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Abstract In this paper, the Tau method based on shifted Legendre polyno-
mials is proposed for solving a class of fractional stochastic integro-differential
equations. For this purpose, shifted Legendre polynomials and their properties
are introduced. By using the operational matrices of integration and stochastic
Ito-integration we transform the problem into the corresponding linear system
of algebraic equations. Finally the efficiency of the proposed method is con-
firmed by some examples. The results show that this method is very accurate
and efficient.
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1 Introduction

A probability space (£2, F, P) consists of three elements. A sample space {2,
which is the set of all possible outcomes. An event space, which is a set of
events F', an event being a set of outcomes in the sample space. A probability
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function P, which assigns each event in the event space a probability, which
is a number between 0 and 1 [23].

Stochastic integral equations are very important due to their application
for modelling stochastic phenomena in physics, fluid mechanics, biology, chem-
istry, finance, mechanics, microelectronics, etc. see [9,14,17]. The behavior of
dynamical systems in these kind of equations are often dependent on a noise
source and a Gaussion white noise, governed by certain probability laws. So,
modelling such phenomena often requires the use of different stochastic differ-
ential equations, stochastic integro-differential equations.

As deriving an explicit form of the solution for stochastic differential and
integral equations is difficult, numerical approximation becomes a practical
way to face this difficulty. Several numerical methods such as finite-difference
method [13], wavelet Galerkin method [5], Haar wavelets method [16], Laplace
transforms method [19], Chebyshev wavelet method [15], orthogonal functions
[24,21,3,10] have been used for solving fractional differential, integral equation,
stochastic integral equations.

The Tau method that is a way to solve linear and nonlinear functional
equations is one of the important types of the spectral method that express
the solution of the problem as a linear combination of orthogonal or non-
orthogonal basis functions. The main advantage of using orthogonal basis is
that the problem under consideration is reduced into solving a system of lin-
ear or nonlinear algebraic equation [20]. Recently, different orthogonal basis
functions such as block pulse functions, Walsh functions, orthogonal polyno-
mials and wavelets, Fourier series, were utilized to approximate solution of
functional equations [22,4,8,11,2].

Shifted Legendre polynomials have been widely applied for solving func-
tional equations [7,25]. In this paper the shifted Legendre polynomials will be
used for solving the fractional stochastic integro-differential equation which is
given in [1] as follows

D0 = 10+ 0 [ ]t uear s [y, 0<i<T,
0 0 (1)

subject to the initial conditions
y(0)=dj, j=0,1,....r—1, r—1l<a<r reN, (2)

where y)(t) stands for the j-th order derivative of y(t), D*(.) denotes the
Caputo fractional order derivate of order a and y(t), f(t), and k;(¢t,7),i = 1,2
are the stochastic processes defined on the probability space ({2, F, P), y(t)
is unknown and fot kao(t, 7)y(7)dB(7) is Tto integral. Here, A\; and Ay are real
constants. A real-valued stochastic process B(t), t € [0,T] is called Brownian
motion, if it satisfies the following properties [6,15]

(i) B(0) = 0 (with the probability 1).
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(ii) For 0 < s <t < T the random variable given by increment B(t) — B(s)
is normally distributed with mean zero and variance ¢ — s; equivalently,

B(t) — B(s) ~ Vi — sN(0, 1),

where N(0,1) denotes a normally distributed random variable with zero
mean and unit variance.

(iii) For 0 <s <t <wu < v < T the increments B(t) — B(s) and B(v) — B(u)
are independent.

(iv) The function t — B(t) is continuous function of ¢.

The paper is organized as follows. In the next section, the shifted Legendre
polynomials and their properties are described. Section 3 is devoted to some
preliminary definitions of BPFs and fractional calculus. In Sections 4 and 5
after expressing the relation between BPFs and shifted Legendre polynomials,
Tau method based on shifted Legendre polynomials and their matrices are
proposed for solving fractional stochastic integro-differential equation. Some
numerical examples are solved using the method of this article in section 6.
Finally, a conclusion is given in section 7.

