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Abstract

Variable-order (VO) fractional diffusion equations provide a flexible framework for modeling transport phenomena with
time-dependent memory effects. However, the nonlocality of fractional operators, combined with the variable-order structure,
makes the development of stable and accurate numerical schemes considerably more challenging. In this paper, a fully discrete
numerical method is developed for VO time-fractional diffusion equations involving the Caputo fractional derivative. The
spatial discretization is based on cubic trigonometric B-spline collocation, which provides a smooth approximation to the spatial
solution. For the temporal discretization, an adapted VO-L1 scheme is employed to approximate the VO Caputo derivative. The
variable-order function A (¢) incorporates the time-dependent memory effects into the model, and the global temporal convergence
rate is of order 2 — Amax, Where Amax = maxo<;<7;. A(¢). By incorporating the Dirichlet boundary conditions into the collocation
formulation, the fully discrete system reduces at each time level to a tridiagonal linear algebraic system, which can be solved
efficiently. A matrix-based stability analysis is carried out under suitable assumptions on the coefficient matrix. Moreover, a
convergence analysis is provided by combining the consistency of the temporal and spatial discretizations with the stability of the
overall scheme. Under appropriate regularity assumptions, the proposed method satisfies the global maximum-norm error estimate
I’ < C (h)% + h,2 71““"), where C is independent of &, and h;. Several numerical experiments are conducted to validate the
theoretical findings and assess the accuracy and efficiency of the proposed approach. The results support the theoretical analysis and
demonstrate the effectiveness of the cubic trigonometric B-spline VO-L1 collocation scheme for solving VO fractional diffusion

problems with time-dependent memory effects.
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1 Introduction

Fractional differential equations (FDEs) have become an important mathematical framework for modeling physical and engineering
phenomena characterized by memory and hereditary effects. In contrast to classical integer-order models, fractional derivatives incorporate
nonlocal temporal behavior and can therefore provide a more flexible description of anomalous diffusion, viscoelasticity, transport processes,
and other systems with memory effects [1-4]. Among the various classes of fractional models, time-fractional diffusion equations have
received considerable attention because of their ability to describe anomalous transport and diffusion processes with temporal memory. In
many applications, however, the memory properties of a physical system may evolve with time. In such cases, the use of a constant fractional
order may not adequately represent the underlying dynamics.

VO fractional calculus provides a natural generalization of constant-order fractional models by allowing the order of differentiation
to vary with time, space, or both. This additional flexibility has made VO fractional models useful in the mathematical description
of heterogeneous and time-dependent processes [5—7]. Nevertheless, the variable fractional order also leads to additional analytical and
computational difficulties, particularly because the associated memory kernel changes with time. Therefore, the development of accurate
and computationally efficient numerical methods for VO time-fractional partial differential equations remains an important research topic.
Various numerical approaches have been developed, including finite difference methods, spectral methods, polynomial approximations, and
collocation techniques [8§-10]. Among these methods, spline-based collocation schemes are particularly attractive because they provide
smooth approximations and lead to structured algebraic systems.

B-spline collocation methods have been successfully applied to several fractional diffusion and diffusion-wave problems [11-14]. In
particular, cubic trigonometric B-splines provide a smooth spline basis with trigonometric structure and have been employed in the numerical
solution of various fractional and nonlinear differential equations [15-18]. Their local support also leads to sparse algebraic systems,
which is advantageous for large-scale computations. Despite the development of several numerical methods for VO fractional models, the
combination of cubic trigonometric B-spline collocation with a VO-L1 approximation for the numerical solution of VO time-fractional
diffusion equations has received comparatively limited attention. This motivates the development of an efficient fully discrete method that
combines the spatial approximation properties of cubic trigonometric B-splines with the nonlocal temporal discretization of the VO Caputo
derivative.

In this work, we propose a fully discrete cubic trigonometric B-spline collocation method for the numerical solution of a VO
time-fractional diffusion equation. The spatial differential operator is discretized by means of cubic trigonometric B-spline collocation,
while the VO Caputo derivative is approximated using a VO-L1 formula. The resulting method leads to a sparse tridiagonal linear algebraic
system at each time level. The proposed method can be applied to model anomalous diffusion in heterogeneous materials, biological systems,
and other processes where memory effects evolve with time.

The main contributions of this work are summarized as follows:

* A fully discrete numerical method is developed for VO time-fractional diffusion equations by combining cubic trigonometric B-spline

collocation in space with a VO-L1 approximation in time.

* The resulting discrete formulation leads to a sparse tridiagonal linear algebraic system at each time level, which can be solved
efficiently.

» The consistency, stability, and convergence properties of the proposed numerical scheme are investigated. In particular, the analysis

establishes second-order spatial accuracy together with a global temporal error bound governed by the variable fractional order.

* The performance of the proposed method is examined through manufactured-solution experiments using the maximum norm and the
root-mean-square error. The numerical results are used to verify the theoretical convergence behavior and assess the accuracy of the

proposed scheme.

The remainder of this paper is organized as follows. Section 2 introduces the mathematical model together with the required preliminaries.
The cubic trigonometric B-spline spatial discretization is presented in Section 3. The VO-L1 temporal discretization is developed in
Section 4. The resulting fully discrete numerical scheme is constructed in Section 5, while its matrix formulation is presented in Section 6.
The stability and convergence analyses of the proposed method are presented in Section 7. Numerical experiments are reported in Section 8,

and concluding remarks are given in Section 9.
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2 Preliminaries and Mathematical Model

In this section, we introduce the VO time-fractional diffusion model considered throughout this work and present the mathematical
preliminaries required for the development and analysis of the proposed numerical method.

Let Q= (0,1) and 0 < ¢ < T, and consider the VO time-fractional diffusion equation
>P(x,1)

O (x,1) =PI T, (nn) €Qx (0,77, 1)

Cot
07
where g@,“t) denotes the VO Caputo fractional derivative, p > 0 is the diffusion coefficient, and .7 (x,t) is a prescribed source function.

The problem is supplemented with the initial condition

D(x,0) = ¢(x), xX€EQ,
and the Dirichlet boundary conditions
®(0,1) = g1 (1), P(1,1) = g2(1), 0<t<Tf.
The variable fractional order is assumed to satisfy
0 < Amin S A1) S Amax < 1, A(1) € C([0,75]),

where Ay, and Apax are positive constants. This assumption guarantees that the fractional order varies continuously in time while remaining
inside the admissible interval (0,1).

For the consistency and convergence analysis, the exact solution is assumed to satisfy & € C*? (ﬁ x [0, Tp]) while the functions @(x),
81(t), g2(t), and . (x,t) are assumed to be sufficiently smooth and mutually compatible.

The model problem (1) extends the classical constant-order time-fractional diffusion equation by allowing the fractional order to
vary with time. Consequently, the associated memory effects evolve throughout the diffusion process, providing additional flexibility
for modeling anomalous transport and diffusion phenomena with time-dependent hereditary behavior.

For the numerical approximation, the spatial domain Q = [0, 1] is discretized by a uniform spatial grid, while the temporal interval
[0, TF] is discretized by a uniform time grid. The precise definitions of the spatial and temporal mesh points, together with the corresponding
mesh sizes, are introduced in the subsequent spatial and temporal discretization sections.

