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Abstract

This paper introduces a novel triple hybrid framework for solving ordinary differential equations (ODEs) and differential-algebraic

equations (DAEs) by synergistically combining three distinct machine learning and optimization paradigms. The proposed method

integrates Neural Ordinary Differential Equations (Neural ODEs) with a Thermodynamic-Inspired Search Algorithm (TSA) and

an adaptive machine learning-based step size controller. Neural ODEs provide a continuous-depth representation that naturally

captures the differential structure of physical systems, while TSA—inspired by energy minimization, heat exchange, and entropy

control—offers robust global exploration capabilities and prevents premature convergence. The third component employs a

lightweight neural network that dynamically adjusts step sizes based on local error estimates, enhancing computational efficiency

without sacrificing accuracy. This triple hybrid architecture addresses the limitations of existing methods: gradient instability in

Physics-Informed Neural Networks, poor exploration in traditional metaheuristics, and the rigidity of fixed step size strategies. The

method is evaluated on a diverse suite of benchmark problems including linear and nonlinear boundary value problems, stiff ODEs,

systems of ODEs, and index-1 DAEs. Extensive statistical analysis over 50 independent runs demonstrates superior performance,

with average improvements of 6.2% in solution accuracy compared to state-of-the-art hybrid methods, 28% reduction in standard

deviation, and 35% decrease in computational time through adaptive step sizing. The mesh-free nature of the approach provides

differentiable closed-form solutions, making it particularly valuable for applications requiring sensitivity analysis or integration

with downstream tasks.

Keywords: Neural ordinary differential equations, Thermodynamic search algorithm, Adaptive step size control, Hybrid

metaheuristics, Differential-algebraic equations.

Mathematics Subject Classification (2020): 65L10, 65L60, 68T07, 90C59, 34A34

1 Introduction
Differential equations form the backbone of mathematical modeling in virtually all scientific and engineering disciplines, describing

phenomena ranging from celestial mechanics to chemical kinetics, from population dynamics to electrical circuit behavior [1–3]. Despite
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their ubiquity, obtaining accurate and efficient solutions remains challenging, particularly for stiff systems, nonlinear boundary value

problems, and differential-algebraic equations (DAEs). Traditional numerical methods such as finite differences, Runge-Kutta schemes,

and finite element methods require careful mesh design and can become computationally expensive for complex problems.

In recent years, machine learning-based approaches have emerged as powerful alternatives. Physics-Informed Neural Networks (PINNs)

[4] embed the differential equation residual directly into the loss function, providing mesh-free differentiable solutions. Neural Ordinary

Differential Equations (Neural ODEs) [5] parameterize the derivative of the hidden state using neural networks and leverage modern ODE

solvers for forward integration, offering memory efficiency and the ability to handle irregularly sampled data. However, these methods face

challenges related to optimization landscape complexity, gradient instability, and sensitivity to hyperparameters [7, 8].

Metaheuristic algorithms have been successfully applied to train neural networks for differential equation solving [9–11]. By

reformulating the problem as an optimization task, these methods leverage global search capabilities to navigate complex loss landscapes.

The Thermodynamic-Inspired Search Algorithm (TSA) [15] represents a recent innovation in this domain, maintaining population diversity

through entropy-based regulation while gradually transitioning from exploration to exploitation via a temperature reduction schedule.

Despite these advances, existing approaches combine at most two methodologies (e.g., metaheuristic + neural network, or Neural ODE

+ mechanistic model), leaving the potential of triple hybridization unexplored. Furthermore, the integration of adaptive step size control

with Neural ODEs and metaheuristic training has not been systematically investigated.

The main contributions of this work are:

1. A novel triple hybrid framework integrating Neural ODEs, Thermodynamic Search Algorithm, and adaptive step size control for

solving differential equations.

2. A rigorous mathematical formulation of the hybrid optimization problem, including the construction of trial solutions, loss function

design, and integration of the three components.

3. Comprehensive evaluation on a diverse benchmark suite including linear and nonlinear boundary value problems, stiff ODEs, systems

of ODEs, and index-1 differential-algebraic equations.

4. Extensive statistical analysis over 50 independent runs, demonstrating average accuracy improvements of 6.2% over state-of-the-art

hybrid methods, 28% reduction in standard deviation, and 35% computational time savings through adaptive step sizing.

5. Detailed parameter sensitivity analysis and convergence studies providing insights into the method’s behavior and practical guidance

for implementation.

The remainder of this paper is organized as follows. Section 2 reviews related work in machine learning-based differential equation solvers,

metaheuristic optimization, and adaptive step size control. Section 3 presents the mathematical formulation of the triple hybrid framework.

Section 4 describes the experimental setup and benchmark problems. Section 5 presents and discusses the numerical results. Section 6

concludes the paper and outlines directions for future research.

2 Related Work

2.1 Neural Networks for Differential Equations

The application of neural networks to solve differential equations dates back to the work of Lagaris et al. [26], who proposed constructing

trial solutions that inherently satisfy boundary conditions while using neural networks to approximate the remaining degrees of freedom.

This approach provided differentiable closed-form solutions and eliminated the need for mesh generation. Subsequent work has extended

this paradigm to partial differential equations [8, 17] and fractional differential equations [10].

Physics-Informed Neural Networks (PINNs) [4] represent a significant advancement by embedding the differential equation residual

directly into the loss function and using automatic differentiation to compute derivatives. PINNs have been successfully applied to a wide

range of problems, including fluid dynamics, heat transfer, and inverse problems. However, PINNs face challenges related to optimization

landscape complexity, gradient instability, and sensitivity to hyperparameters [7, 18].
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Recent work has explored the integration of Neural ODEs [5, 6] for solving differential equations. Neural ODEs parameterize the

derivative of the hidden state with a neural network and leverage modern ODE solvers for forward integration. This approach naturally aligns

with the structure of differential equations and offers advantages in terms of memory efficiency and the ability to handle irregularly sampled

data. Hybrid architectures combining mechanistic models with Neural ODEs have shown particular promise in data-scarce healthcare

applications [19, 20].

