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Abstract

Bootstrap is a resampling method based on high calculations, which can help us a lot for statistical inference in cases where the

amount of data that we have is limited. For example, in the design of hydraulic structures such as bridges or dams, etc. there

is a need to estimate hydrological events such as, floods or precipitations by statistical inference of quantiles of a probability

distribution. In this paper, we aim to estimate precipitation quantiles. For calculating this estimation, the confidence interval

for quantiles has been introduced with percentile bootstrap, accelerated bias-corrected bootstrap, t-bootstrap methods; that in this

article, we want to compare these methods with the confidence interval made by the highest density method based on bootstrap

data and we obtain the average length of the confidence intervals as a criterion to evaluate the methods. To calculate the average

length of confidence intervals using different methods, first, the best distribution among commonly used distributions is fitted to the

original data, and its parameters are estimated using the maximum likelihood method, and quantiles are obtained from it. Then, we

continue until the coverage probability of the real quantile reaches the nominal confidence level of 95% by repeating the simulated

bootstrap samples. The results of the performed simulation show that the bootstrap highest density method has the smallest average

length of confidence intervals among all methods. The data used in the article are 24-hour annual maximum precipitation records

in five meteorological stations in Mexico, which are compared with the data of five stations in Gilan province of Iran.
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1 Introduction
Frequency analysis of hydrological data requires determining the magnitude of hydrological variables corresponding to a return period. The

return period is defined as the average time interval (over a long period) at which the magnitude of a hydrological variable is reached or

exceeded [1, 8]. The study and design of hydraulic structures require estimating hydrological events (such as floods, precipitation, etc.)

through statistical inference from a probability distribution. For example, a specified quantile for a probability distribution represents the

magnitude of a hydrological variable (such as river flow or precipitation amount) corresponding to that return period. Usually, determining

quantiles is based on multi-year hydrological observations and statistical analysis of maximum event values. In hydrology, obtaining the
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magnitude of an event corresponding to a return period is not sufficient because there is a level of uncertainty in estimating the parameter

and quantile from a finite sample, which needs to be considered in decision-making. One solution to this problem is obtaining confidence

interval that includes the real value of the desired quantity with a high confidence level. Typically, the confidence interval for the desired

quantity with an estimator θ̂ is obtained using the standard error estimator (S) of estimator θ̂ . For example, a 95% confidence interval is

obtained as θ̂ ± 1.96S (assuming the distribution of the estimator θ̂ is approximately normal), [3]. However, there are many cases where

the assumption of normality of the distribution of the estimator of the desired quantity is not valid, or it is difficult to estimate the standard

error of the estimator. One solution to this problem is to obtain nonparametric confidence intervals, and an important method in this

category is the bootstrap resampling method [5]. The distribution of the assumed statistic (such as mean, quantile, etc.) in the resampling

proposed by [4] is obtained based on the available data. For this purpose, many samples are generated from the original sample using Monte

Carlo simulation. There are two main methods for bootstrap resampling: parametric and nonparametric. In parametric bootstrap, random

samples are generated from the distribution fitted to the data. In nonparametric bootstrap, bootstrap samples are constructed by resampling

with replacement from the original sample. The parametric bootstrap is similar to Monte Carlo simulation, with the difference that the

parameters used in the parametric bootstrap are estimated from the original sample, while the parameters in Monte Carlo simulation are

based on the purposes of the simulation. However, these two methods are similar in practice [8].

Multiple methods have been introduced for constructing confidence intervals from bootstrap samples, among which the percentile

bootstrap (PB), bias-corrected and accelerated bootstrap (BCA), t-bootstrap and bootstrap highest density interval (HDI). Each of these

methods has its own advantages and disadvantages. However, it is not clear which method is more suitable for constructing confidence

intervals for hydrological variables. One criterion for investigating which method is more effective in constructing confidence intervals is to

calculate the coverage probability of each of the constructed confidence intervals.

The coverage probability is defined as the percentage of times that the constructed intervals include the real value of the quantity of

interest (here, quantile). This coverage probability should be consistent with the confidence level of the constructed interval, i.e., for a 95%

confidence level, it is expected that 95% of the constructed intervals cover the real value of the quantity of interest [10]. Another criterion

for evaluating the accuracy of the confidence intervals obtained by these methods can be the shorter length of the confidence intervals. The

third criterion is the smaller number of confidence intervals constructed to achieve the desired coverage probability. That is, the method that

achieves the desired coverage probability with the fewest number of constructed intervals performs better.

