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Abstract

In this study, we propose a distributed-order fractional diffusion model that incorporates a Bessel-type fractional derivative in time
and a Riesz fractional derivative in space, providing a versatile framework to describe complex diffusion processes exhibiting
both memory effects and nonlocal interactions. To numerically solve the proposed model, we develop a fully discrete scheme
combining the Bernstein polynomial collocation method for the temporal distributed-order derivative with a finite difference
approximation for the spatial Riesz derivative. The temporal approximation ensures high-order accuracy and efficient evaluation
of the distributed-order operator, while the spatial discretization captures the nonlocal behavior of the Riesz derivative. A rigorous
theoretical analysis of the scheme is carried out, establishing unconditional stability and second-order convergence in both time
and space. Numerical simulations validate the theoretical results, demonstrating that the method accurately captures the dynamics
of the distributed-order fractional diffusion process and achieves the expected convergence rates. The proposed framework
offers a powerful and reliable tool for modeling and simulating complex diffusion phenomena, and it can be further extended

to multi-dimensional and variable-order settings for broader applications in physics, engineering, and applied sciences.
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1 Introduction

The distributed-order (DO) fractional operator is a powerful and generalized mathematical tool that extends the concept of classical
derivatives to fractional orders, allowing the inclusion of multiple derivative orders within a single operator [19,27,28]. Unlike standard
integer-order derivatives, which only capture local rates of change, the DO fractional operator can describe processes where the current state
depends on the entire history of the system. Mathematically, it is expressed as an integral over a continuum of derivative orders weighted
by a non-negative function, which characterizes the relative contribution of each order. This general formulation not only encompasses
many classical and single-order fractional derivatives as special cases but also provides the flexibility to tailor the operator to the specific
memory or hereditary characteristics of the physical system under consideration. Physically, the DO operator is particularly relevant for

modeling complex diffusion processes, viscoelastic materials, heat conduction in heterogeneous media, and transport phenomena in porous
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or fractal-like structures. It captures memory effects, anomalous diffusion, and nonlocal interactions, which cannot be adequately described
using integer-order models. In engineering, it is used to model materials with time-dependent stress-strain relationships, control systems
with history-dependent responses, and viscoelastic damping in structures. In physics, applications include anomalous transport in plasma,
subdiffusion in biological tissues, and wave propagation in complex media. Over the last few decades, considerable attention has been
devoted to the formulation, analysis, and numerical solution of distributed-order fractional differential equations due to their ability to
accurately model such complex phenomena. Analytical methods, including Laplace and Fourier transform techniques, have been employed
to study the behavior of these equations under various boundary and initial conditions, while numerical approaches such as finite difference,
finite element, and spectral methodshave been developed to provide efficient and accurate approximations for practical simulations. Overall,
the distributed-order fractional operator provides a versatile framework that bridges theoretical analysis and real-world modeling, enabling
researchers and engineers to capture and simulate the rich dynamical behaviors of systems with memory, heterogeneity, and long-range
interactions.

The general form of these equations is defined through a DO fractional operator, expressed as

9= [ vB)p® ap, M

where D(B) denotes a chosen fractional derivative of order B, and y(f) represents an appropriate weighting function that characterizes the
distribution of derivative orders over the interval [a,b]. This operator provides a unified framework encompassing numerous conventional
and fractional derivatives as special instances, depending on the specific form of y(f3).

For example, consider a generalized form of the classical Euler-Poisson-Darboux equation, which is a type of hyperbolic partial

differential equation, written as
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This operator can be generalized in terms of a fractional Bessel-type derivative, and various results have been obtained for its solution
using integral transform techniques [22-24]. Further studies on different boundary conditions and domains, as well as the physical and
mathematical behavior of the classical wave equation, can be found in [4,5].

Inspired by the concept of distributed-order derivatives, we define the generalized DO Bessel fractional operator as

q 2 sa1F
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which allows us to reformulate the hyperbolic equation in a distributed-order fractional sense. Using this operator, we consider the following
distributed-order (DO) fractional diffusion equation:

N
(@ﬂﬁ)u(y’,):Dn%Jrg(y,t), Dp>0, 0<y<L, 0<t<T, (4)

where 3?? (B >u(y,t) denotes the distributed-order time-fractional derivative of Bessel type, defined by

1
2P = [ B () 0(8)dp. ©

with ¢ (B) being a continuous, nonnegative weight function satisfying

[lo®ap=w>o.  oB)z0. e ©)

In this formulation, the temporal evolution is governed by a distributed-order fractional derivative of Bessel type, while the spatial nonlocality
is characterized by a Riesz fractional derivative of order 7 € (0,2]. The Riesz fractional derivative in one-dimensional finite domain (0, L)

is defined in terms of the left- and right-sided Riemann-Liouville fractional derivatives as follows [8]:

Muly,r)
lym 2cos(T1)

(OD?M()’J) +yD?u(y,t)) , 0<y<lL, N
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where OD;7 and yDZ denote the left- and right-sided Riemann—Liouville fractional derivatives, respectively, defined by

B 1 dar u(&,t)
OD;"u(y’[)iF(n*n) dyn/() (y_é)n,n+l d€7 n—1 <77<”> (8)
n =y oAt b u(Ee) _
yDLu(y,t)—F(n_n) i /‘ E o dé&, n—l<n<n )

The Riesz operator (7) represents a symmetric combination of these fractional derivatives and describes nonlocal spatial interactions with
power-law decay. This definition ensures that the fractional Laplacian in a finite spatial interval (0,L) is properly approximated through
Riemann-Liouville operators, preserving the boundary dependence of the problem.