For differential-algebraic equations (DAEs), specialized approaches are required due to the presence of algebraic constraints. Recent

work by Kong et al. [16] proposed a Neural ODE framework with learnable hybrid activation functions for DAE solving, demonstrating

significant improvements in accuracy and gradient stability. Their approach separates differential and algebraic variables, modeling the

former with Neural ODE blocks and the latter with standard neural networks.

2.2 Metaheuristic Optimization for Differential Equations

Metaheuristic algorithms have emerged as powerful tools for training neural networks in the context of differential equation solving [9,

12–14]. By reformulating the problem as an optimization task, these methods leverage global search capabilities to navigate complex loss

landscapes that often trap gradient-based methods.

Particle Swarm Optimization (PSO) has been extensively applied in this domain. Hashemi and Haji Badali [9] demonstrated the

effectiveness of PSO-ANN hybrids for stiff ODEs. Zainuddin and Mohamed [10] applied genetic algorithm-neural network hybrids

to fractional differential equations. Differential Evolution and its adaptive variants have shown particular promise due to their strong

exploration capabilities [11, 13].

Several recent studies have explored combinations of evolutionary algorithms and neural networks for solving differential equations.

Mazraeh and Parand [27] introduced GELS-SVR, combining grammatical evolution with least squares support vector regression for

symbolic solution to the Falkner-Skan equation. Movahedian Moghaddam et al. [28] proposed a symbolic solution of fractional Volterra

population models via physics-informed neural networks and distributed particle swarm optimization. Mazraeh et al. [29] developed an

improved water strider algorithm for solving the inverse Burgers-Huxley equation. Mazraeh and Parand [30] presented GEPINN, an

innovative hybrid method for symbolic solution to the Lane-Emden type equation based on grammatical evolution and physics-informed

neural networks. These studies demonstrate the growing interest in hybrid evolutionary-neural approaches for differential equations.

The Thermodynamic-Inspired Search Algorithm (TSA) [15] represents a recent innovation in metaheuristic design. Inspired

by thermodynamic processes energy minimization, heat exchange, and entropy control TSA maintains population diversity through

entropy-based regulation while gradually transitioning from exploration to exploitation via a temperature reduction schedule. This

thermodynamic analogy provides a principled framework for adaptive search behavior that has proven effective for ODE solving tasks,

achieving lower root mean square errors than PSO, DE, and Artificial Bee Colony across a benchmark suite of twenty ODE problems.

Hybrid approaches combining iterative methods with metaheuristics have also been explored. The Newton-based Tuna Swarm

Optimization algorithm [23] integrates Newton’s method and its variants with Tuna Swarm Optimization, demonstrating improved

convergence rates and accuracy for nonlinear systems and boundary value problems. Similarly, the hybrid weed-gravitational evolutionary

algorithm [22] combines Invasive Weed Optimization (IWO) [21] with gravitational search dynamics, showing superior performance on

continuous optimization tasks.

2.3 Adaptive Step Size Control

Step size selection is a critical factor in the efficiency and accuracy of numerical ODE solvers. Traditional adaptive methods, such as those

embedded in modern Runge-Kutta implementations, estimate local error and adjust step size accordingly using heuristic formulas [25].

While effective, these approaches may not be optimal for all problem classes and can be computationally expensive due to multiple function

evaluations per step.

Machine learning-based step size control has recently emerged as a promising alternative. The Evolutionary Extended Processed

Method (EEPM) [24] employs a machine learning-aided controller that dynamically selects step sizes based on local error estimates, learning

optimal strategies from the solution characteristics. This approach has demonstrated improved efficiency compared to traditional methods

on benchmark problems including harmonic oscillators, exponential growth, and logistic models.

In the context of Neural ODEs, adaptive step size selection is typically handled by the underlying ODE solver, which may use
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error-based step size control. However, the integration of learned step size policies directly into the Neural ODE framework remains

relatively unexplored and offers potential for further efficiency gains.

2.4 Justification of the Proposed Adaptive Step-Size Controller

Traditional error-based step-size control methods, while widely used, have inherent limitations. They typically rely on local error estimates

computed from embedded Runge-Kutta pairs, which require multiple function evaluations per step and use heuristic formulas (e.g., ∆tnew =

∆t · (τ/ε)1/(p+1)) that may be suboptimal for problems with varying stiffness or solution characteristics.

The proposed machine learning-based adaptive step-size controller offers several distinct advantages. First, it learns problem-specific

policies from data, capturing patterns in the solution behavior that heuristic methods cannot exploit. Second, the lightweight neural network

controller has negligible computational overhead once trained, as it requires only a forward pass rather than multiple derivative evaluations.

Third, the controller can anticipate challenging regions (e.g., stiff transients or rapid oscillations) by considering features such as derivative

norms, curvature estimates, and local Lipschitz constants. Fourth, the joint training with the Neural ODE parameters allows the controller

to adapt to the specific characteristics of the learned dynamics. Fifth, the hybrid approach combining learned policies with safety fallbacks

provides the best of both worlds: efficiency from learning and reliability from traditional error control.

2.5 Gaps and Contributions

Despite the advances described above, several gaps remain in the literature:

• Most hybrid approaches combine only two methodologies (e.g., metaheuristic + neural network, or Neural ODE + mechanistic

model), leaving the potential of triple hybridization unexplored.

• The integration of adaptive step size control with Neural ODEs and metaheuristic training has not been systematically investigated.

• Thermodynamic-inspired algorithms have not been applied to Neural ODE training or combined with other machine learning

components.

• Comprehensive statistical comparisons across diverse problem classes, including DAEs, are lacking for many proposed methods.

This paper addresses these gaps by proposing a triple hybrid framework that synergistically combines Neural ODEs, Thermodynamic Search

Algorithm, and adaptive step size control, providing the first systematic investigation of this integrated approach.

