1 + 27*(1 — x)x — cos 27x)
+ %t2/3(20 + 3t(8 + 3t))(—1 + 27%(—1 + x)x + cos 2mx)
—0.5(1 + t)*(—4n? + 472 cos 27x)

+0.005(1 + )?(27%(1 — x) — 2%z + 27 sin 272).

The deterministic solution in kind of 8 = 0 (in the absence of the noise term)
is

u(z,t) = (t+1)*(1 — cos 27wz + 2r%x(1 — z)).

The maximum absolute errors and Mean squared errors between the determin-
istic solution u(z,t) and the approximate solution wy, m,(z,t) for § = 0 with
various choices of (n = m) and two different grid sizes N = 100, M = 50, and
N = 50, M = 100, are presented in Table 1. Also this problem is solved by
proposed method for Ny = 3, m = n = 7. The behaviour of the approxima-
tion solutions together with contour plots for different values of 8 are shown
in Figures 1-3. The absolute errors of the approximate solution for 5 = 0 at
some different points (z;,t;) € [0,1] x [0, 1] are shown in Table 4.

Table 1 |leps]|oo is the Maximum norm error and |leps||2 is Mean squared error and 8 =0

M =50 N =100 M =100 N =50
n=m llens [l oo lleasl2 lleasloo lleas]l2
7 2.32x1072 1.31x1073 233x102 1.85x 1073
9 6.34 x 1074 356 x 1075 6.34 x10~% 5.04 x 10~°

11 1.58 x 1076 865 x10~% 1.19x107% 9.41x 107
13 318 x 1077 1.32x10~% 3.18 x10~7 1.87x 108
15 2.12x 1077 1.27x1078 2.07x10~7 1.79x 10~8

Example 2 Consider the following stochastic weakly singular integro-differential
equation

u(z, s)
Vt—s

with a = 0.5 and b = 0.001, the following initial condition

t
ut(x,t)—!—aux(a:,t)—(b—&—ﬁcfi—f)um(m,t) = / ds+f(z,t), x €]0,1], t > 0,
0

u(z,0) = 2sin® mz, 0<z <1,
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(a) approximation solution (b) contour plot

Fig. 1 The graphs of the approximate solution (left side) and contour plot (right side) of

Example 1 for 8 = 0.0001
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(a) approximation solution (b) contour plot
Fig. 2 The graphs of the approximate solution (left side) and contour plot (right side) of
Example 1 for § = 0.001.

boundary conditions
u(0,t) =u(l,t) =0, 0<¢<1,
and

f(z,t) =6.28319(1 + t + t*) cos 7 sin 7x + 2(1 + 2t) sin® 7x
- %t3/4(77 + 4t(11 + 8t)) sin ma?

—0.002(1 4 t 4 ?)(27)? cos ma? — 2(m)?* sin? 7.
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(a) approximation solution (b) contour plot

Fig. 3 The graphs of the approximate solution (left side) and contour plot (right side) of
Example 1 for § = 0.01

The deterministic solution in kind of = 0 (in the absence of the noise term)
is
u(z,t) = 2(t* +t + 1) sin® wz.

In this example, we implement our method to solve stochastic weakly singular
integro-differential equation. The results of this example for § = 0 with various
choices of (n = m) are shown in Table 2. Also, the graph of the maximum
absolute error function is shown in Fig 4. This problem is solved by proposed
method for Ny = 3 and m = n = 7. The behaviour of the approximation
solutions together with contour plots for different values of g are shown in
Figures 5 and 6. The absolute errors of the approximate solution for 5 = 0 at
some different points (x;,t;) € [0,1] x [0, 1] are shown in Table 4.

Table 2 Absolute error(|u(z,0) — un,m(z, 0)|) for different choices of n,m and 8 = 0.

T m=n=29 m=mn=11 m=mn=13
0 112x100%  239x10°% —187x10°%
0.1 211x107% 6.90x 107 4.66 x 10~10
02 5.20x10°6 5.68 x 107 —1.31 x 1079

0.3 212x10°° 5.88 x 10~7 2.96 x 1079
04 2.77x 1075 417 x 1077 4.14 x 10~9
0.5 1.18x1071% 425 x10714 —943x 10713

0.6 2.77x 105 417 x 10°7 —1.07 x 10~?
0.7 212x10°° 5.88 x 10~7  —7.89 x 1079
0.8 5.20x10°6 5.68 x 10~7 —1.79 x 109
09 211x10°°5 6.90 x 107 —1.5x 10710

1 1.12 x 104 2.39 x 10~ —5.45 x 10~8
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Fig. 4 Error function (Ju(z,t) — un,m(x,t)|) for the Example 2, when m = n = 11 and
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(a) approximation solution (b) contour plot