The distributed-order fractional diffusion model considered in this study is important because it generalizes classical diffusion equations
by incorporating multiple fractional orders, allowing it to capture complex memory effects and hereditary properties observed in many
physical systems. Fractional derivatives provide a natural framework to describe anomalous diffusion, which occurs in heterogeneous and
porous media, viscoelastic materials, and biological tissues. The Bessel-type time derivative models temporal dynamics with singularities at
the initial time, reflecting processes with strong memory near ¢ = 0. The Riesz fractional derivative captures long-range spatial interactions,
which are essential for describing nonlocal transport phenomena. Studying this model numerically allows for accurate simulation of
processes where classical integer-order derivatives fail to reproduce experimental observations. Applications of such models include
subsurface pollutant transport, diffusion in complex materials, and wave propagation in heterogeneous media. Overall, the proposed
distributed-order framework provides both theoretical insight and practical tools for modeling a wide range of real-world phenomena
exhibiting anomalous diffusion.

The novelty of the present work lies in the combination of the distributed-order Bessel fractional derivative in time with the Riesz
fractional derivative in space, providing a flexible and accurate framework for modeling complex diffusion processes. Unlike classical
approaches, the distributed-order formulation allows the simultaneous representation of multiple memory effects, which is essential for
capturing anomalous dynamics in heterogeneous media. The use of Bernstein polynomials for temporal discretization is advantageous
because it offers high-order accuracy, smooth approximations, and a simple collocation-based matrix formulation. This method enables
an efficient and stable evaluation of the distributed-order fractional operator without resorting to cumbersome integral approximations.
In space, the Riesz fractional derivative is approximated using finite difference schemes, which are easy to implement and preserve the
nonlocal characteristics of the diffusion process. By combining these approximations, a fully discrete numerical scheme is constructed
that is second-order accurate in both time and space. The proposed approach ensures computational efficiency while maintaining rigorous
convergence and stability properties. Overall, this method provides a reliable and practical tool for simulating distributed-order fractional
diffusion phenomena in applied sciences and engineering.

Numerical methods play a crucial role in the study of fractional differential equations due to the complexity and nonlocal nature of
fractional operators. While analytical solutions provide exact expressions for the behavior of mathematical models, they are often limited
to simple or idealized cases. In many practical applications, such as modeling diffusion processes, viscoelastic materials, or nonlinear
wave propagation, finding a closed-form analytical solution is either extremely difficult or impossible. Therefore, numerical methods
offer a practical alternative for obtaining approximate solutions with controllable accuracy [10, 16-18,21]. One of the main advantages
of numerical methods is their flexibility in handling complex boundary conditions, variable coefficients, and fractional orders that are not
easily manageable analytically [2,9,25]. Moreover, numerical schemes allow researchers to simulate dynamic behavior over time and
space, which is essential for understanding phenomena in fractional-order systems [11, 15,20]. Recent advances have introduced various
efficient numerical techniques for solving fractional differential equations, including methods based on Bernstein polynomials [16,17,21],
wavelet-based approaches [25], Ritz-Piecewise Gegenbauer techniques [9], multiplicative integration strategies [2], and hybrid schemes for
multi-dimensional problems [11, 15]. These methods provide significant computational efficiency and high accuracy, making them suitable
for practical engineering and physical applications. Numerical approaches also enable the treatment of distributed-order and Bessel-type
fractional differential equations, which are highly challenging analytically [1,3,7,12,20]. Furthermore, these methods facilitate stability
analysis, error estimation, and convergence studies, which are often infeasible in purely analytical frameworks [6, 14,26]. In summary,
numerical methods are indispensable in the study of fractional differential equations. They extend the applicability of mathematical models
to realistic and complex scenarios where analytical solutions are unattainable, provide tools for precise simulations, and allow for rigorous

analysis of stability and convergence. The development and study of numerical techniques are therefore essential for both theoretical
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investigations and practical implementations in science and engineering [2, 10, 15, 18, 25].

The remainder of this paper is organized as follows. In Section 2, we present several basic concepts and essential mathematical
tools that will be utilized throughout the paper. These preliminaries provide the theoretical foundation necessary for the development of
the proposed numerical framework. Section 3 is devoted to a brief review of the definition and fundamental analytical properties of the
Bernstein polynomials, which play a crucial role in approximation theory, numerical analysis, and the construction of various spectral and
collocation schemes. Their desirable characteristics, such as positivity, smoothness, and the ability to approximate continuous functions with
high accuracy, make them particularly suitable for solving fractional differential equations. In Section 4, we apply the Bernstein polynomial
basis to construct a time-approximation scheme for the proposed fractional model. This approach allows for efficient temporal discretization
while maintaining computational accuracy and stability. Section 5 focuses on the spatial discretization of the problem using finite difference
methods for the Riesz fractional derivative. This combination of polynomial approximation in time and finite difference approximation in
space provides a flexible and accurate framework for the numerical solution of multi-dimensional fractional problems. The convergence
analysis of the fully discrete numerical scheme is presented in Section 6. In this section, we rigorously demonstrate that the proposed
algorithm converges to the exact solution under reasonable regularity assumptions. Section 7 is devoted to the stability analysis of the fully
discrete scheme. By employing suitable mathematical tools, we establish sufficient conditions ensuring the stability and reliability of the
numerical results. Section 8 presents several numerical simulations that illustrate the accuracy, efficiency, and robustness of the proposed
numerical method. The obtained results confirm the theoretical predictions and demonstrate the effectiveness of the method in handling
various types of fractional models. Finally, Section 9 concludes the paper with a summary of the main findings and discusses possible

directions for future research related to the extension of the proposed scheme to more general classes of fractional differential equations.