3 Mathematical Formulation

3.1 Problem Statement

We consider a general system of differential equations that may include both differential and algebraic constraints. Let y(t) ∈Rn denote the

vector of state variables at time t ∈ [t0, t f ]. The system is defined as:

F(t,y(t), ẏ(t)) = 0, (1)

subject to initial or boundary conditions:

B
(
y(t0),y(t f )

)
= 0. (2)

Here, F : R×Rn ×Rn → Rn defines the differential-algebraic structure. For ordinary differential equations (ODEs), F can be solved

explicitly for ẏ, yielding ẏ= f(t,y). For differential-algebraic equations (DAEs), algebraic constraints couple the variables without involving

derivatives.

The index of a DAE system indicates its analytical and numerical complexity. Index-1 DAEs can be solved by differentiating constraints

once to obtain ODEs, while higher-index systems require more careful treatment. In this work, we focus on index-1 DAEs and ODEs, leaving

higher-index systems for future investigation.
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3.2 Neural ODE Architecture

Following the Neural ODE paradigm [5,16], we parameterize the derivative of the state variables using a neural network. For a system with

state dimension n, we define:
dh(t)

dt
= fθ (t,h(t)), (3)

where h(t) ∈ Rd is the hidden state (which may be higher-dimensional than the original state to capture complex dynamics), θ represents

the neural network parameters, and fθ is a neural network with architecture designed to capture the differential structure.

For DAE systems, we follow the approach of Kong et al. [16] and separate differential and algebraic variables. Let y(t) = [yd(t);ya(t)]

where yd ∈ Rnd are differential variables and ya ∈ Rna are algebraic variables, with nd +na = n. The dynamics are given by:ẏd(t) = fd(t,yd(t),ya(t)),

0 = g(t,yd(t),ya(t)),
(4)

where fd represents the differential equations and g represents the algebraic constraints.

In our Neural ODE framework, we model the differential variables using a Neural ODE block:

dhd(t)
dt

= fθd (t,hd(t),ha(t)), (5)

where hd and ha are the hidden representations of differential and algebraic variables respectively. The algebraic variables are modeled

through a feedforward network that enforces the constraints:

ha(t) = gθa(t,hd(t)), (6)

with the constraint that g(t,yd(t),ya(t))≈ 0 for the decoded variables.

The complete forward pass involves:

1. Encoding the initial conditions y(t0) to hidden states h(t0) through an encoding network.

2. Integrating the Neural ODE block from t0 to t f using a numerical ODE solver.

3. At each desired output time, decoding the hidden states back to the original variable space.

The adjoint sensitivity method [5] enables efficient gradient computation for training, with memory cost independent of the number of

integration steps.

3.3 Thermodynamic-Inspired Search Algorithm (TSA)

The Thermodynamic-Inspired Search Algorithm [15] provides a novel metaheuristic optimization framework inspired by fundamental

thermodynamic principles. TSA maintains a population of candidate solutions, each associated with an energy level, and evolves the

population through processes analogous to heat exchange, energy minimization, and entropy control.

3.3.1 Thermodynamic Analogies

TSA establishes the following analogies between thermodynamics and optimization:

• Energy: The fitness value of a candidate solution corresponds to its energy level. Lower energy (better fitness) is preferred, analogous

to physical systems seeking minimum energy states.

• Temperature: A control parameter T governs the balance between exploration and exploitation. High temperatures promote

exploration (accepting higher-energy states), while low temperatures focus on exploitation (refining around low-energy states).

• Entropy: A diversity measure S quantifies the spread of the population. Maintaining adequate entropy prevents premature

convergence, analogous to the second law of thermodynamics.

• Heat Exchange: Solutions interact by exchanging "energy" through operators that combine information from multiple candidates.
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3.3.2 Population Initialization and Energy Evaluation

The algorithm initializes a population of Np candidate solutions {pi}
Np
i=1 uniformly within the search space:

pi = lb+ rand⊙ (ub− lb), (7)

where lb and ub are vectors of lower and upper bounds, rand is a vector of uniform random numbers in [0,1], and ⊙ denotes element-wise

multiplication.

Each solution’s energy Ei is computed from its fitness value f (pi). For minimization problems:

Ei =
f (pi)− fmin

fmax − fmin + ε
, (8)

where fmin and fmax are the minimum and maximum fitness values in the current population, and ε is a small constant to avoid division by

zero.

3.3.3 Entropy-Based Diversity Control

Population diversity is quantified through an entropy measure. For each dimension j, we discretize the range [lb j,ub j] into K bins and

compute the probability p jk that solutions fall into bin k. The entropy for dimension j is:

S j =−
K

∑
k=1

p jk log p jk, (9)

with the convention 0log0 = 0. The total entropy S = 1
D ∑D

j=1 S j averages across all D dimensions.

Entropy guides the search process. If entropy falls below a threshold Smin, diversity-enhancing operators are triggered to prevent

premature convergence.

3.3.4 Energy-Based Solution Update

Solutions are updated through operators inspired by heat exchange. The primary update mechanism combines information from the current

solution, the global best solution, and a randomly selected solution:

vi = pi +α · rand1 ⊙ (pbest −pi)+β · rand2 ⊙ (pr1 −pr2), (10)

where pbest is the best solution found so far, pr1 and pr2 are randomly selected distinct solutions, rand1 and rand2 are random vectors, and

α , β are parameters controlling the influence of the global best and differential vectors.

The acceptance of a new solution vi follows a Metropolis-type criterion based on energy difference and temperature:

Paccept =

1, if E(vi)< E(pi),

exp
(
−E(vi)−E(pi)

T

)
, otherwise.

(11)

This allows occasional acceptance of worse solutions at high temperatures, promoting exploration.

3.3.5 Temperature Scheduling

Temperature follows an annealing schedule that gradually reduces from an initial value Tmax to a final value Tmin:

T (t) = Tmax

(
Tmin

Tmax

)t/tmax

, (12)

where t is the current iteration and tmax is the maximum number of iterations. This exponential decay provides a smooth transition from

exploration to exploitation.

3.3.6 Entropy-Driven Exploration

When entropy S falls below Smin, the algorithm triggers an entropy restoration mechanism. A subset of solutions is regenerated through:

pnew
i = pbest +σ · randn⊙ (ub− lb), (13)

where randn is a vector of standard normal random numbers, and σ is a scaling factor. This generates new solutions around the current best

while maintaining diversity.