The VO Caputo fractional derivative is defined by

C HA) B 1 /’ dP(x,s)/0s

D, P(x,t) = ds, 0<A(r) <l 2

0-“t (x7 ) F(l—)t,(t)) o (t—S)l(l) S, () 2)

Unlike the classical Caputo operator, the fractional order varies continuously with time. Consequently, the memory kernel changes

throughout the diffusion process, allowing the model to describe anomalous diffusion with time-dependent hereditary effects. This additional
flexibility makes VO fractional models particularly suitable for applications in which the memory characteristics evolve over time [5-7].

The operator (2) is nonlocal in time since its value at any given time depends on the entire history of the solution over the interval [0, ¢].

®)

As in the classical Caputo formulation, the VO Caputo derivative of a constant is identically zero, g_@,}” C = 0. This property ensures the
consistent treatment of the initial condition in the fractional diffusion model.

Throughout this work, the VO Caputo derivative is approximated by the variable-order L1 (VO-L1) finite-difference formula, while the
spatial differential operator is discretized using cubic trigonometric B-spline collocation. The resulting fully discrete numerical formulation

is developed in the following sections.

3 Spatial Discretization Via Cubic Trigonometric B-Splines

In this section, the spatial differential operator in the VO time-fractional diffusion equation is discretized using cubic trigonometric
B-spline collocation. The compact support and smoothness of the cubic trigonometric B-spline basis lead to a structured and sparse spatial

discretization, which is well suited for the numerical approximation of the diffusion operator.
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Let the computational domain Q = [0, 1] be divided into M uniform spatial subintervals according to 0 = xy < x; < -+ < xy = 1, where
xi =ihy, i=0,1,...,M, and h, = ﬁ To construct the cubic trigonometric B-spline basis near the boundary of the physical domain, two
auxiliary knots are introduced outside the computational interval x_;, and xp711. Thus, the extended grid is given by x_; < xg < x1 <
-++ < xp < xp4+1. The auxiliary knots are introduced solely for the construction of the spline basis and do not represent additional physical
grid points. The corresponding auxiliary spline coefficients are subsequently eliminated or incorporated through the prescribed boundary
conditions.

Let {T;(x) ?itll denote the cubic trigonometric B-spline basis functions associated with the extended grid. Each basis function has
compact support over a finite number of neighboring subintervals. Consequently, only a small number of basis functions contribute at any
given collocation point.

At the time level #,,, the continuous spline approximation to the numerical solution is represented by

M+1
Un(x,1n) = ‘Zlc;’T,-(x)v 3)
i
where C?' are the unknown spline coefficients at the time level #;,.

The compact support of the basis functions implies that the value of the spline approximation and its spatial derivatives at a grid point
depend only on neighboring spline coefficients. This local structure is the main reason for the sparse algebraic systems obtained from the
collocation procedure.

In the following subsection, the nodal values of the cubic trigonometric B-spline approximation and its first- and second-order spatial

derivatives are evaluated explicitly at the collocation points. These relations are then used to construct the fully discrete numerical scheme.

3.1 Cubic Trigonometric B-Spline Basis Functions

Let {T;(x) f‘i tll denote the family of cubic trigonometric B-spline basis functions associated with the extended uniform grid. These basis
functions are locally supported, nonnegative, and sufficiently smooth for the collocation of the second-order spatial differential operator. In
particular, 7;(x) > 0 and, on the computational interval Q = [0, 1], they satisfy the partition of unity property ):?i fll T;(x) = 1. Moreover,
T;(x) € C2(Q), which ensures the continuity of the basis functions and their first and second derivatives across the interior grid points.

The support of each basis function is local and is given by supp(7;) = [x;—2,x;4+2]. Consequently, only a limited number of neighboring
basis functions contribute to the numerical approximation at any collocation point. This local support leads to the sparse structure of the
algebraic system resulting from the collocation procedure.

For the construction of the cubic trigonometric B-spline basis, define

and introduce the normalization factor

. (h . . (3h
6 =sin (%) sin(hy) sin (TX) .

The cubic trigonometric B-spline basis function 7;(x) is defined by
wj:iz(x)a xe [xi727-xi71)7

;o (x) | @;—2 (x) 0;(x) +a),',1(x)a),<+1(x)} —i—(Joiil(x)a),-,l(x)7 X € [xim1,X),

1
Ti(x) = ] a),-,z(x)a)ia_z(x) + wi(x) [a),»,l () 041 (x) + a)i(x)a)Hz(x)] , X € [Xi,Xiq1), 4
Coii»z (x)7 X e [‘xi+1 7xi+2)7
0, otherwise.

The normalization in (4), together with the uniform grid structure, yields a C>-continuous cubic trigonometric B-spline basis. In particular,
the basis functions and their first and second derivatives are continuous across the interior knots. Therefore, the basis is suitable for the

collocation of the second-order diffusion operator appearing in (1).
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3.2 Spline Approximation and Nodal Relations

Using the cubic trigonometric B-spline approximation (3), the approximate solution and its spatial derivatives are evaluated at the collocation

points x =x;, i =0,1,..., M. This yields the following local nodal relations:
Un(xistn) = A1Cl | +A2C +ACY Uy (xitn) = @ (xi, 1), (5)
aa%(xi:tn) =A3CL | +A4Cly g, %(xi,tn) ~ %—(f(xi,tn), (6)
%(xhtn) =AsCl | +AcC! +AsCE, 4, %(Xh%) ~ ?;Tq;(xi,tn). @)

The coefficients appearing in the above nodal relations depend only on the spatial mesh size 4, and are given by

Al = sin’(hy/2) Ay = 2 Az = |
sin(hy) sin(3hy/2)’ 1+42cos(hy)’ 4sin(3hy/2)’

Ay 3 As = 3(1+3coshy) Ag = 3cos?(hy/2) '
4sin(3h,/2)’ 165in®(hy /2) (2c0s(hy/2) + cos(3hy/2))’ sin®(hy /2)(2 4 4coshy)

Equations (5)—(7) establish the relationship between the spline coefficients {C}'} and the nodal values of the approximate solution and
its spatial derivatives. In particular, (7) is employed to discretize the diffusion term in (1), whereas (5) provides the approximation of
the solution at the collocation points. These nodal relations constitute the foundation of the cubic trigonometric B-spline collocation

discretization developed in the following subsections.

3.3 Boundary Elimination

Because the cubic trigonometric B-spline approximation involves the auxiliary spline coefficients C" | and Cy, |, these coefficients must be

eliminated from the discrete system. Applying the nodal relation (5) at the boundary collocation points gives
Un(0,1,) =AC" +A,Ch + A CY,
and
Un(1,t) =A1Cyy_1 +AsChy +A 1 Cyy .-
Applying the prescribed Dirichlet boundary conditions introduced in Section 2, the auxiliary spline coefficients can be written as

th) —A2Cp —A1CY
e, = il A @®

and

th) —A1CY_ —AxCY,
iy = 2 A Z 4G ©)
1
Substituting (8) and (9) into the fully discrete collocation equations eliminates the two auxiliary spline coefficients C" | and Cj, - However,
the boundary spline coefficients Cjj and Cy, remain unknown and are retained as physical spline coefficients. The resulting algebraic system

is therefore formulated in terms of the physical spline coefficient vector C" = [C(’)’.,C’f., ... ,C}f,,] T

3.4 Initialization of Spline Coefficients

At the initial time level #y = 0, the spline coefficients are determined from the prescribed initial condition together with the cubic
trigonometric B-spline nodal relations. Let
o

L

=Ci(ty), i=-1,0,....M+1,

denote the spline coefficients at the initial time level.