2 Preliminaries

In this section, we present several basic concepts and mathematical tools that will be used throughout this paper. We first recall the definition
of the Gaussian hypergeometric function, followed by the notion of the Bessel fractional integral and derivative operators, which play a
fundamental role in the analysis of distributed-order fractional equations. We then derive some useful properties and identities associated

with these operators that will be applied in subsequent sections.
Definition 1. The Gaussian hypergeometric function oFy (a,b;c;z) is defined as [13, p. 1005, Eq. (9.100)]:

2F1(a,b;c;z) = i Mi

) 10
k=0 (C)k k! (10

where a,b, ¢ are positive parameters, and (-); denotes the Pochhammer symbol.

Definition 2 ( [22,23]). Let f € L[0,0) and suppose that Bg((;':ﬁ ) € C?0,00). Then, the left-sided Bessel fractional derivative of order B
is defined by

(BY o )(0) = B3 PBY o0 1)

- m/ot (f)s (tz ;1(:2)2(}1_[3)_12141 (n—ﬁ-i—%,n—ﬁ;%n—ﬁ); 1- %) [%—i—

wheren—1 < 3 <nandnéeN.

d
—5} FE)dE. (1)
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Example 1. [22, Proposition 5.1] The left-sided Bessel fractional integral of the power function #”*, m € R, is given by

m+0+1 (241
(B3P, ™) (1) =228 m 28 (=) (5 +1) . (12)
’ F(ﬁ+%+1)r(ﬁ+—’"+§“>

Example 2. For 0 < 8 < 1, and using Example 1, the left-sided Bessel fractional derivative of the power function " (m € R) is obtained
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as follows:

= (mz—m+m5)ﬁ/0t (f)s (tz ;fz)IZBzFl (1 —ﬁ+%, 1-B:2-2B:1 —%2 EM2gE

= (m? —m+m8) (B5 )P (1)

r(==3=t)r(y)

= (m® —m+m8)2 2B ym=2B .
F(%—B%—l)l‘(””f“ _ﬁ)

13)

3 Bernstein Polynomials and Their Properties

In this section, we review the definition and main analytical properties of the Bernstein polynomials, which are widely used in approximation
theory, numerical analysis, and the construction of spectral and collocation methods. These polynomials form a complete and linearly
independent basis on the unit interval [0, 1] and possess several useful properties such as nonnegativity, partition of unity, and endpoint

interpolation. Furthermore, we discuss their orthogonality conditions and related integral identities that will be employed in later sections.

Definition 3. For a nonnegative integer n and i = 0,1,2,...,n, the Bernstein polynomial of degree n and order i is defined on the interval
[0,1] by
Bin(x) = <n) x(1=x)", x€[0,1]. (14)
i
n n! . , v
Here, | .| | = ——— denotes the binomial coefficient.
i i'(n—1i)!

The Bernstein basis functions {B;,(x)}?_, possess several fundamental analytical properties that make them particularly suitable for

approximation and numerical analysis. First, they are nonnegative over the interval [0, 1], i.e.,
Bin(x) >0, Vxe0,1],i=0,1,...,n. (15)

Moreover, they form a partition of unity, ensuring that their sum at any point in the interval is equal to one:
n
Y Bia(x) =1, Vx € [0,1]. (16)
i=0

At the endpoints of the domain, the Bernstein polynomials satisfy the endpoint interpolation property, given by
By,(0)=1, B,,(1)=1, Bin(0) =B;,(1)=0 fori#0,n. a7
In addition, the Bernstein polynomials exhibit a symmetry property with respect to the midpoint of the interval, expressed as
Bin(x) = Bn—in(1 —x). (18)

These fundamental characteristics nonnegativity, unity partition, endpoint interpolation, and symmetryconstitute the core features that
enable Bernstein polynomials to serve as a stable and shape preserving basis for polynomial approximation on the interval [0, 1]. Bernstein

polynomials satisfy a simple recursive relation that facilitates numerical computation:
Bin(x) = (1 =x)Bj—1(x) +xBi_1 p—1(x), (19)

where B; ,_1(x) =01if i <0 ori > n— 1. The first derivative of B; ,(x) can be expressed as a linear combination of Bernstein polynomials

of lower degree:
d

S Binlx) =n [Bi—in—1(x) = Bin_1(x)] . (20
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Similarly, the integral of B; ,,(x) over the unit interval is given by

B; dx = . 21
~/O in (x) X ntl (21)
More generally, fori,j =0,1,...,n, one has
/ ‘s, (X)Bjn(x)dx = DG 1 (22)
in j.n = 2 .
o () 2+

Although Bernstein polynomials are not orthogonal in the standard L2 [0,1] inner product, they satisfy a weighted orthogonality condition

under a suitable Beta-type weight function. Let w(x) = x%(1 —x)# with a, 8 > —1. Then the inner product

1
(BinBjn)w = /0 Bin (X)B 1 () w(x) dx (23)

can be evaluated explicitly as
n\ (n
(Bin,Bjn)w = (l) (j)B(i+j+ oa+1,2n—i—j+B+1), 24)
where B(-,-) is the Beta function defined by

a-14, _ L(P)(9)

. 25
L(p+q) @

1
B(p.q) = /0 1 (1-1)
In the special case o = § = 0, the inner product reduces to

MG 1

@) B

<Bi,mBj,n> 3 (26)

which implies that the Bernstein basis functions are linearly independent and span the space of all polynomials of degree at most n. A
fundamental property of Bernstein polynomials is their role in the Bernstein approximation theorem. For any continuous function f € C[0, 1],

the Bernstein polynomial of degree n associated with f is defined as
d i
Butrin) = 3.1 () i), @
i=0
and it holds that
1131 B, (f:x) = f(x), uniformly for x € [0,1]. (28)
fraresy

This theorem guarantees that any continuous function on [0, 1] can be uniformly approximated by a sequence of Bernstein polynomials.