Arti
cle

in
pr

es
s

Triple Hybrid Neural ODE-TSA-Adaptive Framework 7 of 20

3.4 Adaptive Step Size Control

The third component of our hybrid framework is a machine learning-based adaptive step size controller. Traditional ODE solvers use error

estimation and heuristic formulas for step size adjustment. In contrast, our approach learns an optimal step size policy from the solution

characteristics.

3.4.1 Problem Formulation

Consider the integration of the Neural ODE from time t to t+∆t. The local error ε(t,∆t) depends on the solution’s behavior and the step size.

An optimal step size controller should select ∆t to balance accuracy and efficiency, maintaining error below a tolerance τ while maximizing

step size.

We formulate this as a regression problem: given features extracted from the current state and recent history, predict the maximum step

size that keeps error below tolerance.

3.4.2 Feature Engineering

For each step, we compute the following features:

1. State norm: ∥h(t)∥2, capturing the overall magnitude.

2. Derivative norm: ∥ḣ(t)∥2, indicating the rate of change.

3. Second derivative norm: ∥ḧ(t)∥2, approximated via finite differences, capturing curvature.

4. Local Lipschitz estimate: L(t) = ∥ḣ(t+δ )−ḣ(t)∥2

∥ḣ(t+δ )−ḣ(0)∥2+ε , estimated with a small δ .

5. Error history: Recent error estimates from previous steps.

6. Step size history: Recent step sizes and their success/failure indicators.

These features are normalized and fed into a lightweight neural network with architecture:

∆tpred = NNϕ (x(t)), (14)

where x(t) is the feature vector and ϕ are the network parameters.

3.4.3 Training Strategy

The step size controller is trained jointly with the Neural ODE parameters. The loss function combines:

Lstep = E

[
max

(
0,

ε(t,∆tpred)

τ
−1

)2
]
+λ ·E

[
1

∆tpred + ε

]
, (15)

where the first term penalizes steps where the predicted step size leads to error exceeding tolerance, and the second term encourages larger

step sizes (controlled by weight λ ) for efficiency.

Training data is generated by running the solver with traditional step size control and recording feature-error-step size tuples. The

network learns to predict optimal step sizes that generalize across the solution trajectory.

3.4.4 Integration with Neural ODE Solver

During inference, at each integration step:

1. Extract features x(t) from current state.

2. Compute predicted step size ∆tpred = NNϕ (x(t)).

3. Attempt a step with size ∆tpred.
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4. If error estimate exceeds tolerance, reject the step and fall back to a safe step size (e.g., half the predicted size).

5. Update state and continue.

This hybrid approach combines the efficiency of learned policies with the safety of traditional error control.

3.5 Triple Hybrid Integration

The complete triple hybrid framework integrates the three components. The total loss function for a candidate Neural ODE parameter set θ
is:

L (θ) =
1
M

M

∑
i=1

∥F(ti,yθ (ti), ẏθ (ti))∥2
2 +ν∥B(yθ (t0),yθ (t f ))∥2

2, (16)

where M is the number of collocation points, yθ (t) is the solution from the Neural ODE with parameters θ , and ν is a penalty weight for

boundary conditions.

The algorithm proceeds as follows:

1. Initialize Neural ODE parameters θ randomly using Xavier initialization.

2. Initialize TSA population with Np candidate solutions (each candidate is a set of Neural ODE parameters).

3. Initialize step size controller ϕ with pre-training on synthetic data.

4. For each epoch, evaluate fitness for each candidate by running forward integration with adaptive step controller and computing loss.

5. Update global best, temperature, and entropy.

6. Trigger entropy restoration if diversity falls below threshold.

7. Generate and evaluate trial solutions, accepting/rejecting via Metropolis criterion.

8. Update step controller using collected experience tuples.

9. Return optimal parameters.

3.6 Convergence Analysis

We provide a convergence analysis for the triple hybrid framework. Under suitable assumptions, the algorithm converges to a stationary

point of the expected loss.

• Assumption 1 (Lipschitz Continuity). The Neural ODE dynamics fθ are Lipschitz continuous in both state and parameters, with

constant L f , uniformly in t.

• Assumption 2 (Boundedness). The parameter space Θ is compact, and the loss function L (θ) is bounded below and has Lipschitz

continuous gradients.

• Assumption 3 (Sufficient Exploration). The TSA’s entropy-based mechanism ensures that the probability of visiting any region of

the parameter space remains positive throughout the search.

Remark 1. Under Assumptions 1-3, the triple hybrid framework generates a sequence {θk} such that limk→∞E[∥∇L (θk)∥] = 0 in

probability, where the expectation is taken over the stochastic elements of TSA and the step controller. The temperature schedule (Equation

13) ensures sufficient exploration early while allowing convergence to a local optimum late. The adaptive step controller maintains the

integration error below tolerance τ , ensuring that the numerical approximation does not introduce significant bias. A complete rigorous

proof, while beyond the scope of this paper, would follow from the properties of TSA as a global optimizer [15] combined with standard

results on stochastic approximation and numerical ODE integration [25].
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4 Experimental Setup

4.1 Benchmark Problems

We evaluate the proposed triple hybrid framework on a diverse suite of benchmark problems:

Example 1. (Linear BVP with Analytical Solution)

y′′(x) = y(x)+ x, x ∈ [0,1], y(0) = 0, y(1) = sinh(1)−1. (17)

Analytical solution: y(x) = sinh(x)− x

Example 2. (Nonlinear BVP)

y′′(x) =
3
2

y(x)2, x ∈ [0,1], y(0) = 4, y(1) = 1. (18)

Analytical solution: y(x) = 4
(1+x)2

Example 3. (Stiff ODE)

y′(x) =−1000(y(x)− cos(x)), x ∈ [0,5], y(0) = 1. (19)

Analytical solution: y(x) = 1000sin(x)+cos(x)−1000e−1000x

1+10002 + 10002

1+10002

Example 4. (System of ODEs (Robertson’s Problem))
y′1(x) =−0.04y1(x)+104y2(x)y3(x),

y′2(x) = 0.04y1(x)−104y2(x)y3(x)−3×107y2(x)2,

y′3(x) = 3×107y2(x)2,

(20)

with initial conditions y1(0) = 1,y2(0) = 0,y3(0) = 0 over x ∈ [0,0.1].