The initial condition is imposed at the spatial collocation points x;, i = 0,1,...,M, through

ACY + A+ A =0(x),  i=0,1,...,M. (10)
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At the two boundary points, the derivative of the initial condition is also incorporated through the corresponding first-derivative nodal

relation. Thus,

U, .
o biio)=¢'(a), =0,

At the left boundary point x = xp, using (6) gives A3C? | +A4C(1) = ¢'(xq). Therefore,

C(zl _ ¢’ (xo) —A4C?.
A3

Substituting this expression into the initial-condition relation (10) at i = 0 eliminates the auxiliary coefficient CO_1 and gives
A1Ay Ay
Ao+ (A1 === ) &) = 9(x0) = ¢/ (x0). (11)
As As
Similarly, at the right boundary point x = x)y, the first-derivative nodal relation gives A3C1?,171 +A4C1(e4 = @' (xpr) and hence

') ~ASCyy

0
CM+1 = A,

Substituting this expression into the initial-condition relation (10) at i = M eliminates the auxiliary coefficient C,?,I 1 and yields

AjA A
(Al— ;43)02471+Azcj’4:<p(xM)—A—:<p’<xM). (12)

Consequently, the two auxiliary coefficients CO_] and C]?,, 41 are eliminated from the initialization system. The two boundary relations (11)

and (12), together with the interior relations (10) fori =1,2,...,M — 1, form a closed system for the physical spline coefficients
0_ [0 ~0 01"
0 — [c ...
Thus, the initialization problem can be written in matrix form as
AoC? =Dy, (13)

where A is the coefficient matrix generated by the two boundary relations (11)—(12) and the interior relations (10), while by contains the
prescribed initial and boundary data.

Because of the local support of the cubic trigonometric B-spline basis, the matrix Ag is sparse and banded. Consequently, the initial
spline coefficients can be computed efficiently by solving (13). Once CY is obtained, the auxiliary coefficients C 1 and CI?,, 1 are recovered

from the first-derivative nodal relations at x = xo and x = x4, respectively.

4 VO Time Discretization

This section develops the variable-order L1 (VO-L1) approximation for the temporal discretization of the VO Caputo fractional derivative.
The derivation is based on a piecewise linear interpolation of the solution over each temporal subinterval. Since the fractional order is
evaluated at the current time level, the resulting convolution coefficients become time dependent while preserving the nonlocal memory

structure of the VO fractional operator.
4.1 Derivation of the VO--L1 Approximation
At the discrete time levels introduced in Section 2, let
A= A(ty), 0< Ay <1, n=0,1,...,N.

For a fixed time level #, 11, the variable-order Caputo fractional derivative is defined by

C s B 1 /tn+1 _a ()(;[)(x7 ‘L')
Dl - )y A 5 g 14
t (x7tn+1) F(l _A‘n—Q—]) o (Zl’l+l T) ar T ( )
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Because the VO Caputo derivative is nonlocal in time, its evaluation at #,, .| depends on the entire solution history over [0, ,,+1]. To construct

the L1 approximation, the integral is decomposed over the temporal subintervals [f,#.11], k =0, 1,...,n, according to
Tt 4. 0DP(x,T) LS 3. 0P(x,T)
A ) 2, 5
ty1 —T) " ——"dT = 2 / thy1 —T) " ———=dT. 15
/0 (tas1 ) 97 =, (tas1 ) o7 (15)

On each subinterval [f, ;4 1], the time derivative is approximated by the backward difference

D (x,7) - DFHL(x) — DF(x)

T € [t trr1]s 16
o1 h [tk ties1] (16)
where @*(x) := ®(x,1;). The kernel integral over each temporal subinterval is
1-2,
trs1 h n+1
/ gt — 1) Prdr =0 (k1) R (nfk)Hw] . k=0,1,....n.
13 - A‘n+1

Using the relation
F(Z_ er—l) = (1 - AlH—l)r‘(l - A’IH-I) >

we introduce the scaling factor
h; n-+1
bl = =55 -
" F(Z - An+l )

Substitution of the backward difference approximation and the kernel integral into (15) yields the VO-L1 approximation

n
CD?'VH»I D(x,tp11) = Yot Z [(k—i— 1)1*&#1 _kl*ln+li| [¢n+17k(x) _ anfk(x)} + Ry (x), (17)
k=0
where %, 1(x) denotes the local truncation error.

Separating the term corresponding to k = 0 from the remaining history terms gives
CD?"“ DXty 1) = Yos1 | P (x) — D" (x)} + Yat1 Zn: it [qﬁnﬂik(x) - (bnik(x)] 1 (x), (1)
k=1
where the VO-L1 memory weights are defined by
atl = (k+ 1) A e k=12, 0,
4.2 Properties of the VO--L1 Approximation

The VO-L1 discretization introduced in Section 4 preserves the nonlocal memory structure of the VO Caputo fractional derivative through

the time-dependent coefficients aZH appearing in (17)—(18).

For each time level ¢, 1, the coefficients azﬂ depend on the local fractional order A,,; | and satisfy

aqtl'>0, dfl<at',  k=0,1,...n-1

Indeed, the function s

+1 is increasing and concave for 0 < A,,1 < 1. Consequently, its successive increments are positive and
monotonically decreasing. This monotonicity reflects the gradual decay of the discrete memory contribution and plays an essential role
in the stability and convergence analysis of the proposed numerical scheme.

The local truncation error of the VO-L1 approximation satisfies

Frni () = 0 ().

Since A(#) < Amax, 0 <t < TF, the corresponding global temporal accuracy is bounded by & (h,zf}”’"ax

). which is the convergence order
established later in Section 7.
The VO-L1 temporal discretization is subsequently combined with the cubic trigonometric B-spline spatial approximation developed

in Section 3 to construct the fully discrete numerical scheme presented in the next subsection.
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5 Fully Discrete Numerical Scheme

This section combines the cubic trigonometric B-spline collocation discretization developed in Section 3 with the VO-L1 temporal
approximation introduced in Section 4 to derive the fully discrete numerical scheme for the variable-order time-fractional diffusion equation.
The spatial approximation represents the numerical solution and its second-order spatial derivative in terms of the cubic trigonometric
B-spline coefficients, whereas the time-fractional derivative is approximated by the VO-L1 formula. Combining these two discretizations
yields the fully discrete collocation formulation at each time level.
The resulting formulation is first expressed at the collocation points in terms of the spline coefficients at the current and previous
time levels. The temporal memory contribution arising from the variable-order fractional derivative is retained explicitly, providing the

coefficient-level algebraic form of the fully discrete scheme.

5.1 Fully Discrete Cubic Trigonometric B-Spline VO--L1 Scheme

Substituting the VO-L1 approximation (18) into the governing equation (1), and approximating the spatial derivatives by the cubic

trigonometric B-spline collocation relations (5)—(7), yields the fully discrete collocation formulation.

Accordingly, for each interior collocation point x;, i = 1,2,...,M — 1, and each time level #,,1, n > 0, the fully discrete equation is
given by
3 n+1 azUN n+1
Yot1 | UN(Xistur1) = Un(xista) + Y af P (Un (xisty—i1) — Un(Xista—)) | = P52 Wirtrt) +F", (19)
k=1
where 9}”“ = Z (xi,ty+1)- The quantities %, and a,’!“ are determined by the VO-L1 approximation introduced in Section 4.