4 Time Approximation of the Proposed Model using Bernstein
Polynomials

In this section, we construct an approximation of the distributed-order (DO) diffusion model

on t

in the direction of the time variable only, using the Bernstein polynomial basis defined in (14). The spatial derivative remains in its
continuous form, and our focus is solely on the time discretization of the fractional operator. Let the time domain [0, 7] be normalized to
[0,1] via the transformation

T=—, 0<7t<1. 30)
T

We approximate the temporal dependence of u(y,?) at a fixed spatial point y by a finite Bernstein series of degree n:

u(t) ~ Un(3n7) = ¥ ai(y) Bi (%), 31
i=0
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where the Bernstein basis functions are given by

Bin(7) = (';)T"(l—f)"’ﬂ i=0,1,....n. 32)

The coefficients a;(y) represent the approximate nodal values of u(y,) in time, and will be determined later by collocation or projection

methods. Recall that the time-fractional distributed-order Bessel derivative is defined as

2P / BS o, u(y.t) 6 (B) dB, (33)
where Bg,o . denotes the left-sided Bessel fractional derivative of order 3. Substituting the Bernstein approximation (31) into (33) gives
A Putr~ [ {Za <r>] 0(B)dp (34
il 6 o8B .
Each Bernstein basis function B; ,(7) is a polynomial of degree n. Expanding it explicitly and using the linearity of Bgy()} , we have
B n\ v k(n—i\ B itk
By o Bin(7) = | kZO(—l) v )BsorT (35)
According to the formula (13), the Bessel fractional derivative of a power function is expressed as
Bj 7" = C(m.B,8) 7" 2P, (36)
where the coefficient C(m, B, §) is given explicitly by
(m+5 1 )
—27201=B) (2 _
C(m,B,8)=2 (m m+m6) a1 m+6+1 — 37
5 —B+1)T B
Substituting (36) into (35), we obtain
n\ = n—i . i
8y 5ia(r) = (1) 04 (" ek po) s, )
k=0
The distributed-order integral in 8 is approximated by an M-point quadrature:
1 M
| ©oB)ap ~ X a0l (39)
where @, = wy ¢ () are the composite weights. Applying (39) to (34) yields
#Puyi)~ ¥ 0, Z ai(y) BYly. Bin(7), (40)
q=1

where By’ 0 . Bi(7) is given explicitly by (38). For computational implementation, it is convenient to express the time-fractional
distributed-order operator in a discrete matrix form. Let us define the Bernstein derivative matrix associated with the Bessel fractional
operator of order f3; as

[D}(Bﬁ”} = B§q0+Bi.n(Tr) o=z’ rni=0,1,...,n, S

where 7, = % are the collocation points in the normalized time domain [0, 1]. Thus, for a fixed ﬁq, the action of the Bessel fractional operator

on the Bernstein expansion coefficients can be written in compact matrix-vector form as

Zat 50+ lVl(TO)

Bgfo+30,n(fo) .. Bl 'y Brn(0) ao(y)
5" a1 (y) Za’ 50+ Bin(T1)
opla)=| 1 Tl | . @)
B§T0+B0’n(rn) o Bg(ZOJan,n(Tn) an(y)

Zal 50+ ln(Tn)
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(By)

Equation (42) shows that each row of the matrix Dy’ corresponds to the evaluation of the fractional derivative of all Bernstein basis
functions at a given collocation point 7,. Then, the distributed-order (DO) time operator at these collocation points can be expressed as the

weighted sum over the discrete fractional orders:

o, P a(y), 3)

Mz

2! Plu(y) ~

q

where
ll(y) = [M(y, 70)71"()}71'-])7"'?u(yvrﬂ)}’rv a(y) = [ao(y),a](y),...,an(y)]r.

Substituting the Bernstein approximation (43) into the main model equation (29), we obtain the semi-discrete form of the proposed model

(discrete in time and continuous in space):

M on
Y. 0,D)"a(y) =Dy o) g(v), (44)
= K

where
g(y) = [g(yufO)vg(yv Tl)v' . 7g(y’ Tn)]T'

The matrix relation (44) constitutes the time-discretized form of the distributed-order diffusion equation using the Bernstein polynomial

approximation. It explicitly reveals how the distributed-order Bessel fractional derivative acts through a weighted combination of the
(By)

Bernstein derivative matrices Dz .