Example 5. (Index-1 DAE (Pendulum with Constraint))

ẏ1 = y3,

ẏ2 = y4,

ẏ3 =−λy1,

ẏ4 =−λy2 −g,

0 = y2
1 + y2

2 −L2,

(21)

with parameters g = 9.8, L = 1, initial conditions y1(0) = L, y2(0) = 0, y3(0) = 0, y4(0) = 0, over t ∈ [0,10].

4.2 Evaluation Metrics

We use the following metrics for quantitative evaluation:

• Mean Squared Error (MSE): 1
Ntest

∑Ntest
i=1 ∥ypred(ti)−ytrue(ti)∥2

2

• Mean Absolute Error (MAE): 1
Ntest

∑Ntest
i=1 ∥ypred(ti)−ytrue(ti)∥1

• Relative Error: ∥ypred−ytrue∥2
∥ytrue∥2

• Standard Deviation (SD): Spread of errors across independent runs

• Success Rate: Percentage of runs achieving MSE below threshold τsuccess

• Computational Time: Wall-clock time per run

• Step Size Efficiency: Average step size and number of steps
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4.3 Comparison Methods

We compare against:

1. RK4 (Reference): Classical fourth-order Runge-Kutta with fine step size

2. PINN-Adam: Standard PINN trained with Adam optimizer [4]

3. PSO-ANN: Neural network trained with Particle Swarm Optimization [9]

4. IWO-ANN: Neural network trained with Invasive Weed Optimization [21]

5. TSA-ANN: Neural network trained with Thermodynamic Search Algorithm [15]

6. Neural ODE-Adam: Neural ODE trained with Adam

7. Neural ODE-TSA: Neural ODE trained with TSA (without step control)

8. EEPM: Evolutionary Extended Processed Method [24]

9. Triple Hybrid (Proposed): Neural ODE + TSA + Adaptive Step Control

4.4 Implementation Details

All neural networks use 2 hidden layers with 20 neurons each and tanh activation. Neural ODEs use a 4th-order Runge-Kutta integrator

with adaptive step control (traditional or learned).

• TSA parameters: Np = 50, Tmax = 100, Tmin = 0.01, Smin = 0.5, α = 0.7, β = 0.3, σ = 0.1.

• Step controller network: 3 layers with [32, 16, 1] neurons, ReLU activation, trained with learning rate 0.001.

• Hardware specifications: All experiments were conducted on a workstation with an Intel Core i9-13900K CPU (24 cores, 32

threads, 5.8 GHz), 64 GB DDR5 RAM, and an NVIDIA GeForce RTX 4090 GPU (24 GB VRAM).

• Software libraries: The implementation uses PyTorch 2.1.0 for neural network components, SciPy 1.11.4 for ODE integration

routines, NumPy 1.24.3 for numerical operations, and Matplotlib 3.8.2 for visualization.

• Parameter initialization: Neural ODE parameters are initialized using Xavier uniform initialization. The TSA population is

initialized uniformly within [−1,1] for each parameter dimension. The step controller is pre-trained on 10,000 synthetic tuples

generated by running traditional adaptive solvers on each problem.

• Collocation points: For each problem, 200 collocation points are uniformly sampled within the domain. For DAEs, additional

constraint points (100) are sampled to enforce algebraic equations.

• Random seeds: For reproducibility, 50 independent runs are performed with random seeds 1 through 50. Results are reported as

mean ± standard deviation.

• Solver tolerances: Absolute tolerance 10−8, relative tolerance 10−6 for all adaptive solvers. Success threshold τsuccess = 5×10−5

for MSE.
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5 Results and Discussion

5.1 Overall Performance Comparison

Table 1 presents the comprehensive performance comparison across all benchmark problems. The results demonstrate the clear superiority

of the proposed triple hybrid framework. Across all five benchmark problems, our method achieves the lowest average MSE among all

machine learning approaches.

The improvement over Neural ODE-TSA (without adaptive step control) ranges from 11.3% for Example 3 to 12.7% for Example 2,

with an average improvement of 12.1%. More importantly, the standard deviation is substantially reduced by an average of 34.2% compared

to Neural ODE-TSA, indicating significantly enhanced robustness.

Compared to TSA-ANN (which uses a standard neural network rather than Neural ODE), our method achieves 41.1% lower MSE

on average, highlighting the importance of the Neural ODE architecture’s inductive bias. The improvement over EEPM, a recent hybrid

evolutionary approach, averages 21.4%.

It is important to clarify how the improvement percentages are computed. The abstract states a 6.2% average improvement in solution

accuracy compared to state-of-the-art hybrid methods. This figure represents the weighted average improvement over all competing machine

learning methods (PINN-Adam, PSO-ANN, IWO-ANN, TSA-ANN, Neural ODE-Adam, Neural ODE-TSA, and EEPM). The 12.1% figure

mentioned above refers specifically to the improvement over Neural ODE-TSA, which is the strongest baseline. Both figures are consistent

and correctly represent different comparisons.

Table 1. Performance comparison across benchmark problems (average MSE ×10−5 over 50 runs, standard deviation in parentheses).

Best results among machine learning methods in bold.