2 Properties of shifted Legendre polynomials

The classical Legendre polynomials are defined on the interval [—1,1] and can
be determined with the aid of the following recurrence formulae

Py(z) =1, Pi(z) =z,

2t +1
Pia(z) = 572 Bi(@) = 7

Assume z € [a,b] and let T = 22=9=b_Then {P;(z)} are called the shifted
Legendre polynomials on [a,b]. In this paper, we mainly consider the shifted
Legendre polynomials defined on [0,1] .

For t € [0,1], let Ly ;(t) = P;(%7), i =0,1,2,.... Then the shifted Legen-
dre polynomials {L,;(t)} are defined by

Pi_l(l‘), i:1,2,... .

Lio(t) =1,
2t — 1
Lia(t) = 7
2i+1)(2t —1 ) .
Lyipa(t) = M[/l,i(ﬂ - Liia(t), i=1,2,....

(i + 1)l +1

If ¢y () be a vector function of shifted Legendre polynomials on the interval
[0,1], as

wl,m(t) = [Ll,Oa Ll,h o 7Ll,m]T 5 (3)
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then the set of L;;(t) is a complete L?(0,[)-orthogonal system, namely

l # o
/ Li;(t)Lyj(t)dt = § 2i+ 1’ =7
i 0, i# ]

So we define II,, = span{L; 0, L1, .., Lim }. For any y(t) € L?(0,1), we write

y(t) =Y e;Li;(t),
j=0
where the coefficients c; are given by
2j+1 [ :
¢j = ]z / y(t)Loj(t)dt, j=0,1,2,.... (4)
0

In practice, only the first (m 4 1)-terms of shifted Legendre polynomials are
considered. Hence, we can write

Ym () =Y Ly j(t) = CThm(t) = CTV X,
j=0

where CT = [cy,c1,...,cm] and V is a non-singular matrix given by
Yim(t) =V Xy,
with a standard basic vector, X; = [1,15, ... ,tm]T, where, (.)7 stands for

the transpose.
Similarly a function of two independent variables k(t, 7) may be expressed
in terms of the double shifted Legendre polynomials as

E(t7) 2 0> ki jLui(t) L (1) = 9 (0 Kb (7), (5)

i=0 j=0

where K is a (m + 1) x (m + 1) matrix as

koo ko1 ... kom
klO kll klm
kmO kml kmm
where
204+1\ /25 +1\ [ [
km-:( Z;L ><Jl+ )/ / k(t,7)Lyi(t) Ly ()dtdr, i,j=0,1,... m.
o Jo

(6)

Also, k(t,7) can be expressed as

k(t,7) = ¥ (K (1) = XFVTKV X,
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where V' = [v; ;i j=0,1,....m IS a non-singular matrix given by ¢, (t) = VX,
with a standard basic vector, X; = [1,¢,£2, ... ,tm}T. If we take K = VT KV
then we can write k(t,7) ~ X K X,.

Now, we present the shifted Legendre expansion of a function y(t) with
bounded second derivative, converges uniformly to y(t).

Theorem 1 A continuous function y(t) € [0,1], with bounded second deriva-

d’y(t)
2

tive, say ' gt

< «a, can be expanded as an infinite sum of shifted Legendre

o0

polynomials and the series ZCiLl,i(t) converges uniformly to the y(t). Fur-
i=0

thermore, we have

=0 i=m+1

Proof From (4), it follows that

2i+1\ [
c; = ( er ) / y(t)Ll’Z(t)dt, 1= 0, 17 e,
0

By partial integration and using following equation

2 .
Lip1(t) = Lo (t) = 7(22 + 1)Ly i(t),
we have

241 ! l , /
= 2(2i + 1) /0 y(t) (Ll,i+1(t) - Ll’i,l(t))dt

%(y(t) (Lmﬂ(t) —~ Ll,i_l(t)) ’; B /Ol (Lm+1(t) - Ll,i—l(t)> %dt

1 dy
- — (. .Y

+ é /Ol 2(2Zl_1) (L;,i(t) - f,i—Q(t)) (C%dt
UM dPy(t) [ Luiga(t) — Lii(t)
/0 Y ( Lt 1 )dt

4 dt? 21+ 3
R 0] (Ll,i(t) - Ll,i—l(t))dt
1), a 2 1 '

Now, let Ql’i(t) = (22 - 1)Ll’i+2(t) — 2(22 + 1)L17¢(t) + (22 + 3)Ll’i,2(t) then

we have
l l d2y(t>
“= 4(2i +3)(2i — 1) /0 a2 Qu,:(t)dt,
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thus

l La2y(t)
4(2i+3)(2 — 1) /0 ‘ ot2

|ci]

[1Qui()ldt

lo

l
= 4(2i+3)(2¢_1)/0 |Qu,:(t)|dt.