Using the nodal relations (5) and (7), equation (19) can be written entirely in terms of the spline coefficients as
Vo [ACI + AP 4 ] = p A + AGCI T + AT ] = 4y [AICL + AsCl + MG
n
_ Yn+1 Z a]zl"rl |:A1 (Clnfilk+1 _Clnfilk> +A2 (Cil’l*kJrl _Cinfk>
k=1

A (e, =2 M

To simplify the notation, we introduce the temporal memory contribution at the coefficient level by

n
n+1 _ n+1 n—k+1 n—k n—k+1 n—k n—k+1 n—k
A=Y [Al (CH -G >+A2 (Ci -G )*Al (Ci+l —Cii )}, (20)
k=1
where the empty sum for n = 0 is understood to be zero.
The quantity J7; ntl represents the accumulated temporal memory contribution generated by the nonlocal variable-order Caputo
fractional derivative. It contains the contributions from all previously computed time levels and therefore carries the temporal history
of the numerical solution into the current time level.

Using (20), the fully discrete collocation equations can be written in the compact coefficient-level form
(141 = pAs) G + (i1 A2 — pA6) CI T+ (1AL — pAS) G = 21, @D

where
B = FM ey (MG +ACT +ALCR ) — Yo AT (22)

Equations (21)—(22) constitute the fully discrete cubic trigonometric B-spline VO-L1 collocation scheme at the interior collocation points.
The coefficient-level formulation separates the contribution from the current time level from the previously computed solution, the source
term, and the accumulated temporal memory.

For n = 0, the memory contribution %%, I'is zero because the summation in (20) is empty. Thus, the first time step involves only the
current and initial solution contributions together with the source term.

The coefficient-level equations (21)-(22) provide the starting point for the algebraic system at each time level. The corresponding

tridiagonal structure and the incorporation of the prescribed Dirichlet boundary conditions are discussed in the next subsection.
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6 Matrix Formulation of the Numerical Scheme

In this section, the fully discrete cubic trigonometric B-spline collocation scheme derived in Section 5 is reformulated in matrix form. This
representation provides a compact description of the resulting algebraic system and makes its sparse and tridiagonal structure explicit. In
particular, the time-dependent coefficients of the system reflect the dependence of the VO-L1 discretization on the fractional order at the
current time level.

The matrix formulation also provides a convenient framework for the successive solution of the algebraic system at each time level and

serves as the basis for the solvability, stability, and convergence analyses presented in the subsequent sections.
6.1 Algebraic System at Each Time Level

For each time level ¢, 1, n > 0, the fully discrete collocation equations derived in Section 5 are considered at the interior collocation points
xi, i=1,2,...,M — 1. Using the nodal relations (5) and (7), the fully discrete formulation (21) can be expressed in terms of the spline

coefficients as

(Tt 141 — PAs) CH 1+ (142 — pAG) CP T + (a1 AL — pAs) I = 20t i=1,2,.. .M —1, (23)

where ¥, and the memory weights a;{‘“ are determined by the local fractional order A,,;1 = A(#,,+1). The right-hand side ,%’i"“ is the
quantity defined in (22) and contains the source contribution, the contribution from the previous time level, and the accumulated temporal
memory contribution jﬁ”“.

The history contribution %f"“, defined in (20), contains only previously computed time levels. Therefore, at the first time step, n = 0,
the summation in (20) is empty and is taken to be zero. Consequently, no contribution from earlier time levels is present in the history term
at the first time level.

For convenience, we introduce the time-level-dependent coefficients
0! = %4141 — pAs, 03! = %1142 — pAs.
Then (23) takes the compact form

ortiertl peptlertl poptlertl =20, =12, .M~ 1 (24)

Thus, the interior collocation equations possess a tridiagonal coefficient stencil, with identical off-diagonal coefficients. Moreover, the
corresponding interior stencil is symmetric. Since ¥, depends on the local fractional order A, 1, the coefficients Ofﬂ and 0;“ may
change from one time level to another. Hence, the coefficient matrix is, in general, updated at each time level.

The equations in (24) still involve the auxiliary spline coefficients C'f{l and C;(Lll near the two boundaries. These coefficients do not
represent additional physical grid points; rather, they are auxiliary coefficients introduced for the construction of the cubic trigonometric
B-spline basis. They are eliminated by means of the boundary relations derived in Section 3.

For each time level ¢, |, the complete collocation formulation is initially associated with the M + 1 physical collocation points i =

0,1,...,M and the M + 3 spline coefficients C’ﬁl'l ,C(')’+l - ,CX,IH ,Cj‘ﬁll. The prescribed Dirichlet boundary conditions are first used to
eliminate the two auxiliary spline coefficients CT{I and C;’,}:ll. The resulting boundary relations are then substituted into the collocation

equations at the two boundary points i = 0 and i = M. In this way, the boundary equations are retained as algebraic equations for the physical
spline coefficients.

Consequently, after elimination of the two auxiliary coefficients, the remaining unknown vector is C"**! = C(’)"H ,C’l"H Y ﬁﬁ"} T,
which contains M + 1 unknown physical spline coefficients. The M — 1 interior collocation equations together with the two
boundary-corrected collocation equations provide exactly M + 1 equations. Hence, the final algebraic system is a square system of dimension
M+1.

6.2 Matrix Representation and Boundary Incorporation

Using the compact algebraic relation (24), the interior collocation equations at the time level ¢, can be assembled into a tridiagonal linear

system. Before incorporating the boundary conditions, the interior equations have the matrix representation

K(l+1c_n+1 — Rt (25)

nt nt nt
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where
ot =g (26)
denotes the vector of interior spline coefficients. The corresponding coefficient matrix is tridiagonal and is given by
'651+1 91n+1 0 0 ]
efl+1 65:+1 9{:+1
Kill=| o el g+l . 0 @7)
Gfl+1
| 0 0 6{1+1 65:+1_

The tridiagonal structure follows from the local support of the cubic trigonometric B-spline basis. The coefficients 01'”1

and 95’“ depend
on the current fractional order through ¥%,1; and A,,.1 = A(#,+1). Therefore, the coefficient matrix may change from one time level to
another. The interior matrix is symmetric because its two off-diagonal coefficients are identical.

The auxiliary spline coefficients C’ﬁl'l and CXL‘I are eliminated using the boundary relations (8) and (9), respectively. Substituting these
relations into the collocation equations at the two boundary points eliminates the auxiliary coefficients from the algebraic system.

At the left boundary, the collocation equation contains C"!, C(")“, and C7*!. Substitution of (8) causes the coefficient of C ! to
cancel. Consequently, the first row of the final algebraic system contains only the coefficient associated with C(’J‘“. Similarly, at the right
boundary, substitution of (9) causes the coefficient of CX,,H
with C;™.

After elimination of the two auxiliary coefficients, the remaining unknowns are the physical spline coefficients

| to cancel, and therefore the last row contains only the coefficient associated

T
ot = [athat o] 28)

The M — 1 interior collocation equations together with the two boundary-corrected equations therefore provide exactly M + 1 equations for
the M + 1 physical spline coefficients.