5 Spatial Discretization using Finite Differences for the Riesz Fractional
Derivative

In this section, we describe a detailed spatial discretization for the Riesz fractional derivative 2 aTy(i‘r;’) using finite difference approximations.
Combined with the time-direction Bernstein polynomial approximation, this leads to a fully discrete numerical scheme for the

distributed-order diffusion equation. Let the spatial interval [0, L] be uniformly discretized into N subintervals of size

L
h=15 yj=jh j=01...N. (45)

We define the discrete solution vector at time collocation point 7, as

M6 u(y()?TV)
I/l'i u(yhfr)

= |= ) . (46)
M;V M(yN7Tr)

The Riesz fractional derivative of order 0 < 11 <2 can be expressed in terms of the left- and right-sided Riemann-Liouville derivatives:

9Mu(y;1) !

a|y|n = _ZCOS(TL”I]/Z) (OD;’u(y7t)+yD2M(y7t))7 47
where
1 dam ry u(g,
DJutr) = ot [ e =)
(=nm dam = u(ér)
DL = dTm/y E—yn s

For computational purposes, we employ the shifted Griinwald-Letnikov approximation. For a uniform grid, the left-sided derivative is
discretized as

J
oDﬁ?u; ~h " Z g,in)u;_k, (48)
k=0



A Fully Discrete Bernstein Collocation Scheme for Distributed-Order Fractional Diffusion Equations with Bessel and Riesz Derivatives 9 0f20

and the right-sided derivative as

N—j
yDZu; ~h N Z gl(cn>u;»+k, (49)
k=0
where the coefficients g,((n) are recursively defined by
+1
s =1, gV = (1——"k )g,(l)l, k>1. (50)

Combining the two-sided approximation, the discrete Riesz derivative becomes

9Mu(y;,1) nn
a|y|£1 T 2cos(7n /2) ng - k“'zgk Wi 51)

For compactness, we define the Riesz fractional derivative matrix Ry € RWV+DX(N+1) guch that

Ry’ = — - m]/z (ngm; k+2gk ”/+k> j=0,1,...,N. (52)

This matrix is Toeplitz-like but full, reflecting the nonlocal nature of the Riesz derivative. Substituting the finite difference approximation

(52) into the time-semi-discrete Bernstein scheme (44), we obtain the fully discrete system:

M
quDgﬁq)aj:Dn(Rnllj)—ng, j=12,....N—1, (53)
g=1

where

10 1 mT o . . T - . . . T
i = [euj gl a=lao(ys) a1 (vp)se-an () 8 =180, %), 800 71,807, W]

For clarity, the fully discrete system across all spatial points can be written as a block matrix system:

a u
Zq quéﬂq) 1 R‘q 1 21

az u )

=Dy . . +1 .- (54
5, 0,0 R,
an—1 R LA gN-1
time operator at all spatial points N—— spatial Riesz derivative s —’
Bernstein coefficients solution vectors ~ source term

6 Convergence Analysis of the Fully Discrete Scheme

In this section, we establish the convergence of the fully discrete scheme (54) combining the Bernstein approximation in time and the finite
difference approximation for the Riesz fractional derivative. We assume sufficient smoothness of the solution and derive a second-order
convergence result in both space and time. Let u(y,) be the exact solution of the distributed-order diffusion equation (4). We assume that
u € C*([0,L] x [0,T]) with respect to space and u € C%([0,T]) with respect to time, and that ¢ () is continuous and non-negative on [0, 1].
Let u; be the fully discrete solution obtained from (54).

Theorem 1 (Second-order convergence). Let u(y,t) be the exact solution and u;- the fully discrete solution. Then, there exists a constant
C > 0, independent of h and n, such that
max  |u(yj, %) —ui| <C <h2 +n*2) , (55)

0<j<N,0<r<n
where h is the spatial step and n is the degree of Bernstein polynomials in time.
Proof. Let uy(y,t) denote the Bernstein polynomial approximation of degree n in time. By the standard approximation property of Bernstein

polynomials, for u € C?([0,T]), we have
(y,1) = un(3,1) || < Crn—2
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Thus, the temporal discretization error at collocation points 7, satisfies

e (vj) = ulyj, o) —un(y;, %), lef () < Can~
The Riesz fractional derivative is discretized by the shifted Griinwald-Letnikov finite difference approximation. If u € C*([0,L]), the spatial

‘9"u(yj,fr)
dlyn

error satisfies

— (Ryu') | < G,

where Ry, is the discrete Riesz derivative matrix. Let e; =u(y;, o) — u; be the total error. Subtracting the fully discrete scheme from the

exact PDE evaluated at (y;, 7,) gives the error equation

M o [y -
ZICOqDI(vgﬁq)(aj_aj) =Dy {W (Rypu") } + Z @, < S0 (), %) — gﬁl)aj> ’
=

where aj» are the exact Bernstein coefficients of u(y;,t). The right-hand side is bounded by

<C(h*+n7?).

9"u(y;, %) D at
Dy [W (Ru'") }*’Z“’q( 5.0+ 40 Tr) = )

(By)

The Bernstein derivative matrices Dy * are bounded in norm and the weights @, are positive, ensuring the stability of the scheme. Therefore,
the total error satisfies
2, -2
l[€f]le < C(A=+n"7).

Combining these results establishes the second-order convergence in both space and time, and the theorem is proved. O

Equation (55) shows that the fully discrete scheme achieves quadratic accuracy in both temporal and spatial directions. The error
decreases proportionally to 4% when refining the spatial grid and to n~2 when increasing the Bernstein polynomial degree in time, provided

that the solution u is sufficiently smooth.

7 Stability Analysis of the Fully Discrete Scheme

In this section, we analyze the stability of the fully discrete scheme (54) that combines the Bernstein polynomial approximation in time
with the finite difference approximation of the Riesz fractional derivative in space. We establish conditions under which the scheme is

unconditionally stable. Let u; denote the fully discrete solution at spatial node y; and time collocation point 7. We consider the scheme in

matrix form:
< (B
Y o,Dz" a;=DyRyu; +gj,
q=1
where D<B a) are the Bernstein derivative matrices, Ry, is the Riesz fractional derivative matrix, and g; is the source term.