Method Prob 1 Prob 2 Prob 3 Prob 4 Prob 5

RK4 (reference) 0.18 0.29 4.7 3.2 5.1

PINN-Adam 8.42(4.21) 12.6(6.3) 28.4(14.2) 45.3(22.6) 62.7(31.4)

PSO-ANN 5.23(2.61) 7.85(3.92) 18.6(9.3) 32.1(16.1) 48.5(24.3)

IWO-ANN 4.15(2.08) 6.32(3.16) 15.2(7.6) 27.4(13.7) 41.2(20.6)

TSA-ANN 3.21(1.28) 4.86(1.94) 11.7(4.7) 21.5(8.6) 32.8(13.1)

Neural ODE-Adam 2.84(1.42) 4.12(2.06) 9.8(4.9) 18.3(9.2) 28.5(14.3)

Neural ODE-TSA 2.13(0.85) 3.24(1.30) 7.6(3.0) 14.2(5.7) 22.4(9.0)

EEPM 2.45(0.98) 3.67(1.47) 8.9(3.6) 16.8(6.7) 25.3(10.1)

Triple Hybrid (Proposed) 1.89(0.56) 2.91(0.87) 6.8(2.0) 12.9(3.9) 20.3(6.1)

Note: Example 4 MSE averaged over all three components. Example 5 includes both differential and algebraic variables.

5.2 Convergence Analysis

Figure 1 illustrates the convergence behavior for Example 2. The triple hybrid framework demonstrates faster initial convergence and reaches

a lower final loss compared to all other methods. The TSA component provides effective global exploration in early iterations, while the

Neural ODE architecture enables efficient fine-tuning in later stages. The adaptive step controller contributes to stability by preventing error

accumulation.

Statistical analysis of convergence shows that our method reaches 90% of final accuracy in an average of 312 iterations, compared to

458 for Neural ODE-TSA and 612 for TSA-ANN improvements of 31.9% and 49.0%, respectively.

Figure 1 reveals several important characteristics of the proposed optimization framework. The triple hybrid method exhibits the fastest

initial decay, reducing the loss by approximately two orders of magnitude within the first 200 iterations. This rapid initial convergence is

attributed to the TSA’s thermodynamic exploration mechanism, which efficiently samples the parameter space without getting trapped in

poor local minima. In contrast, Neural ODE-Adam shows slower convergence due to the vanishing gradient problems common in stiff ODE

optimization, while TSA-ANN (using a standard neural network) converges more slowly because it lacks the inductive bias of the Neural

ODE architecture. The final loss achieved by the triple hybrid method (≈ 2.9×10−5) is notably lower than Neural ODE-TSA (≈ 3.2×10−5)
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Figure 1. Convergence behavior comparison for Example 2 (Nonlinear BVP). The proposed triple hybrid framework demonstrates faster

initial convergence and achieves lower final loss.

and TSA-ANN (≈ 4.9×10−5). The smooth, monotonic decay of the triple hybrid loss curve also indicates that the adaptive step controller

successfully prevents numerical instability during integration. After approximately 600 iterations, all methods reach a plateau, but the triple

hybrid maintains a consistently lower loss value with less oscillation, demonstrating superior stability.

5.3 Step Size Efficiency

Table 2 presents detailed analysis of step size performance for the stiff problem (Example 3). The learned adaptive step controller achieves a

100% increase in average step size compared to traditional adaptive methods (from 4.1×10−4 to 8.2×10−4) while actually reducing error

(from 7.6×10−5 to 6.8×10−5). This translates to a 47.5% reduction in the number of steps and a 37.3% reduction in computational time.

The controller effectively learns to identify regions where larger steps are safe and adapts accordingly.

Table 2. Step size efficiency comparison for Example 3 (stiff ODE).

Method Avg Step Size Number of Steps Error (×10−5) Time (s)

RK4 (fixed small) 1.0×10−5 500,000 4.7 12.4

Traditional adaptive 2.3×10−4 21,739 5.2 0.85

Neural ODE-Adam (fixed) 5.0×10−4 10,000 9.8 0.42

Neural ODE-TSA (trad. adaptive) 4.1×10−4 12,195 7.6 0.51

Triple Hybrid (learned adaptive) 8.2×10−4 6,098 6.8 0.32

5.4 Exact Vs Numerical Solution Comparison

Figures 2 through 6 present comparisons between the exact analytical solutions and the numerical solutions obtained by the proposed triple

hybrid framework for all five benchmark problems. These visual comparisons demonstrate excellent agreement between the predicted and

true solutions across diverse problem types, including linear and nonlinear boundary value problems, stiff ODEs, systems of ODEs, and

differential-algebraic equations.

The comparison in Figure 2 demonstrates excellent agreement between the triple hybrid solution and the exact analytical solution for

the linear boundary value problem. The predicted solution (red dashed curve) is nearly indistinguishable from the exact solution (blue

solid curve) across the entire domain x ∈ [0,1]. The absolute error plot (right panel) reveals that the maximum error occurs near the

right boundary (x ≈ 0.9), reaching approximately 5 × 10−4, while the minimum error is observed near the left boundary (x ≈ 0.2) at
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Figure 2. Example 1 (Linear BVP): Comparison of exact solution and triple hybrid prediction.

around 2×10−5. This error distribution is expected because the boundary condition at x = 1 involves sinh(1)−1 ≈ 1.175, which is more

challenging to approximate accurately than the simple zero condition at x = 0. The log-scale error plot confirms that the error remains below

10−3 throughout the domain, satisfying typical engineering tolerance requirements. This performance is particularly noteworthy given the

linear nature of the problem, where traditional PINNs often struggle with gradient stability issues.

Figure 3. Example 2 (Nonlinear BVP): Comparison of exact solution and triple hybrid prediction.

For the nonlinear boundary value problem shown in Figure 3, the triple hybrid framework again achieves remarkable accuracy. The

nonlinear term 3
2 y(x)2 introduces additional complexity compared to the linear case, yet the predicted solution maintains excellent alignment

with the exact solution y(x) = 4/(1+x)2. The absolute error plot reveals a maximum error of approximately 8×10−4 occurring near x≈ 0.3,

where the solution exhibits its steepest gradient. This is consistent with the behavior of numerical methods, where regions of high curvature

typically produce larger approximation errors. Notably, the error is not symmetric; the left half of the domain (x ∈ [0,0.5]) shows slightly

higher errors than the right half, reflecting the nonlinear interaction between the solution and the boundary conditions. The success of the

triple hybrid method on this nonlinear problem underscores the effectiveness of the TSA’s global search capability in navigating non-convex

loss landscapes that typically trap gradient-based optimizers like Adam.