Accordingly, the complete algebraic system at the time level #,,..| can be written as

Kn+lcn+l — Rn+l (29)
where the coefficient matrix is
. A, _
9n+1 _ 79n+1 0 0 0
2 Al 1
9{1+1 %Hrl 61n+1
K" = 0 ol gt 0 (30)
+1
Gl"A
0 0 0 erH-] _ 729"-‘1-1
L 2 A b

Thus, the first and last diagonal entries are modified by the elimination of the auxiliary spline coefficients, while the interior diagonal and

off-diagonal entries remain unchanged. In particular, the boundary elimination also removes the first off-diagonal entry in the first row and

the last off-diagonal entry in the last row. Hence, the resulting matrix remains tridiagonal, but in general it is not symmetric.

The corresponding right-hand-side vector is written as

9n+1 0
+1 +1 1 +1 +1 +1 1
R = |2z} A 81(tng1 ) By Ry Ry — ——

n+1

Ay

g2(tn+1)

€2y

where 9?6’“ and %}"’jl denote the right-hand-side expressions associated with the collocation equations at the two boundary points before

elimination of the auxiliary spline coefficients, while %{‘H, i=1,...,M—1, are given by (22).
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Therefore, the boundary-elimination procedure preserves the sparse tridiagonal structure of the algebraic system, while modifying the
first and last rows according to the prescribed Dirichlet boundary conditions. The resulting system can be solved at each time level by a
standard tridiagonal linear-system solver, such as the Thomas algorithm, provided the coefficient matrix is nonsingular.

The matrix formulation obtained above provides the algebraic framework required for the subsequent stability and convergence analysis

of the proposed numerical method.

6.3 Solution of the Linear System

At each time level £, {, the fully discrete numerical scheme leads to the linear algebraic system (29), where the coefficient matrix K"+!
is sparse and tridiagonal, while the right-hand-side vector contains the source term, the contribution from the previous time level, the
accumulated temporal memory contribution, and the prescribed boundary data.

Since the coefficient matrix is tridiagonal, the resulting linear system can be solved efficiently using the Thomas algorithm, which
is a direct solver specifically designed for tridiagonal systems. The solution procedure is applied successively at each time level n =
0,1,....,N—1.

The coefficient vector C"+! obtained at each time level provides the numerical representation of the solution at that time.

The coefficient matrix depends on the current fractional order through the time-dependent coefficients 9{”1 and 95”'1. Therefore, the
matrix entries are updated at each time level, whereas its tridiagonal structure is preserved throughout the time-marching procedure.

The computational cost of solving the tridiagonal system at each time level is linear in the number of spatial unknowns. Hence, the
use of the Thomas algorithm provides an efficient solution strategy for the spatial algebraic system while retaining the nonlocal temporal

memory required by the variable-order fractional derivative.

6.4 Implementation Procedure

After the initialization stage, the numerical solution is advanced from ¢, to #, | through a sequential time-marching procedure. At each time
level, the variable fractional order is evaluated, the corresponding VO-L1 coefficients are computed, the temporal memory contribution is
evaluated, and the fully discrete tridiagonal algebraic system is assembled. The Dirichlet boundary conditions are then incorporated through
the boundary-elimination procedure, after which the resulting linear system is solved using the Thomas algorithm. Finally, the numerical
solution is reconstructed from the updated spline coefficients. This procedure is repeated until the final time level is reached. The complete

implementation is summarized in Algorithm 1.

7 Stability and Convergence Analysis

In this section, the stability and convergence properties of the proposed fully discrete cubic trigonometric B-spline collocation scheme
combined with the variable-order L1 (VO-L1) approximation are analyzed.

The analysis is based on a discrete error equation obtained by comparing the fully discrete numerical formulation with the corresponding
discrete relation satisfied by the exact solution. This error equation provides the starting point for the stability and convergence analysis of
the proposed method.

The stability analysis takes into account the structure of the fully discrete coefficient matrix together with the positivity and monotonicity
properties of the variable-order fractional memory weights established in Section 4. Under suitable assumptions on the discrete operator
and its inverse, a stability estimate for the numerical solution is then derived.

Finally, the stability estimate is combined with the spatial and temporal consistency estimates of the cubic trigonometric B-spline

collocation and VO-L1 discretizations, respectively, to establish a global error estimate for the fully discrete numerical method.

7.1 Error Equation

To derive the stability and convergence estimates, we first formulate the discrete error equation associated with the fully discrete scheme.
Since the algebraic system is written in terms of the spline coefficients, the error is defined at the coefficient level. Let CN‘I’»’, denote the
spline coefficient associated with the exact solution at time level #,, and let C?' denote the corresponding numerical spline coefficient. We

define the coefficient error by e = CN‘{Z —C!,i=0,1,...,M. Accordingly, the physical coefficient error vector is €" = [68, ef,... ,el’{,l} ' The
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Algorithm 1 Fully discrete cubic trigonometric B-spline VO-L1 collocation method

1: Generate the uniform spatial and temporal grids {x;}2, {£, }\_,.

2: Compute the cubic trigonometric B-spline constants Ay, ..., Ag.

[3%)

: Initialize the spline coefficients by solving the initialization system together with the boundary conditions and the corresponding
boundary-elimination relations.
: forn=0,1,...,N—1do

Evaluate the variable fractional order A, 1 = A (t,,11).

Evaluate the temporal memory contribution Jé”“, i=1,2,...,M—1,and set 7 = 0 for the first time step.

CIH—]

4
5
6: Compute the scaling factor ¥, and the VO-L1 weights a,f“.
7
8 Apply the prescribed Dirichlet boundary conditions and eliminate the auxiliary spline coefficients C’f*l'l and C/" ', using (8) and (9).
9

Determine the boundary spline coefficients C(’)"H and CZ’/['H from the boundary collocation equations.

T

10: Assemble the interior tridiagonal coefficient matrix K" for the unknown coefficients C/.f! = (C{“H o 7C}"7_'1>

11: Assemble the interior right-hand-side vector Rﬁ ! including the source term, previous-time-level contribution, temporal memory
contribution, and boundary contributions.

12: Solve the interior tridiagonal linear system K" ICfnTl =R’ ! using the Thomas algoritl_ll_m.

13: Recover the complete spline coefficient vector C*+1 = (¢t ...l 1) | together with the auxiliary coefficients

p p 0 1 mM—-1%m g 1y

Cﬁl and Cg’,ﬁr}l when required.

14: Recover the numerical solution at the collocation points from the updated spline coefficients using (5).

15: end for

16: Output the numerical solution.

exact solution, when substituted into the fully discrete collocation formulation, does not satisfy the discrete equations exactly because of the
spatial and temporal discretization errors. We therefore denote the corresponding local consistency residual at the collocation point x; and
time level 7,4 | by ‘L'i"H.