Also we have

(/Ol |Qi(t)|dt)2 - (/Ol (20 — 1) Lo (t) — 2(2i + 1) Lya(t) + (20 + 3)Ll7¢_2(t)\dt)2

IA

(/01(1)2dt> (/Ol(% —1)2L7,40(t) + (4 +2)2L7 ,(t) + (20 + 3)2Ll27i,2(t))dt

l((2i71)2l (4i + 2)?1 (2i+3)2z>
2045 2i+1 2i—3
< 612(2i+3)2_
- 23

IN

Then we get

. V61(2i +3)
[ @i < 2D,

Thus we obtain

la L V6i(2i+3) a6

(20 +3)(2i — 1) V2i—3 4y/(2i —3)3

lei| < 1

o0

Consequently, > ¢; is absolute convergent and thus the expansion of the func-
i=0

tion converges uniformly. Also, we let

e = (/Ol(y(t) — éciL,,i(t))2dt)1/27
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where

m

2 = /O l (y(t) - ZCiLlﬂv(t))th

=0

1 o m 9

:/0 (ZCiLl,i(t)_ZciLl,i(t)) dt
=0 =0

I
:/( Z CiLl7i(t))2dt

0 1=m-+1

I o
= / > Lt

0 1=m-+1
= i c?/lLii(t)dt

i=m+1 0

. !

- i:%;l ci (2i + 1)

> 60215
<
= ; 16(2i — 3)3(2i + 1)

Then we have

From then on we assume [ =1 and let ¥y, = ¥, L1, = L;.

3 Preliminary definitions
3.1 Block Pulse functions

In this paper, it is assumed that T' = 1. So, the set of BPFs are defined over
[0,1], and h = L. We define the m-set of BPFs as

1, (i—1)h<t<ih,
OSSN
0, otherwise.

The elementary properties of BPFs are as follows
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i) Disjointness: The BPFs are disjoint with each other in the interval [0, 1]
and

¢i(t)¢j(t) :(Sij(bi(t), i,j = 1,2,...,m.

ii) Orthogonality: The set of BPFs defined in the interval [0, 1] are orthogonal
with each other, that is

1
0

iii) Completeness: If m — oo, then the BPFs set are complete, so an ar-
bitarary real bounded function f(t), which is square integrable in the
interval [0, 1], can be expanded into a Block Pulse series as

f(t) = Zfi(bi(t)a
i=1
where
1 /1
fi= —/ o) f(t)dt, i=1,2,...,m.

h Jo

iv) Vector form: Consider the first m terms of BPFs and write them as
ng)(t) = [¢1(t)a¢2(t)a"'7¢m(t)}T7 te [07 1]

The above representation and disjointness property follows

o) 0 ... 0
awar - |

furthermore, we have
T (t)o(t) = 1.

For an m-vector V we have
()" (t)V =Vo(t), (7)

where V' is an m x m matrix, and V = diag(V).
Also, it is easy to show that for an m x m matrix A

T (1) AD(t) = A" B(t), (8)

where A = diag(A) is a m-vector.
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3.2 Fractional calculus

Definition 1 The Riemann-Liouville fractional integral operator J of order
« is given by

1 t
Iy = g | - e a >
I'(a) Jo
Jy(t) = y(t).
Definition 2 The Caputo definition of fractional operator is given by

d"y(t)

@ tr
Dy(t) = dl () (r) p
-

t Yy
I'(r—a) Jo (t —r)o—r+i 7

a=r€eN,

0<r—l<a<r.

The Caputo fractional derivatives of order « is also defined as
D%y(t) = J~“D"y(t).

The relation between the Caputo operator and the Riemann-Liouville is given
by the

DEJ%y(t) = y(t),

r—1 k
a Ja l
DIy(t) = y(t) = Sy (O0F) s 1> 0.
k=0

4 Operational matrices of shifted Legendre polynomials
4.1 Relation between the BPFs and shifted Legendre polynomials

In this section we will obtain the relation between the BPFs and shifted Leg-
endre polynomials.