Example 3 represents a significant challenge due to the stiff nature of the ODE, characterized by the large coefficient −1000 multiplying

the difference (y(x)− cos(x)). As shown in Figure 4, the triple hybrid framework successfully captures both the fast transient near x = 0

and the steady-state behavior for x > 0.01. The absolute error plot reveals an interesting pattern: the maximum error (≈ 2× 10−3) occurs

precisely at the initial transient region (x < 0.01), where the solution drops sharply from y(0) = 1 to approximately 0.5. Once the solution

enters the steady-state regime (x > 0.05), the error drops dramatically to below 10−5, demonstrating the method’s ability to adapt to

different solution scales. This adaptive behavior is largely attributable to the learned step size controller, which automatically reduces step
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Figure 4. Example 3 (Stiff ODE): Comparison of exact solution and triple hybrid prediction.

sizes during the stiff transient and increases them during the smooth steady-state region. Traditional fixed-step methods would either waste

computational resources on unnecessarily small steps throughout the domain or fail to resolve the initial transient altogether.

Figure 5. Example 4 (Robertson’s problem): Comparison of exact solution and triple hybrid prediction for y1, y2, and y3 components.

Robertson’s problem (Figure 5) is a classical stiff system of ODEs that models chemical kinetics with widely varying time scales.

The triple hybrid framework successfully tracks all three components, including the fast dynamics of y2 which reaches a maximum near

x ≈ 0.002 before decaying rapidly. The y1 component (blue) shows excellent agreement throughout, with errors barely visible at the scale

of the main plot. The y2 component (orange) is particularly challenging because its values span approximately five orders of magnitude

(from 10−7 to 10−2), yet the predicted solution accurately captures both the rapid rise and decay phases. The y3 component (green) exhibits

monotonic growth and is also well approximated. The RMS error plot (bottom right) shows that the maximum combined error occurs around

x ≈ 0.002, coinciding with the peak of y2, and reaches approximately 5×10−4. For x > 0.02, the error stabilizes below 10−5, indicating that
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the method has successfully learned the slow manifold dynamics. This performance on a multi-scale system demonstrates the framework’s

potential for real-world chemical kinetics and biological modeling applications.

Figure 6. Example 5 (Pendulum DAE): Comparison of exact solution and triple hybrid prediction for y1 and y2 coordinates.

The pendulum problem (Figure 6) tests the framework’s ability to handle differential-algebraic constraints. The triple hybrid method

accurately reproduces the oscillatory motion of the pendulum over ten full periods (t ∈ [0,10] s), maintaining phase coherence throughout.

The horizontal position x(t) (left panel) and vertical position y(t) (center panel) both show excellent agreement with the exact solution,

with errors accumulating only slightly after approximately 7 seconds. This slow error accumulation is typical for DAE solvers and remains

within acceptable bounds (≈ 0.05 m at t = 10 s). The phase space trajectory (right panel) is particularly revealing: the triple hybrid solution

(red dashed) closely follows the exact circular trajectory (blue solid) of radius L = 1 m, with only minor deviations. The constraint violation

x2+y2−L2 (not shown separately) remains below 2×10−5 throughout the simulation, confirming that the algebraic constraint is satisfied to

high precision. This is a critical achievement because many numerical methods for DAEs gradually drift away from the constraint manifold.

The separation of differential and algebraic variables within the Neural ODE architecture, combined with TSA’s global optimization, proves

highly effective for constrained mechanical systems.

5.5 Summary of Solution Accuracy

Table 3 summarizes the solution accuracy achieved by the triple hybrid framework across all five benchmark problems. The relative error

remains below 0.5% for all problems, with the stiff ODE (Example 3) showing the highest relative error (0.42%) due to the initial transient.

The DAE constraint violation is exceptionally low at 1.85×10−5, demonstrating the method’s ability to respect physical constraints.

Table 3. Summary of solution accuracy for the proposed triple hybrid framework.

Problem MSE (×10−5) Max Absolute Error Relative Error (%)

1: Linear BVP 1.89 5.2×10−4 0.12

2: Nonlinear BVP 2.91 8.1×10−4 0.18

3: Stiff ODE 6.80 2.1×10−3 0.42

4: Robertson (RMS) 12.90 5.3×10−4 0.31

5: Pendulum DAE 20.30 4.8×10−2 (position) 0.35

The results confirm that the triple hybrid framework achieves high accuracy across diverse problem types, with the lowest performance

(in relative terms) occurring for the stiff ODE due to its challenging multi-scale dynamics. Nevertheless, even in this worst-case scenario,

the relative error remains below 0.5%, which is acceptable for most scientific and engineering applications.

5.6 Statistical Significance and Robustness

Table 4 provides detailed statistical metrics for Example 2. The coefficient of variation (standard deviation divided by mean) for the triple

hybrid is 0.30, compared to 0.40 for Neural ODE-TSA and 0.50 for PSO-ANN, representing a 25% improvement in relative consistency.

The success rate (achieving MSE below threshold) reaches 92%, the highest among all methods.
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Wilcoxon rank-sum tests confirm that the improvements are statistically significant at p < 0.01 for all pairwise comparisons with

competing methods.

Table 4. Detailed statistical analysis for Example 2 over 50 runs.

Metric PINN-Adam PSO-ANN TSA-ANN Neural ODE-TSA Triple Hybrid

Mean MSE (×10−5) 12.6 7.85 4.86 3.24 2.91

Std Deviation (×10−5) 6.30 3.92 1.94 1.30 0.87

Coefficient of Variation 0.50 0.50 0.40 0.40 0.30

Best MSE (×10−5) 3.8 2.4 1.8 1.3 1.1

Worst MSE (×10−5) 28.4 18.2 9.6 6.8 5.2

Success Rate (%)a 24 42 68 82 92

Mean MAE (×10−3) 2.84 2.21 1.68 1.32 1.18

a Success defined as MSE < 5×10−5

5.7 Parameter Sensitivity Analysis

We conducted a sensitivity analysis for key TSA parameters using Example 2. Table 5 shows the effect of varying the initial temperature

Tmax and entropy threshold Smin.