Subtracting the numerical fully discrete relation (21) from the corresponding discrete relation satisfied by the exact solution gives, for

the interior collocation points i = 1,2,... .M — 1,
n
91n+1einjll + ezn+lein+1 + 91n+1€in;r11 — Yopref % Y a,:’H (einfkﬂ _e?7k> ot (32)
k=1
Here, 91"‘H and 92”“ are the time-level-dependent coefficient parameters defined in Section 6, while ;4| and a,ﬁ’“ are the scaling factor

and variable-order memory weights, respectively, introduced in Section 4. The quantity rl.”“ represents the local consistency residual

resulting from the spatial and temporal discretizations.
For n = 0, the history summation in (32) is empty and is therefore defined to be zero. Consequently, the error equation at the first time
step reduces to
0lel | +6 el +0lel =ped+1 i=1,2,...,M—1 33
1¢-1t6e +07e ) =%e +7, 1=L,2.. . (33)

For the interior equations, collecting the error components into the corresponding vector gives

n+1 n+1 __ n n+1 n+1
Kinl €int _y"+1eint+He,int+Tint ’ (34
where el = [, ¢} e ]T and T/t = |grtl gotl gt ! The discrete memory contribution is defined com twise b
no=letes, e, A LR A AR y ponentwise by
1 d 1 k+1 k
(Hg;n)i:ynﬂ Y art (e;’* 1 gn- ) i=1,2,.. M—1. (35)
k=1

Thus, the interior error system has the same tridiagonal structure as the interior algebraic system derived in Section 6. In particular,

Kf;{l is given by the tridiagonal matrix (27), with diagonal and off-diagonal entries determined by 95’“ and 9{’“, respectively.
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The boundary equations are treated consistently with the boundary elimination procedure described in Section 6. After elimination
of the auxiliary spline coefficients, they provide the first and last rows of the full algebraic system. Therefore, if the stability analysis is
performed for the complete coefficient vector e = [eg,e’l‘, .. ,eX,[] T, the two boundary error relations must be included together with the
interior error equations.

Accordingly, the complete error system can be written abstractly as
Kn+1en+1 — ,)/n+1en +H;z+1 4 TnJrl’ (36)

where K"+ is the complete coefficient matrix defined in (30), H?*! denotes the corresponding discrete memory contribution, and 7! is
the full consistency-error vector.
The representation (36) provides the appropriate framework for the subsequent stability analysis, while (34) describes the corresponding

interior error equations.

7.2 Stability and Convergence

The stability and convergence properties of the proposed fully discrete variable-order L1 (VO-L1) cubic trigonometric B-spline collocation
scheme are established in this subsection.

The analysis is based on the discrete error equation derived in Section 7.1. The stability estimate is obtained by studying the evolution of
the discrete error under the action of the fully discrete coefficient matrix and the variable-order memory terms. In particular, the properties
of the VO-L1 memory weights are used to control the accumulated contribution of the previous time levels.

Once the stability estimate has been established, the convergence result follows by combining stability with the consistency estimates of
the temporal VO-L1 approximation and the spatial cubic trigonometric B-spline collocation discretization. The resulting estimate provides

the global error bound of the fully discrete numerical method.

Theorem 1 (Stability). Assume that the fully discrete coefficient matrix K"t is nonsingular for every time leveln =0,1,...,N — 1 and that

there exists a positive constant Ck, independent of the spatial mesh size hy, the time step hy, and the time level n, such that

H(Kn+1)7lH < Ck.

o

Assume further that the variable-order memory weights satisfy the properties stated in Section 4. Then the discrete error generated by the

fully discrete scheme remains bounded in the maximum norm. More precisely, there exists a constant C > 0, independent of hy and hy, such

that

max, e < € (160 + max 2] ). G
1<m<N

0<n<N
where T" denotes the consistency-error vector.
Proof. Starting from the discrete error equation (36), we write
K'Hletl =y, e +H;1+1 L+t (38)
Since K"t is nonsingular, multiplication by (K"*1)~! gives
et — (Kn+1)71 <yn+len+H;z+1 +Tn+1) . (39)
Taking the infinity norm and using the uniform bound on the inverse coefficient matrix yields

e oo < Cic (s lle” o+ NEEZ o 127 o) (40)

The discrete memory term is then estimated using the properties of the variable-order L1 weights established in Section 4. In particular, the
accumulated history contribution can be bounded in terms of the previously computed error levels. Consequently, there exists a constant
Cy > 0, independent of Ay, A, and n, such that
IH oo < Cor max [|e” ]l (41)
0<m=<n
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Combining (40) and (41), together with the uniform bound on the time-dependent coefficients, gives a recursive estimate of the form
el < C( max ||€" .+ ||z Hoo) , (42)
0<m<n

where C > 0 is independent of the discretization parameters.
Applying the appropriate discrete Gronwall-type argument to (42) yields
max |[|e"||. <C (||e0||oo+ max HT’”HM) , 43)
0<n<N 1<m<N
where the constant C is independent of A, and h;. Therefore, the proposed fully discrete VO-L1 cubic trigonometric B-spline collocation

scheme is stable in the maximum norm. O

Theorem 2 (Convergence). Assume that the exact solution satisfies ® € C*? (ﬁ x [0, TF]) and that the assumptions of Theorem 1 hold.

Suppose, furthermore, that the local truncation-error vector satisfies
Je" e < Ce (R340 H0), 0<n<N-1, (“4)

where C; > 0 is independent of hy, hy, and n. Assume also that the initialization procedure satisfies ||e0||m < Coh)%, where Cy > 0 is
independent of hy. For convenience, let Ay := A(tyy), m=0,1,...,N, and define Amax = maxo<,;<7;. A(t). Then the proposed fully discrete

VO-LI cubic trigonometric B-spline collocation scheme satisfies the global error estimate

max_|le"]|e <C (h)zc +h,2_z‘““> , 45)
0<n<N

where C > 0 is independent of hy and h;.

Proof. From the stability estimate (37), we have

max_||e"|e <C (||e0|\w+ max HT’"HW) .
0<n<N 1<m<N
By the assumed initialization estimate,

€°]lee < Co = O(3).

On the other hand, from (44),

1<
Since A, < Amax, we have 2 — A, > 2 — Anax. Therefore, for 0 < b, < 1,

max ||7"]|e < Cr (h)% + max hlzfl"‘) .
<m<N 1<m<N

htz_lm S htz_lmax.

Consequently,

max (7" = 0 (2417 ).
1<m<N

Substituting the above estimates into the stability bound yields
max [le” | = & (3 + 7).
0<n<N
Hence, under the stated stability and consistency assumptions, the proposed fully discrete VO-L1 cubic trigonometric B-spline collocation

2— nax
)

method has a spatial error of order ¢(h2) and a temporal error of order & ( . This completes the proof. O

8 Numerical Experiments

This section presents a series of numerical experiments to assess the accuracy and convergence behavior of the proposed cubic trigonometric
B-spline collocation method combined with the VO-L1 approximation for the variable-order Caputo fractional derivative. The numerical
results are used to evaluate the practical performance of the proposed method and to provide numerical evidence supporting the theoretical
convergence estimate established in Section 7.

All computations are carried out in MATLAB. To assess the numerical accuracy and convergence behavior, manufactured exact solutions
are prescribed, and the corresponding source terms, initial conditions, and boundary conditions are constructed consistently so that the

prescribed solutions satisfy the governing problem exactly.
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8.1 Test Problem

Consider the variable-order time-fractional diffusion problem introduced in Section 2 on the computational domain (x,¢) € [0,1] x [0, TF].