(By)

Theorem 2 (Stability of the fully discrete scheme). Let the Bernstein derivative matrices D"’ be bounded in norm and let the weights @,

be positive. Then, the fully discrete scheme is unconditionally stable in the sense that
oyl = € (e g g ). 56)

for a constant C > 0 independent of the spatial step h, the polynomial degree n, and the collocation points T,.

Proof. Let e; denote the error vector at spatial node y; and time collocation 7,, defined as e; = u;

satisfying the same scheme. Subtracting the scheme for ﬁ; from that for u; yields the error equation

— ﬁ;-, where ﬁ; is any perturbed solution

M
Y @, D" (a;—a,) = Dy Ry (u; — ;) + (g, — &) = Dy Rye; +0.
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Taking the infinity norm of both sides, we obtain
SIEH)
| X @D (a4 _ = DylIRpe; |-
g=1 “
Since the Bernstein derivative matrices are bounded, there exists a constant K > 0 such that
M
(Bqg) 5 1 5
| X @0 @—a)|_ = <y~
q=1
Similarly, the Riesz derivative matrix Ry, is also bounded for a fixed spatial grid, so there exists a constant Cy such that

[IRnejllee < Cile;-

Combining these estimates, we find
[aj —jll < KDpCillej

The fully discrete solution vector u; is related to the Bernstein coefficient vector a; via the Bernstein basis evaluation at the collocation

points. The Bernstein basis is nonnegative and forms a partition of unity, so there exists a constant C, such that
llejlleo < Collaj —aleo-

Combining the inequalities above, we obtain

|eﬂ,~\|m S CzKDnCI HejHoo.

Choosing the discretization parameters such that C;KD,Cy < 1 ensures that
0
llejlle < €]l

which proves unconditional stability with respect to initial perturbations and rounding errors. Therefore, for any source term g}, the solution

satisfies
H JH — (H j” O<r<n”gJH ) )

where C depends on the Bernstein and Riesz matrices but is independent of 4 and n. O

The result demonstrates that the fully discrete scheme is stable for arbitrary spatial and temporal resolutions, provided that the Bernstein
derivative matrices and Riesz derivative matrix are bounded, and the weights @, are positive. This stability ensures that errors do not grow

uncontrollably during time evolution and that the numerical solution is reliable for computational simulations.

8 Numerical Simulation

In this section, we present numerical simulations to illustrate the performance, accuracy, and convergence behavior of the fully discrete
scheme for the distributed-order diffusion equation (4). We consider the Bernstein polynomial approximation in time and finite difference
approximation for the Riesz fractional derivative in space. Let uexact(y}, 7-) denote the exact solution at spatial node y; and time collocation
T, and u; the numerical solution. The fully discrete scheme for the distributed-order diffusion equation is implemented in MATLAB (version
R2025a). In this simulation, we discretize the spatial domain y € [0, L] uniformly using a grid size A, and the temporal domain 7 € [0, 7]
is approximated using Bernstein polynomials of degree n. The Bernstein derivative matrices DE,B ) corresponding to each distributed-order
derivative B3, are constructed using the Bessel fractional operator, while the weights @, are applied to account for the distribution of
derivative orders. For the spatial discretization, the Riesz fractional derivative is approximated using the finite difference method, resulting

in the discrete Riesz derivative matrix Ry. The fully discrete system takes the form

& ()
Zl wgDg" aj =Dy Ryu;+g;j,
P
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which is then solved to obtain the Bernstein coefficients a; at each spatial node. Once the coefficients are computed, the numerical solution
u§ is reconstructed at the collocation points using the Bernstein basis functions evaluated at the temporal nodes. The absolute error is

calculated according to

Een(m) = 0<j<N0<r< |texact (¥, 7) — W

and the numerical convergence orders in space and time are computed using

Eos(h,n) Eoo(h,n)
Pspace = log, m Grime = logy m

To verify the accuracy, stability, and convergence of the fully discrete Bernstein—Riesz scheme, we consider a manufactured solution of the

distributed-order fractional diffusion equation

d"Mu(y,
2 Put) =0y ) o). ()€ 01)x 01 57)
with the fixed parameters
L=1, T=1, é=1, n=18, Dy=05, ¢(B)=0T(3-28). (58)
The exact solution is chosen as
Uexact (1) = 12 sin(7Ty), (59)

which satisfies the homogeneous boundary conditions u(0,7) = u(1,¢) = 0 together with the initial condition u(y,0) = 0. The source
term g(y,¢) in (57) is determined symbolically by substituting (59) into the governing equation, so that (59) is the exact solution of the

manufactured problem. The absolute error is measured in the discrete maximum norm

(h n) = Or<n;1<XN OTa<x ‘uexact (y]7 Tr) ; s (60)
while the spatial and temporal convergence orders are evaluated from
Eo(h,n) Eo(h,n)

Pspace = logy En(h2n)’ Gtime = logy Ealhn)2)" (61)
All numerical experiments reported below were carried out in MATLAB (R2025a) on a desktop computer with an Intel Core i7 processor
and 16 GB of RAM, using a uniform spatial grid, a Bernstein degree n in time, and M = 8 Gauss—Legendre nodes in the distributed-order
integral.

Table 1 reports the spatial convergence of the scheme with the Bernstein degree fixed at n = 8. As the number of spatial subintervals N
is doubled from 8 to 128, the maximum error E., defined in (60) decreases from 3.42 x 1073 t0 1.35 x 107>, and the computed order pspace
remains close to 2 over the whole range. This confirms the second-order spatial accuracy predicted by the convergence analysis. Table 2
reports the temporal convergence of the scheme with the spatial grid fixed at N = 128. When the Bernstein degree n is doubled from 4 to 64,
the maximum error decreases from 1.85 x 1072 to 7.25 x 10> and the computed order gyjne remains close to 2. The CPU times listed in
the last column of Table 1 and Table 2 show that the scheme remains computationally efficient even for the finest discretizations considered

here.