Fig. 5 The graphs of the approximate solution (left side) and contour plot (right side) of
Example 2 for § = 0.0001

(a) approximation solution (b) contour plot

Fig. 6 The graphs of the approximate solution (left side) and contour plot (right side) of
Example 2 for 8 = 0.001



288 Ruhangiz Azimi et al.

Example 3 Consider the following stochastic weakly singular integro-differential
equation

u(zx, s)

ds+f(z,t), x €[0,1], t > 0,

t—s

ut(a:,t)+au£(x,t)—(b+ﬁcz—f)uwx(m,t) - /
0

with ¢ = 1 and b = 1 and initial condition
u(z,0) =sin 7z, 0<x <1,
and boundary conditions

uw(0,t) =u(l,t) =0, 0<t<1,

f(z,t) = e'mcos mx + €' sin mx + e'n?sin wx — et \/merf(V/t) sin .

The deterministic solution in kind of 8 = 0 (in the absence of the noise term)
is
u(z,t) = sin 7z €.

We have solved this problem for m = n = 9 and compute u(x,t) — ug o(z,t)
for different ¢ and « (see Table 3). This problem is solved by proposed method
for Ny = 3 and m = n = 7. The behaviour of the approximation solutions
together with contour plots for different values of 8 are shown in Figures 7-9.
The absolute errors of the approximate solution for 5 = 0 at some different
points (z;,t;) € [0,1] x [0,1] are shown in Table 4.

Table 3 Error function u(z,t) — ug 9(x,t) for different ¢ and = of Example 3 and 8 = 0.

m=n=29
t

x=0.1 r = 0.2 r = 0.3 r=0.4 x=0.5
0 3.96 x 10~8 —322x10°8 1.27x10°% 1.72 x 1078 —3.27x10°8
0.25 —518x 1078 —1.34x10"7 1.68x1077 —2.04x10"% —2.96x 107
0.5 —3.68x1078 —1.30x10"7 216x10°7 1.78 x 108 —2.91 x 1077
0.75 —5.73x 1079 —9.54x 1078 3.32x10°7 1.19 x 107  —2.41 x 107
1 —8.89x 1078 —247x1077 4.79%x10°7  6.64 x 108 —5.48 x 1077

7 Conclusion

In this research, a new computational method based on the shifted Legen-
dre polynomials together with the Tau method was proposed for solving a
class of stochastic weakly singular integro-differential equation. To this end,
operational matrices of partial derivatives and integral parts was derived. The
main advantage of the proposed method was that it transformed the problem
under study into solving a linear system of algebraic equations to achieve an
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(a) approximation solution (b) contour plot

Fig. 7 The graphs of the approximate solution (left side) and contour plot (right side) of
Example 3 for g = 0.0001

00 02 04 06 08 10

x

1

(a) approximation solution (b) contour plot

Fig. 8 The graphs of the approximate solution (left side) and contour plot (right side) of
Example 3 for § = 0.001

Table 4 The absolute errors of the approximate solution for = 0.0001 at some different
points (z;,t;) € [0, 1] x [0, 1].

B=00001,m=n=7

(zi,t;) e(x;,t;) for Ex.1  e(x;,t;) for Ex.2  e(wx;,t;) for Ex.3

(0,0) 3.48 x 1073 3.48 x 1073 1.70 x 10~°
(0.1,0.1) 4.51 x 1073 1.08 x 1073 1.23 x 1075
(0.2,0.2) 1.28 x 1074 8.95 x 104 8.13 x 1075
(0.3,0.3) 5.28 x 1073 1.88 x 1073 2.30 x 10~4
(0.4, .4) 9.90 x 1074 1.91 x 1073 3.35 x 1074
(0.5,0.5) 1.23 x 1073 5.92 x 104 3.84 x 1074
(0.6,0.6) 1.54 x 1072 6.39 x 10~3 3.68 x 104
(0.7,0.7) 4.80 x 1073 2.08 x 10~2 2.07 x 104
(0.8,0.8) 6.04 x 1073 1.89 x 1071 7.60 x 107°
(0.9,0.9) 4.25 x 1071 3.28 x 10~1 9.67 x 10~°

(1,1) 3.48 x 1073 3.48 x 1073 1.70 x 1072
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(a) approximation solution (b) contour plot

Fig. 9 The graphs of the approximate solution (left side) and contour plot (right side) of
Example 3 for 8 = 0.01

approximate solution of the problem. Illustrative examples were included to
demonstrate the efficiency and accuracy of the proposed method. The perfor-
mance of the proposed method for the considered problems was measured by
calculating the maximum norm error and Mean squared error. Moreover, in
cases that exact solutions were existed, the results of the proposed method
were in a good agreement with the exact solutions.
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