For the manufactured-solution test, the exact solution is chosen as
P(x,1) = 1. (46)
The corresponding source term is constructed by substituting (46) into the governing equation (1). Thus,
C )
F(x,t) =09, D(x,1) — p Pux(x,1).
For the prescribed exact solution, the variable-order Caputo derivative is given by

C o) __ 2 2-4(1)
Ojt @(.X,[) 1—‘(3—l(t))t )

while the second spatial derivative satisfies
Do (x,1) = 1%

Consequently, the source term takes the form

24 2-A(0)
Fht) = | — —pt?|.
i) =e {m—x(r)) R
The variable fractional order is chosen as .,
e
A(t) = — <t<Tf.
(t) 3007 Oftf F

The function A(¢) = 39—(;(1) is chosen because it is smooth, positive, and monotonically decreasing, while remaining within the admissible
interval (0,1). Its small maximum value also leads to a temporal convergence order that is very close to second order. Since A(r) is

monotonically decreasing on [0, 7], its maximum value is attained at # = 0 and is therefore

1

s = A4(0) = 555

According to the convergence estimate established in Section 7, the temporal error is expected to behave as
_ 2—5k
ﬁ(hrz Aﬂmx) :ﬁ(ht 300) 7

Z_Afmaxzz

where

— —— =~ 1.9967
300 '

which is very close to second-order convergence in time.
The initial and boundary data are obtained directly from the prescribed exact solution so that the manufactured solution satisfies the
complete problem exactly. The numerical solution is then compared with (46) to compute the numerical errors and assess the observed

spatial and temporal convergence rates.

8.2 Error Norms

The numerical accuracy of the proposed method is assessed using the discrete maximum-norm error and the root mean square error (RMSE).
At each time level #,,, the maximum-norm error is defined by
EZ = max |P(x;,t,)—U"
max. [(xi10) Uy
where U/ denotes the numerical approximation to ®(x;,,). The global maximum-norm error over the entire space—time grid is then given
by

E.= max EZ.
0<n<N
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To provide an additional measure of the overall error distribution over the space—time grid, the root mean square error is computed as
| N M 1/2

RMSE= | — |® (xi,10) — U *
(M+1)(N+1),§0,§0 v

These error measures are used throughout the numerical experiments to quantify the accuracy of the proposed method and to assess its

observed spatial and temporal convergence behavior in relation to the theoretical estimate established in Section 7.

8.3 Simultaneous Space-Time Refinement

To assess the overall convergence behavior of the proposed method, the spatial and temporal discretizations are refined simultaneously
by choosing the same number of spatial and temporal subintervals, i.e., M = N. Since the computational domain is [0, 1] x [0, 7], the
corresponding mesh sizes are iy = 1/M and h; = Tr /N = Tr /M. Thus, both discretization parameters decrease at the same asymptotic rate
as the mesh is refined.

For the variable-order function adopted in the present numerical experiments,

OSISTFz

the fractional order is monotonically decreasing, and hence its maximum value is attained at # = 0. Therefore, Amax = A(0) = 1/300, and
the theoretical temporal convergence order is 2 — Amax =2 — ﬁ ~ 1.9967.

Accordingly, under the simultaneous refinement strategy M = N, the spatial error behaves as &'(M~2), whereas the temporal error
behaves as (M _(z_aﬂm)). Hence, the dominant theoretical convergence order is 2 — Amax &~ 1.9967, which is practically indistinguishable
from second-order convergence.

The numerical results obtained under this refinement strategy are reported in Table 1.

Table 1. Simultaneous space-time refinement with M = N.

M=N RMSE Rate o Rate
20 5.3402 x 1077 - 1.6204 x 1074 -
40 1.3250x 107> 2.0111  4.0465x 107 2.0019
80 3.2985x107%  2.0060 1.0110x 107>  2.0007
160 8.2251x1077 20036 2.5266x107°  2.0002

The results in Table 1 show a systematic reduction in both the RMSE and the maximum-norm error as the spatial and temporal meshes
are refined simultaneously. The observed convergence rates remain very close to two, which is consistent with the theoretical order 2 —
Amax = 1.9967. The slight difference between the theoretical order and the observed rates is expected and may arise from the combined
spatial and temporal error contributions, as well as pre-asymptotic effects. Overall, the numerical results are in good agreement with the

convergence estimate established in Theorem 2.
8.4 Spatial Convergence Study

To investigate the spatial convergence behavior of the proposed method, the number of time steps is fixed at N = 2000. This fine temporal
discretization is employed to sufficiently reduce the temporal discretization error, thereby allowing the spatial convergence behavior of the
method to be examined more accurately.

The spatial mesh is then successively refined while keeping the temporal discretization fixed. The corresponding numerical results are
reported in Table 2.

The results in Table 2 show a systematic reduction in both the RMSE and the maximum-norm error as the spatial mesh is refined. The
observed convergence rates approach two for both error measures, confirming the expected second-order spatial accuracy of the proposed
cubic trigonometric B-spline collocation method.

Since a sufficiently fine temporal discretization is employed with N = 2000, the temporal error is expected to remain small relative to the
spatial discretization error. Consequently, the observed convergence rates primarily reflect the spatial accuracy of the method, in agreement

with the theoretical convergence estimate established in Theorem 2.
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Table 2. Spatial convergence study with fixed N = 2000.

M RMSE Rate E. Rate
20 5.1874x 1073 - 1.6262 x 10~ -
40 1.3117x 1075 19835 4.0629x 107> 2.0001
80 3.2988x107° 1.9912 1.0156x107°  2.0002
160 8.2718x1077 1.9961 2.5389x10°° 2.0003

8.5 Temporal Convergence Study

To investigate the temporal convergence behavior of the proposed method, the spatial mesh is sufficiently refined by fixing M = 2000. The
value M = 2000 was chosen to ensure that the spatial discretization error is negligible compared to the temporal discretization error. This fine
spatial discretization is employed to sufficiently reduce the spatial discretization error, thereby allowing the temporal convergence behavior
of the method to be examined more accurately.

The number of time steps is then successively increased while the spatial discretization is kept fixed. The corresponding numerical

results are reported in Table 3.

Table 3. Temporal convergence study with fixed M = 2000.

N RMSE Rate Es Rate
20 5.7877x 1077 - 9.6215x 1077 -
40 1.6522x 1077  1.8086 2.7844x 1077 1.7889
80 4.4614x 1078 1.8888 7.9070x 10°% 1.8162
160 1.0838x10°% 20414 2.2033x1078 1.8435

The results in Table 3 demonstrate a systematic reduction in both the RMSE and the maximum-norm error as the temporal mesh is
refined. The observed convergence rates generally increase with mesh refinement. In particular, the RMSE rate reaches approximately two
on the finest temporal mesh, while the maximum-norm error also exhibits a clear improvement toward the theoretical temporal convergence
order. Since, a sufficiently fine spatial discretization is employed with M = 2000, the spatial discretization error is expected to remain
small relative to the temporal discretization error. Consequently, the observed convergence behavior primarily reflects the accuracy of the
proposed VO-L1 temporal discretization.

The deviations from the theoretical asymptotic order observed on the coarser temporal meshes can be attributed to pre-asymptotic effects
and to the nonlocal contribution of the variable-order fractional memory term. As the temporal mesh is refined, the observed rates exhibit
a clear tendency toward the theoretical prediction 2 — Apax & 1.9967, providing further numerical evidence in support of the convergence

analysis of the proposed fully discrete scheme.

8.6 Pointwise Error Analysis

To further assess the accuracy of the proposed numerical method, a pointwise comparison between the exact and numerical solutions is
performed at the final time level + = Tr = 1. The computations are carried out using the finest spatial grid considered in the numerical
experiments, namely M = 2000, while the temporal discretization is chosen as N = 160.

Table 4 presents the exact solution, the corresponding numerical approximation, and the absolute error at several representative spatial
locations. Since 8 = 2, the exact solution at the final time is ®(x,7r) = ¢*. The results in Table 4 show very close agreement between the
numerical and exact solutions at the selected spatial locations. The absolute errors at the interior points are of the order of 10~°, indicating
that the proposed method provides a highly accurate approximation for the selected spatial and temporal discretizations.