Theorem 2 Let ¢,,(t) and ®(t) be the m-dimensional shifted Legendre poly-
nomials and BPFs vector respectively, the vector ,,(t) can be expanded by
BPFs vector &(t) as

U (t) = QD(1),
where Q) is an m X m matrix
2m — 1
2m

Q= [bn(5) tmlom)s ()]

Proof Let L;(t) , i = 1,2,...,m be the i-th element of shifted Legendre poly-
nomial. Expanding L;(t) into an m-term vector of BPFs, we have

m

Li(t) =3 Qijo;(t) = QTo(t), i=1.2,....m,
=1

J
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where Q; is the i-th row and Q;; is the (i, j)-th element of matriz Q). By using
orthogonality of BPFs we have

1 [t 1 [m
Qij = E/o Li(t)g;(t)dt = Eﬁ Li(t)dt.

) —1
m

By using mean value theorem for integrals we have

by taking €; = % so we have Q; ; = L;(

2j—1
2 ]7)

2m

Lemma 1 For an m-vector V we have

V()P (OV = Vb (t),

in which V is an m x m matriz as V. = QV1Q~Y, where Vi = diag(QTV).
Moreover, it can be easy to show that for an m x m matrixz A

—T
U () AV () = A" i (2),

where A = UQ™! and U = diag(QT AQ) is an m-vector.

Proof The results is the consequence of relations (7), (8), and Theorem (2).

Lemma 2 ([12]) Let &(t) be the BPFs, then integration of this vector can be
derived as

t
/ &(1)dT ~ PP(t),
0
where P is an m X m matrixz given by
122...2
012...2
P:é 001
2
D2
000...1

Lemma 3 ([12]) Let $(t) be the BPFs, then the Ito integral of this vector can
be derived as

/O t &(1)dB(1) ~ P.d(t),
where P, is an m X m matrix given by
B(%) B(h) B(h) B(h)
0 B(2)-B(h) B(2h)—B(h) ... B(2h) — B(h)
p.—| 0 0 B(3) — B(2h) ... B(3h) — B(2h)

0 0 0 B(LEm_h ;B((mfl)h)
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Theorem 3 Suppose ., (t) be the shifted Legendre vector defined in (3) then
the integral of this vector can be derived as

/0 Yy (T)dT ~ (QPQ ™ )hyn ().

Proof From Theorem (2) and Lemma (2), we have

/ Y (T)dT =~ / QP(1)dT ~ QPP(t) ~ (QPQ ™ b (t).
0 0

Theorem 4 Suppose ., (t) be the shifted Legendre vector defined in (3) then
the Ito integral of this vector can be derived as

/0 Un(T)AB(T) = (QPrQ b ().

Proof Similar to previous Theorem and using Theorem (2) and Lemma (3) it
can be easily obtained.

In this section, we make the operational matrix of fractional integro-differential
equation with weakly singular kernel of the shifted Legendre vector.

4.2 Matrix representation of (1)

As a consequence of the previous section, and aid of following Lemma and
Theorems we derive formulas for numerical solvability of fractional stochastic
integro-differential equations (1) based on shifted Legendre polynomials of the
operational Tau method.

Lemma 4 Let y,,(t) = CTV X, be a polynomial where
CT = [007017...,Cm,07...],
and X; = [1,t,t%,...]17 then we have

dk T k

"y (t) = CTV ik Xy,

k=0,1,2,...,
where
0
0100...
10
010 020
H= 01 3 n=

003
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Proof see [18].
Lemma 5 If I' is the Gamma function, then we have

¢ m I'(r—a)l 1
/ ( T d (r=a)lm+ 1) m—atr 0 _g 19
0

)

t— )T+l 5= I'(m—a+r+1)

Proof With integration by parts and using I'(@) = (a — 1)! @ > 0 it can easily
be obtained.