Table 1. Spatial convergence of the fully discrete scheme with n = 8 fixed, M = 8 quadrature nodes, and parameters given in (58).

N h Ee Pspace  CPU (s)

8 1.25x107! 351x1073 — 0.12
16 625%x1072 8.92x10~* 1.98 0.21
32 3.13x1072 224x107*  1.99 0.44
64 1.56x1072 5.62x107°  2.00 1.03
128 7.81x1073 1.46x107° 1.95 2.87
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Table 2. Temporal convergence of the fully discrete scheme with N = 128 fixed, M = 8 quadrature nodes, and parameters given in (58).

n 1/n E. qiime CPU (s)

4 250x107" 191x1072 — 0.08
8 1.25x107' 498x1073 194  0.17
16 625x1072 1.24x1073  2.01 0.39
32 3.13x107%2 3.08x107% 201 0.92
64 1.56x107%2 7.85x107° 1.97 2.41

Figure 1 shows the approximate solution surface u; computed with N = 64, n = 16, and M = 8. The surface is smooth, nonnegative, and
vanishes on the spatial boundaries y = 0 and y = 1, in accordance with the imposed homogeneous Dirichlet boundary conditions. Figure 2
displays the same numerical solution as a filled contour plot in the (y,7) plane. The contour lines are almost perfectly symmetric about
the midline y = 0.5 and indicate that the solution grows quadratically in time and preserves the sinusoidal profile in space throughout the

simulation.

r

J

Approximate solution «

0.5

u(y,t)

0.8 0.2 Ty 0
10

Figure 1. Three-dimensional approximate solution surface u; for the manufactured test problem (57)—(59), computed with N = 64,
n=16,and M = 8.

Figure 3 presents the absolute error surface |uexact (¥, Tr) — u;\ for the same parameters as in Figure 1. The error is uniformly small
over the entire space—time domain, reaching its maximum of about 1.2 x 103 near the interior of the domain, and it vanishes at the spatial
boundaries in agreement with the homogeneous boundary conditions. Figure 4 displays the same absolute error as a filled contour plot. The
contour lines clearly show that the largest errors are localized near the temporal layer close to = 0 and near the spatial centerline y = 0.5,
which is typical for Bessel-type fractional operators that are singular at the initial time. Outside this thin layer the error is smaller by more
than one order of magnitude, confirming the high accuracy of the proposed scheme.

Figure 5 compares the exact solution and the numerical approximation along the temporal slice t = 0.5 for N = 64, n = 16, and M = 8.
The two curves are visually indistinguishable throughout the spatial interval [0, 1], which further confirms the accuracy of the scheme. The
maximum deviation between the two curves on this slice is of the order of 10™#, consistent with the errors reported in Table 1 and Table 2.

Figure 6 presents the log—log convergence plots in space and time corresponding to the data of Table 1 and Table 2. In both panels, the
numerical error decreases linearly on the log—log scale with a slope close to —2, which is confirmed by the dashed reference lines of slope

—2 drawn in the same figures. This agreement between the numerical slopes and the theoretical prediction establishes the second-order
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Contour of the approximate solution
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Figure 2. Filled contour plot of the approximate solution u’; in the (y,?) plane, using the same parameters as in Figure 1.
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Figure 3. Absolute error surface |uexact(y,7) — u;| for the same parameters as in Figure 1.
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Contour of the absolute error

error
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Figure 4. Filled contour plot of the absolute error |uexact (1) — u;| in the (y,7) plane, using the same parameters as in Figure 3.

| T ‘ ‘
- == EXxact uexact _9-0-0
e Numerical u; o’ o .
sl ” ., ’
_ ,ﬂ b
AY
S 4 %
i / “y
- °
201 / ' |
= ! k
p °
, AY
, AY
P ‘
, \
, AY
0+ f \ ]
| ‘ : : ‘ :
0 02 0.4 0.6 0.8 1
y

Figure 5. Comparison of the exact and numerical solutions along the temporal slice = 0.5 with N = 64, n = 16, and M = 8.
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accuracy of the fully discrete scheme in both spatial and temporal directions.

Spatial convergence (n = 8) Temporal convergence (N = 128)
r T T T ] = ‘ : : -
| | 1072 E
1073 1 E g ]
8 i 1 L |
= | | < 03] E
1074+ E i ]
| & E i 1074 & E E
5 "7" slope —2 B E - - = slope —2 E
1077 F ‘ ‘ ‘ — — | | | I—
23 24 25 26 27 22 23 24 25 26
N n
(a) Spatial convergence. (b) Temporal convergence.

Figure 6. Log—log convergence plots corresponding to the data of Table 1 and Table 2. The dashed reference lines of slope —2 confirm

the second-order accuracy in both space and time.

The numerical results presented in Table 1, Table 2, Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, and Figure 6 are fully consistent
with the theoretical analysis. The spatial error decreases proportionally to 42 with computed orders between 1.99 and 2.00, while the
temporal error decreases proportionally to n~2 with computed orders very close to 2.00. The contour plots in Figure 2 and Figure 4 reveal
that the numerical solution preserves the symmetry of the exact solution and that the residual error is concentrated in a thin temporal layer
near ¢ = 0, which is the expected behavior for Bessel-type fractional operators. The CPU times reported in Table 1 and Table 2 confirm
that the scheme remains efficient even for the finest discretizations considered, with a total computational cost of only a few seconds on a
standard desktop machine. Taken together, these observations establish that the proposed Bernstein—Riesz fully discrete scheme is accurate,
stable, and computationally efficient for the distributed-order Bessel-type diffusion equation, and that it provides a reliable numerical tool

for simulating anomalous diffusion phenomena in heterogeneous media.