The zero errors reported at the boundary points result from the direct imposition of the prescribed Dirichlet boundary conditions and
should therefore not be interpreted as evidence of the interior numerical accuracy. Overall, the pointwise comparison provides additional
numerical evidence that the proposed cubic trigonometric B-spline VO-L1 collocation method accurately reproduces the exact solution and

is consistent with the stability and convergence results established in Section 7.
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Table 4. Pointwise comparison between the exact and numerical solutions at t = Tr = 1 for M = 2000 and N = 160.

X Exact Numerical  Absolute Error
0.0 1.000000  1.000000 0.00 x 10°
0.1 1.105171  1.105171 1.27x107°
02 1221403 1.221403  2.33x107°°
0.3 1.349859 1349859  3.15x107°
04 1491825 1.491825 3.71x107°
0.5 1.648721  1.648721 4.00 x 107
0.6 1.822119 1.822119  3.99x107°
0.7 2013753 2013753  3.63x107°
0.8 2225541 2225541 2.88 x 1077
0.9 2459603  2.459603 1.69 x 10~
1.0 2718282 2718282 0.00 x 10°

8.7 Graphical Representation of Numerical Results

To complement the quantitative error analysis, graphical comparisons between the exact and numerical solutions, together with
visualizations of the corresponding numerical errors, are presented in this subsection. All figures are generated using the finest spatial
and temporal discretizations considered in this study, namely M = 2000 and N = 160.

Figure 1 compares the exact solution with the corresponding numerical approximation at several representative time levels. The two

solutions exhibit close agreement at all selected time levels, providing a visual indication of the accuracy of the proposed method.

o UnLt=02
w(w, t,), t=0.2
Ur, t=04

251 u(wi, ),

Solution

IE )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T

Figure 1. Comparison between the exact and numerical solutions at selected time levels for M = 2000 and N = 160.

Figure 2 illustrates the numerical solution over the entire space-time domain and shows the evolution of the computed solution
throughout the simulation interval.

The distribution of the absolute error |®(x,¢) — U (x,t)| over the computational domain is presented in Fig. 3. The error remains small
over the space—time domain, which is consistent with the quantitative error measures reported in Tables 1-3.

Figure 4 shows the spatial distribution of the absolute error at the final simulation time ¢ = Tr. The error remains small throughout the
computational interval, in agreement with the spatial convergence behavior reported in Table 2.

Finally, Fig. 5 illustrates the temporal evolution of the absolute error during the simulation. The error remains small over the

computational interval, consistent with the temporal convergence behavior reported in Table 3.
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U(x,t)

Figure 2. Numerical solution over the space-time domain for M = 2000 and N = 160.

%108

|B(x,8) — Ulz, )|

Figure 3. Absolute error surface over the space-time domain for M = 2000 and N = 160.

8.8 Discussion of Results

The numerical experiments presented in this section provide numerical evidence supporting the theoretical convergence properties of the
proposed fully discrete cubic trigonometric B-spline VO-L1 collocation scheme. The simultaneous space—time refinement study shows
a systematic reduction in both the RMSE and the maximum-norm error as the spatial and temporal meshes are refined. The observed
convergence rates remain close to two, which is consistent with the theoretical convergence estimate established in Section 7. The spatial
convergence study, performed with a sufficiently fine temporal discretization, confirms the expected second-order spatial accuracy of the
cubic trigonometric B-spline collocation scheme. Similarly, the temporal convergence study, carried out with a sufficiently fine spatial mesh,
shows convergence behavior consistent with the theoretical temporal order of 2 — Apax associated with the VO-L1 approximation. For the
selected variable-order function A (z) = e~ /300, one has Amax = 1/300, so that the theoretical temporal order is 2 — Agax =2 — Wlo ~1.9967,
which is practically second order. The pointwise comparison and the graphical results further demonstrate the close agreement between the
numerical and exact solutions over the computational domain. The error distributions remain small for the considered spatial and temporal
discretizations, in agreement with the quantitative error measures reported in the preceding subsections.

Overall, the numerical results are consistent with the theoretical stability and convergence analysis presented in Section 7. In particular,

they confirm the expected second-order spatial behavior and the nearly second-order temporal convergence predicted for the selected
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Figure 4. Spatial distribution of the numerical error at ¢t = Ty for M = 2000 and N = 160.
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Figure 5. Temporal evolution of the numerical error for M = 2000 and N = 160.

variable-order fractional derivative. These results support the accuracy and numerical reliability of the proposed cubic trigonometric B-spline

VO-L1 collocation method for the variable-order time-fractional diffusion problem considered in this work.

9 Conclusion

In this paper, a cubic trigonometric B-spline collocation method combined with the variable-order L1 (VO-L1) approximation has been
proposed for the numerical solution of variable-order time-fractional diffusion equations. The proposed approach combines the spatial
approximation capability of cubic trigonometric B-splines with the flexibility of the VO-L1 discretization for the variable-order Caputo
fractional derivative.

A fully discrete formulation was constructed by coupling the spline-based spatial discretization with the VO-L1 temporal approximation.
The resulting algebraic system has a tridiagonal structure, which allows an efficient solution by the Thomas algorithm. The Dirichlet
boundary conditions are incorporated systematically into the resulting matrix formulation.

The theoretical analysis established the stability of the proposed fully discrete scheme under a uniform boundedness assumption on the
inverse of the coefficient matrix. Furthermore, the convergence analysis showed that the global error is bounded by & (h)zc + ht2 71‘“"“) , where

Amax = maxo<;<7; A(¢). Thus, the method is second-order accurate in space, while its temporal convergence order is 2 — Amax. For the
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variable-order function considered in the numerical experiments, Amax = 1/300, giving a temporal order of approximately 1.9967, which is
practically second order.

Several numerical experiments based on a manufactured exact solution were performed to assess the accuracy and convergence behavior
of the proposed method. The numerical results showed a systematic reduction in both the RMSE and the maximum-norm error under
mesh refinement. The spatial convergence study confirmed the expected second-order spatial accuracy, while the temporal convergence
study exhibited rates consistent with the predicted high-order temporal convergence. The pointwise comparisons and graphical results also
demonstrated close agreement between the numerical and exact solutions over the computational domain.

Overall, the theoretical and numerical results demonstrate that the proposed cubic trigonometric B-spline VO-L1 collocation method
provides an accurate and stable numerical framework for the class of variable-order time-fractional diffusion problems considered in this
work. The tridiagonal structure of the resulting algebraic system also supports an efficient computational implementation.

While the proposed method performs well for smooth variable-order functions and one-dimensional problems, its application to
problems with non-smooth or rapidly changing orders requires further investigation. Additionally, the method currently relies on the
assumption that the coefficient matrix remains nonsingular and that its inverse remains uniformly bounded for all considered discretization
parameters. This assumption may require further analysis for extreme mesh sizes or more general problem settings. Extending the method
to two- and three-dimensional problems, as well as to nonlinear variable-order fractional equations, represents a natural and important
direction for future work. The development of more efficient memory-reduction techniques for large-scale, long-time simulations is also
worth exploring.

Future research will therefore focus on extending the proposed methodology to multidimensional problems, nonlinear variable-order
fractional models, and more general classes of variable-order fractional partial differential equations arising in scientific and engineering
applications. In addition, the development of efficient memory-handling strategies and improved computational techniques for large-scale

and long-time simulations will be considered.
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