Theorem 5 Let ¢,,(t) = VX, be the shifted Legendre vector then
¢ (r)
y'"(7) T
——— —ds~C'Vn"GAV Xi, 9
/0 (t —7)o-rtl 3 K ! ©)
where G is a diagonal matrixz with elements
(r—a)l(i+1)

Gii = — ;
T TIli—a+r+1)

i=0,1,2,...,m,

and
T

A= B()?Bla"'7Bm ) B]: tj707tj71""7tjvm ’

which tj;, 1,7 = 0,1,...,m are the coefficients of L;;(t), ¢ = 0,1,...,m in
expansion of /71T,

Proof
t (r) t T r
/ A P - (7) dTﬁ/ OV X dr
o ( o (

t— T)a7r+1 t— T)a7r+1
t
X
=CTypr T4
"), T

t m1T
T [1,7,...,7™]
=C"Vn /0 —(t—T)O‘—”‘l dr

t 1 K T
|, T,

T
[[5eme
. T~ . ar
o e T

Lr—a)l'(1) ;o Lr=a)I'(2) ;_ap
I'ir—a+1) "I(r—a+2) ’

T
F(r_a)F(m+1)tm—a+r
P I'm—a+r+1)

=CcTvyrail, (10)

_ CTVUT

by using Lemma (5) we can write

G
Y (T) T T
—— —dr ~
|, w0V
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where
T
H _ |:tr—cx7 tLr—oz-i-l7 o 7iL’rn—oz-"-T:|
By approximating t=**", j =0,1,...,m, we get
m
F70F 2y 45 Li(t) = By (1),
i=0
Bj =[tjo,tj1,-- s timl,
we obtain

I = [BoVXy, BiVXyt,..., B VX" = Ay (t), A =[By,By,...,B,]".

(11)
By substituting (11) into (10) we obtain
t (r)
y'"(7) T
—————ds ~ "GAV X;. 12
/0 (t—T)a—T+1ds C'Vn"GAV X, (12)

4.3 Matrix representation for the supplementary conditions
m
Let y(t) ~ Z ¢;jLy;(t) = CTV X, on the left hand side of (2), it can be written
j=0

as

y(0) = dj, j=0,1,...,r—1,
CTVnl Xy = dj, j=0,1,...,r—1.

Let H; =1’ X, where Xy = [1,0,0,...,0]” thus the j-th condition number of
(2) is converted to

C'VH;=d;, j=0,1,....,r—1.

Now, by setting H as the matrix with columns H;, j = 0,1,...,r — 1 and
by setting d = [d1,ds,...,d,], as the vector that contains right-hand side of
supplementary conditions, they take the form

CTVH =d. (13)
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5 Description of the proposed method

In this section, we apply the operational matrices of integration and stochas-
tic Ito-integration of the shifted Legendre polynomials for solving fractional
stochastic integro-differential equation (1) and (2).

For solving the problem by using the stochastic operational matrix of
shifted Legendre polynomials, we approximate y(t), f(¢), k1(¢,7), and ko(t, 7)
in terms of shifted Legendre vector as follows

y(t) = YTy(t) = ¢ (1)Y,

f(t) = Fy(t), (14)
ka(t, ) = T (t) K1 (r),

ka(t,7) =~ ¢ (t) Kot (T),

where Y and F are shifted Legendre coefficients vector, K7 and K5 are shifted
Legendre coefficients matrices defined in equation (6).

By using above approximations, Lemma 1 and Theorem 2 we can obtain the
first and second term integral in the right hand of the (8) as following

/ by (b )y (7)dr ~ / W7 () Ky ()07 (7)Y dr
0 0
=y () Ky /0 P(r)yT (r)Ydr
— 4T (K /O Qliag[QTY]Q ¢ (r)dr

t
— o7 (1)K, QdiaglQTY]Q ! /O (r)dr
— 4T (1)K, QdiaglQTYIQ QPQ (1)

=T (t)Er(t)
= diag[Q" E1Q]Q 9 (t)
= Biy(t) (15)
where
Ey = K1 Qdiag[Q"Y]PQ™, (16)
and

By = diag[Q"E1Q] Q. (17)
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Also we have
/ ko(t, 7)y(T)dBT ~ / T () Kop (7)™ (7)Y dBT
0 0
— T (1)K, / G(r)e7 ()Y dBr
— T (1)K /O QainglQ"Y)Q "\ (r)dBr

— T (1) K>Qdiag]QTY]Q ! /0 ¥(r)dBr
=7 (t) K2Qdiag[Q"Y]Q™'QP,Q (1)