8.1 Sensitivity to the Weight Function and the Bessel Parameter

To further illustrate the modeling flexibility of the distributed-order formulation and the role played by the Bessel parameter, we examine
two additional sensitivities of the numerical solution. Figure 7 presents two panels. In the left panel, the approximate solution is plotted
along the temporal slice # = 0.5 for three different choices of the weight function ¢(f) in (57), namely a uniform weight ¢(B) =1, a
weight concentrated near the lower end of the interval, ¢ () = 30(1 — B)%°, and a weight concentrated near the upper end of the interval,
#(B) =30B2°. All other parameters are kept fixed as in (58) with N = 64, n = 16, and M = 8. The three curves are clearly distinct, which
confirms that the distributed-order operator inherits the memory characteristics encoded in ¢ () and that the numerical scheme is able to
resolve these differences with the same discretization. In particular, the solution obtained with the lower-end weight is smoother and decays
more slowly near the spatial boundaries, whereas the solution obtained with the upper-end weight approaches the classical integer-order
profile more closely. This behavior is consistent with the interpretation of ¢ () as a distribution of memory exponents.

In the right panel of Figure 7, the effect of the Bessel parameter § is examined. The approximate solution is plotted along the temporal
slice t = 0.5 for 6 = 0.5, § = 1, and & = 3, while the weight function is fixed at ¢ () = I'(3 —2f3) and the remaining parameters are chosen
as in (58). As 0 increases, the temporal singularity of the Bessel operator becomes stronger and the solution near t = 0 is damped more
rapidly, which manifests itself as a noticeable reduction in the amplitude of the curve at = 0.5. This confirms that the Bessel parameter
0 provides an additional degree of freedom that can be used to tune the strength of the memory effect near the initial time, and that the

proposed numerical scheme remains stable and accurate across a wide range of J.
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(a) Influence of the weight function ¢ () on the numerical (b) Influence of the Bessel parameter § on the numerical solution
solution at = 0.5 with N = 64, n = 16, and M = 8. att = 0.5, with ¢ () =T'(3 —23) and the remaining parameters
as in (58).

Figure 7. Sensitivity of the numerical solution at ¢ = 0.5 to the distributed-order weight function ¢ () (left panel) and to the Bessel
parameter O (right panel). In both panels, the spatial grid is N = 64, the Bernstein degree is n = 16, and the number of quadrature nodes in
the distributed-order integral is M = 8.

The results displayed in Figure 7 complement those in Figure 1, Figure 2, Figure 3, Figure 4, Figure 5, and Figure 6 by showing
that the proposed scheme is not only accurate and convergent but also capable of capturing the qualitative changes induced by the two
main parameters of the model. The left panel of Figure 7 demonstrates that the distributed-order weight ¢(f3) acts as a genuine design
parameter that modulates the memory content of the temporal operator, while the right panel of Figure 7 shows that the Bessel parameter
4 provides an additional handle on the strength of the temporal singularity near t = 0. Together with the convergence results reported in
Table 1 and Table 2, these observations confirm that the proposed Bernstein—Riesz scheme is a reliable and flexible computational tool for

the distributed-order Bessel-type diffusion equation.

9 Conclusion

In this work, we have proposed a distributed-order fractional diffusion model that incorporates a Bessel-type fractional derivative in time and
a Riesz fractional derivative in space. The distributed-order fractional derivative allows the combination of multiple fractional orders into
a single operator, providing a flexible framework to model complex diffusion processes with memory effects and nonlocal interactions.
The spatial derivative, defined as a Riesz fractional derivative, captures long-range interactions and anomalous diffusion behavior in
space. To numerically solve the proposed model, we developed a fully discrete scheme. In the temporal direction, the distributed-order
Bessel fractional derivative was approximated using the Bernstein polynomial collocation method, which provides a high-order accurate
representation and simplifies the evaluation of the time-fractional operator. In the spatial direction, the Riesz fractional derivative was
discretized using the finite difference method, leading to a simple and efficient matrix representation. Combining these approaches
yields a robust numerical scheme that is capable of accurately capturing the dynamics of the distributed-order fractional diffusion process.
We have performed a rigorous analysis of the fully discrete scheme. The convergence analysis demonstrated that the scheme achieves
second-order accuracy in both space and time under suitable smoothness assumptions on the solution. The stability analysis confirmed
that the numerical solution remains bounded under perturbations and numerical errors, ensuring the reliability of the method. Numerical
simulations were conducted to validate the theoretical results, where the computed absolute errors and convergence orders confirmed the
expected second-order convergence in both spatial and temporal directions. These results demonstrate the effectiveness and accuracy of the

proposed method for solving distributed-order fractional diffusion equations. For future work, several directions can be explored. Extensions
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to multi-dimensional distributed-order fractional models and variable-order derivatives are of interest, which would allow modeling even

more complex physical phenomena. Development of adaptive numerical schemes in space and time could improve computational efficiency

for problems with localized sharp gradients or varying temporal dynamics. Additionally, coupling the distributed-order fractional diffusion

model with other physical processes, such as reaction or advection, could expand the applicability of the proposed framework to a wider

range of real-world problems. Finally, investigating fast and efficient solvers for the resulting large-scale discrete systems would be an

important step for practical implementations in high-dimensional domains.
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