From previous research, [2] have evaluated the types of bootstrap confidence intervals and their accuracy. [6] examined the types of

resampling methods and hypothesis testing using bootstrap. [12] and [14] proposed a method for calculating the shortest confidence interval

with the highest density. [19] obtained the coverage probability and mean length of confidence intervals for various bootstrap methods for

symmetric continuous distributions such as normal, uniform, Cauchy, and Laplace. [8] investigated the coverage probability for quantiles

with different return periods and resampling methods, including PB, BC, BCA, and MSB, and six common distributions in hydrology. [3]

discussed the estimation of confidence intervals using three bootstrap methods, including PB, BCA, and t-bootstrap, for the path coefficients

in structural equation modeling and the coverage probability of the real population value. [18] also investigated the average length of the

confidence intervals with four bootstrap methods PB, BCA, t-bootstrap and HDI for five meteorological stations in Gilan province of Iran;

the HDI method was proposed for the first time in that article and we also use it here.

In this article, firstly, the best-fitted distribution from among 15 widely used distributions in hydrological sciences based on the past

experiences of researchers (such as, [7–9, 16]), for 24-hour annual maximum precipitation data recorded during at least 45 years, between

1955 and 2018, obtained from the data used in [8], is selected with the BIC criterion. Then, the coverage probability and mean length of the

confidence intervals obtained by HDI bootstrap method were calculated and compared with three other methods. To calculate the coverage

probability of the confidence intervals based on quantiles, it is necessary to calculate quantiles of the primary data and quantiles of the

simulated data. Since the distributions under consideration have multiple parameters, the parameters of the fitted distributions were first

estimated for the original data using the maximum likelihood method. Then the parameters were substituted into the distributions to obtain

quantiles. Subsequently, the confidence bounds were estimated by sorting quantiles.

In summary, the article aimed to evaluate the accuracy of HDI bootstrap method for constructing confidence intervals for hydrological

variables, using the example of 24-hour annual maximum precipitation data. The results were compared with three other commonly used

methods, and HDI bootstrap method was found to be an effective tool for constructing confidence intervals with high coverage probability

(0.95) and short length. In previous studies (such as, [8, 13, 19]), the coverage probability was obtained by fixing the sample size and the

number of bootstrap replications (e.g., 1000) and selecting the closest coverage probability to the nominal value of 0.95 as the desired
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outcome. However, in this article and [18], to avoid excessive bootstrap replications, we considered different bootstrap sample sizes and

continued the bootstrap replications only until we achieved a coverage probability of 0.95.

The structure of the article is as follows: In section 2, Materials and Methods, information related to the real data of Mexico, bootstrap

confidence interval methods, and the algorithm are explained. In the third section, findings of the study including data frequency analysis;

and comparison of bootstrap methods are presented. Finally, in the fourth section, the result of this research is compared with the result of

the climatological data of five stations in Gilan province of Iran and discussion and conclusions are made.

2 Materials and Methods

2.1 Climatological Data Information

The data used here consists of 24-hour annual maximum precipitation records (in millimeters) at five weather stations in Mexico during at

least 45 years; between 1955 and 2018, obtained from the data used by [8]), which is provided in the Appendix. A summary of the data is

presented in Table 1 , along with descriptive statistics for the five weather stations.

Table 1. Descriptive statistics for five weather stations in Mexico

station mean standard deviation Skewness

14067 111.49 67.92 1.52

14011 124.64 62.02 0.91

14148 102.14 32.87 1.04

10024 47.09 23.18 1.48

12069 122.71 67.11 1.64

2.2 Bootstrap Confidence Interval Methods

Several methods have been introduced for constructing confidence intervals from bootstrap samples. Among them, we used the percentile

bootstrap (PB), the bias-corrected and accelerated bootstrap (BCA), the t-bootstrap and the bootstrap highest density interval (HDI), these

methods are discussed in [18].

2.3 Determining the Coverage Probability and the Length of the Confidence Interval

To determine the coverage probability and the length of the confidence intervals, we follow a similar process used in [11], [8] and [18].