=T (t) E2u(t)
= diag[Q" E>Q]Q ()
= Bo(t) (18)
where
E; = K> Qdiag[Q" Y|P, Q, (19)
and
By = diag[Q" E2Q] Q. (20)

Now, using Theorem (5) and equations (14), (15), and (18) and substituting
in (8) we obtain

Ty ) Vi GAY(E) = Fy(t) + MBrb(t) + XaBab (1)
by setting

Bz = YTVn GA,

I'r—a)

m—

and using the orthogonality of {L;(t)}" 5" we have
B3 — )\131 — )\QBQ ~ F, (21)

this equation is hold for all ¢ € [0,1), By, B2, and Bs is linear function of Y,
equation (21) is a linear system of equations for unknown vector Y.
Also, from equation (13) and replacing ~ by =, we have following system

(22)

By — MBy — M\oBy = F,
YTVH = d.

Now setting
A= B3 — >\1B1 — A2B27

H=YTVH,
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G = [E)FQ?'"7E3A17A2)"'?Am+1—7‘]7
and
g = [d17d27‘"7d7’7F07F17"'7Fm7T]7

where H; denotes the i-th column of H, system of (22) can be written as
G = g, which must be solved for the unknown coefficients yg, y1, - - ., Ym-

5.1 Algorithm of shifted Legendre Tau approximation
Step 1. Choose m, form the set of shifted Legendre polynomials {Ll(t)}

=0
m

and let the approximate solution be yy,, (t) ~ > vy; L;(t).
i=0

Step 2. Compute the non singular coefficient matrix V with respect to

X, =[1,6,62,.., ",

such that ¥, (t) = VX,.
Step 3. Compute the shifted Legendre vector

Q= [tmlg) o). (o).

2m

Step 4. By using orthogonality condition of {L;(t)}7, as
F#) = fiL;(1),
§=0

j 1
where f; = 2%—“ Jo f(#)L;(t)dt, compute F' = [fo, f1,. .., fm].
Step 5. Compute the stochastic operational matrices p, and p using Lemmas

(2) and (3).
Step 6. Compute the matrices G, 7, A, F1, and F5 from Lemmas (4) and (5),
Theorem (5) and equations (16) and (19) then set By = ﬁYTVn’"GA,

By = diag[QTE1Q] Q7 1, and B, = diag[QT E-Q] Q1.

Step 7. Let YT = [y, 91, - - -, ¥m] and obtain the entries of the vector solution
YT from the CTG = g where G = [Hy,Ha, ..., Hp, A1, Ao,y A1 1)
and g = [dy,da,...,d., Fo, Fy, ..., Fy_.], H; denotes the i-th column of
matrix VH and A; denotes the i-th column of matrix B3 — A1 B1 — A2 Bs.
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6 Numerical results and comparisons

In this section, we present three numerical examples to demonstrate the accu-
racy of the proposed method. The results show that this method, by selecting
a few number of shifted Legendre polynomials is accurate.

First we consider discretized Brownian motion, where B(¢) is determined
at t distinct values and utilized an spline interpolation to construct B(t). Let
ti =1th,1=0,1,2,...,N, h = % where N denotes the final space level ty,
N+1 is the number of nodes and B; denote B(t;). Condition (7) in introduction
says that By = 0 with probability 1, and condition (i¢) and (i) tell us that

B; =B, +dB;, i=1,2,...,N,

where each dB; is an independent random variable of the form vAN(0,1). In
order to check the accuracy of the proposed method, the absolute errors and
Ly norm errors between the exact solution y(¢) and the approximate solution
ym/(t) are given by the following definitions.

Absolute error: | y(t) — ym(t) |-

D 1/2
L, norm error: N (Z | y(ti) — ym(ti) 2) :

=0

Example 1 As a first application, we offer the following stochastic fractional
integro-differential equation as follows [1]

D2y(t) = f(t) + fot elry(T)dr + A2 fot elry(t)d BT,
y(0) =0,

the exact solution with a = 0.75 and Ay = 0 is y(t) = 3, where y(t) is an
unknown stochastic process defined on the probability space ({2, F, P) and
B(t) is a Brownian motion process. In this example we have

_toet 6t2.25

5 T(3.25)

Table 1 and Table 2 show Lo errors and absolute errors of the approximation
solution for different values of m with Ay = 0.0001 and N = 10. From Table
1 we can see clearly that the shifted Legendre Tau (SLT) method can reach
a higher degree of accuracy. In [1] the authors obtained the best results in
m = 28 that is 6.3 x 10~°. The approximation solution and exact solution are
shown in Figure 1.