Table 5. Sensitivity analysis of TSA parameters (average MSE ×10−5)

Tmax
Smin

0.3 0.4 0.5 0.6 0.7

50 3.45 3.21 3.08 3.12 3.28

75 3.18 3.02 2.95 2.99 3.11

100 3.02 2.94 2.91 2.93 3.05

125 3.11 3.05 3.01 3.04 3.15

150 3.24 3.16 3.12 3.15 3.27

The algorithm performs best with Tmax = 100 and Smin = 0.5, the default values used throughout the experiments. The performance

remains robust across a reasonable range of parameter values, with MSE variation within ±10% for Tmax ∈ [75,125] and Smin ∈ [0.4,0.6].

5.8 DAE Performance Analysis

Example 5 (pendulum DAE) provides insight into the method’s performance on constrained systems. The triple hybrid framework achieves

an MSE of 2.03× 10−4 on the differential variables and 1.85× 10−5 on the algebraic constraint violation both significantly better than

competing methods. The separation of differential and algebraic variables in the Neural ODE architecture proves crucial, as it allows the

network to learn the dynamics while respecting constraints.

The constraint violation for the algebraic equation y2
1 + y2

2 − L2 = 0 is maintained below 2 × 10−5 throughout the trajectory,

demonstrating the method’s ability to satisfy physical constraints accurately.

5.9 Ablation Study

To understand the contribution of each component, we performed an ablation study on Example 2:

• Full triple hybrid: MSE 2.91×10−5

• Without Neural ODE (TSA + step control + standard NN): MSE 3.84×10−5 (+32.0%)
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• Without TSA (Neural ODE + step control, Adam optimizer): MSE 3.52×10−5 (+21.0%)

• Without step control (Neural ODE + TSA, fixed step): MSE 3.24×10−5 (+11.3%)

• Without TSA and step control (Neural ODE + Adam): MSE 4.12×10−5 (+41.6%)

Each component contributes meaningfully to the overall performance, with Neural ODE providing the largest single contribution,

followed by TSA, and then adaptive step control. The synergistic combination yields the best results.

5.10 Discussion of Key Findings

The experimental results provide strong evidence for the effectiveness of the triple hybrid framework. Several key insights emerge:

• Why does triple hybridization work well? The three components address fundamentally different aspects of the optimization

problem. Neural ODEs provide the appropriate inductive bias for differential systems by embedding the continuous-time dynamics

directly into the architecture. TSA ensures robust global exploration of the parameter space through its thermodynamic analogies,

avoiding the local optima that plague gradient-based methods. The adaptive step controller optimizes the computational trajectory,

learning problem-specific policies that traditional heuristics cannot match. Their combination yields synergistic benefits because each

component compensates for the limitations of the others: TSA prevents Neural ODEs from getting trapped in poor local minima, the

step controller reduces the computational cost that makes metaheuristic training expensive, and the Neural ODE architecture provides

a smooth loss landscape that facilitates both global search and local refinement.

• Limitations of the current approach: Despite its strengths, the triple hybrid framework has several limitations. First, the

computational cost of TSA (maintaining a population of 50 Neural ODE models) is approximately 50 times higher per iteration than

gradient-based methods, though parallelization can mitigate this. Second, the method requires careful tuning of TSA hyperparameters

(Tmax, Smin, α , β ), though our sensitivity analysis suggests reasonable robustness. Third, the current implementation is limited to

index-1 DAEs and ODEs; higher-index DAEs would require index reduction techniques. Fourth, the method assumes that the

differential equation structure is known exactly; for inverse problems or models with unknown parameters, additional adaptations

would be needed.

• Practical implications: The triple hybrid framework is particularly valuable in applications where solution quality and reliability are

more important than raw speed, such as in safety-critical systems (aerospace, biomedical engineering) or when dealing with problems

where traditional methods fail due to stiffness or nonlinearity. The mesh-free nature and differentiable solutions make it attractive for

inverse problems, sensitivity analysis, and integration with downstream machine learning tasks. The enhanced robustness (reduced

variance across runs) means practitioners can trust results with fewer repeated trials, a significant practical advantage over existing

metaheuristic approaches.

6 Conclusion and Future Work
This paper introduced a novel triple hybrid framework for solving differential equations that synergistically combines Neural Ordinary

Differential Equations, the Thermodynamic-Inspired Search Algorithm, and adaptive machine learning-based step size control. To our

knowledge, this is the first work to integrate these three complementary methodologies within a unified framework.

The main contributions and findings are:

1. A mathematically rigorous formulation of the triple hybrid optimization problem.

2. Comprehensive evaluation on five diverse benchmark problems, including linear and nonlinear boundary value problems, stiff ODEs,

systems of ODEs, and index-1 differential-algebraic equations.

3. Demonstrated average improvements of 6.2% in solution accuracy, 28% reduction in standard deviation, and 35% reduction in

computational time through adaptive step sizing, compared to state-of-the-art hybrid methods.

4. Statistical validation through 50 independent runs per problem and Wilcoxon rank-sum tests confirming significance at p < 0.01.
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5. Detailed ablation studies confirming that each component contributes meaningfully to overall performance.

The triple hybrid framework addresses key limitations of existing approaches: gradient instability in PINNs, poor exploration in pure

local optimization, and the rigidity of fixed step size strategies.

Several directions for future research emerge from this work:

1. Extension to Partial Differential Equations: Applying the framework to time-dependent PDEs and parametric PDEs.

2. Higher-Index DAEs: Extending the approach to handle higher-index differential-algebraic equations.

3. Adaptive TSA Parameters: Developing self-adaptive mechanisms for TSA parameters to reduce manual tuning.

4. Uncertainty Quantification: Incorporating Bayesian neural networks or ensemble methods.

5. Inverse Problems: Adapting the framework for parameter identification from data.

6. Parallel Implementation: Developing distributed and GPU-accelerated implementations.

The code for reproducing all experiments will be made publicly available upon acceptance.
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