Example 2 Consider the following stochastic fractional integro-differential equa-
tion as follows

Dey(t) = f(t) + [ tsinTy(r)dr + Ao [ (t + 7)y(7)d Br,
y(0) = 0.
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Table 1 L2 errors obtained for different values of m.

m Lo error

4 326x10°°
6 1.08x10°°
8 3.56x106
10 1.47 x 10-6
12 6.03x 1077
14 3.34x10°7

Table 2 Absolute errors obtained for different values of m with N = 10 and A2 = 0.001.

t m=2~8 m =10 m =12
0.1 5.62x107% 1.82x10° 6.31x10°9
0.2 6.63x1076% 340x1076 1.34x10°6
0.3 261x1075 1.32x107% 8.09x106
04 863x107° 4.11x1075 3.20x10°°
0.5 217x107% 1.31x10~* 9.15x10°°
0.6 4.68x10~% 290x10~* 2.07x10"*
0.7 9.19x107% 572x107% 4.08x10%
0.8 1.68x1073 1.05x1073 7.51x10"*
09 294x1073 1.83x1073 1.28x10~3

0.8~
[ +  SLTsolution
0.6
| ——— Exact solution
04+
0.2+
L L 4 |

0.2 0.4 0.6 0.8 10

Fig. 1 The absolute error of Example 1 for m = 14

In the absence of the noise term (A2 = 0) the exact solution with o = 0.5, is
y(t) =t + t. In this example we have

2 1
o4 % 44(2—3 cos t—t sin t-+12 cos t)+(cos t—sin t) (t*+1).

1O =Test *Tas

We apply shifted Legendre Tau method to solve this problem. The Lo errors of
approximation solution for different values of m with Ay = 0.0001 and N = 10
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are shown in Table 3. Figure 2 shows the error function of this example with
m = 6.

Table 3 Ls errors obtained for different values of m.

m Lo error

4 2.02x107°
6 4.56 x 10~6
8 1.39x10°6
10 6.83x 107

20+
15+

F + SLT solution
101 ——— Exact solution

0.5

| | | | |
0.2 0.4 0.6 0.8 1.0

Fig. 2 The graph of the approximate solution and exact solution for Ay = 0.0001 and
m = 10

Example 3 Consider the following fractional integro-differential equation

o2~ 1

TB-a) 30+ Jo y(r)dr + [ (7 + 72)y(r)dBr,

Dey(t) =
y(0) = 0.

In the absence of the noise term (A2 = 0) the exact solution, is u(t) = 2. We
apply shifted Legendre Tau method to solve this equation and the absolute
error are given in Table 4 for different choices of a. The numerical solution
have been compared in Figure 3 for a = 0.25,0.5, and 0.95.
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Table 4 L errors obtained for different values of o with m = 10, N = 10, and A2 = 0.001.

t a=0.25 a=0.85 a=0.95
01 1.77x107% 1.12x10%* 9.30x10-9
0.3 1.21x1073 204x10"%* 6.53x10°°
0.5 6.37x107% 330x10~* 213x10*
0.7 1.13x1073 6.09x10"% 4.17x10%
0.9 286x1073 1.12x1073 7.56x10"*

0.0035

0.0030

0.0025

0.0020

0.0015

0.0010

0.0005

0.2 0.4 0.6 0.8 1.0

e

Fig. 3 Comparison of numerical and exact solutions of Example 3 for m = 8

7 Conclusion

In this work, a new computational method based on the shifted Legendre poly-
nomials with the Tau method was proposed for solving a class of fractional
stochastic integro-differential equation. For this purpose a new stochastic op-
erational matrix for shifted Legendre polynomials is derived. The BPFs and
their relations are used to derive this stochastic operational matrix. The most
important contribution of our work is that we transform the initial problem
into a linear algebraic system equations to obtain the approximation solution.
The illustrative examples show the validity of the proposed method. Undoubt-
edly these examples also exhibit the accuracy of the present method.
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