We select the best-fitted distribution to the data among 15 commonly used distributions in hydrology based on the BIC criterion (table

2). The list of these distributions includes log-gamma (LOGGM), log-Pearson type 3 (LP3), Gumbel (GMB), generalized extreme values

(GEV), log-logistic (LLOG), generalized logistic (GLOG), Weibull, log-normal (lnorm), gamma, normal, exponential, Frechet, generalized

Pareto (genPareto), Pearson type 3, and three-parameter log-normal (lnorm3). To calculate the coverage probability of the confidence

intervals based on the bootstrap quantiles, we need to calculate quantile of initial sample and quantile of simulated data. The corresponding

quantiles to return periods of T="10, 100, 1000" are calculated. According to Table 3 in subsection 3.1, among 15 distributions, the

Gumbel distribution often provided the best fit to the data, being selected as the best distribution in 3 out of 5 stations, while in one

station, two-parameter log-normal distribution and another station two-parameter distribution of Frechet was selected as the best distribution.

quantiles of these distributions are calculated using Equations (1) to (3):

x̂T = α̂ − β̂ ln

[
ln
(T −1

T

)]
, (1)

x̂T = exp

[
α̂ + β̂Φ−1

(T −1
T

)]
, (2)

x̂T = β̂

(
ln
( T

T −1

))− 1
α̂

, (3)
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where β is the scale, α is the location parameter in the Gumbel distribution and also, α is the shape parameter in log-normal distribution.

Since quantile of the above distributions includes multiple parameters, we first estimate the parameters of the fitted distributions to the

original data using the maximum likelihood method; and then obtain quantiles based on them. Then, we estimate the confidence intervals

by ordering quantiles. It should be noted that if we try different values n and B=1000 to see for what values of n and B, we can achieve a

95% coverage probability. We used the R software for simulating data and bootstrap repetitions. We used the gofstat function in the fitdist

package for fitting distributions to the data and the boot.ci function in the boot package for the bootstrap methods BP, BCA, and t-bootstrap.

We also used the hdi function in the HDInterval package for the HDI method ( [17] and [15]).

3 Findings
Figure 1 shows the box plot of the annual maximum precipitation amount (in millimeters) at different stations during at least 45 years.

As observed, the average annual maximum precipitation at 14011 station is higher than the others, and the average annual maximum

precipitation at 10024 station is lower than the others. This figure is drawn with RStudio software.

Figure 1. Annual maximum precipitation recorded at different stations

3.1 Frequency Analysis

The first step in frequency analysis is determining which distribution best fit annual maximum precipitation data. The results show that

among the 15 selected two-parameter and three-parameter distributions, the Gumbel distribution often provided the best fit to the data,

being selected as the best distribution in 3 out of 5 stations. The selection of the best distribution is based on the BIC criterion, which

under equal goodness-of-fit conditions for two-parameter and three-parameter distributions for a given data series, selects the two-parameter

distribution, i.e., the model with fewer parameters. Table 2 shows the BIC values for the fitted distributions at 14067 station, where the best

two-parameter is Gumbel, that bolded in Table 2 . The best fitted distribution was selected for each station as the parent distribution for

generating random samples. Table 3 shows the estimated parameters of the best fitted distribution.

Table 2. The BIC values for the fitted distributions at 14067 station

distribution Gumbel log-logistic generalized extreme values generalized logistic log-gamma

BIC 706.61 708.24 709.36 708.41 746.03

distribution log-Pearson type 3 Weibull log-normal gamma normal

BIC 733.06 712.53 721.93 710.45 728.87

distribution exponential Frechet generalized Pareto Pearson type 3 three-parameter log-normal

BIC 735.54 771.92 714.56 712.65 710.58
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Table 3. The estimated parameters of the best fitted distribution

station the best distribution α β
14067 Gumbel 82.96 46.74

14011 log normal 4.70 0.49

14148 Gumbel 87.66 24.75

10024 Gumbel 37.08 17.89

12069 Frechet 89.19 2.93

3.2 Comparison of Bootstrap Methods

After selecting the best fitted distribution for the data, it was used to estimate the corresponding quantiles for different return periods T=10,

100 and 1000 years. Then, the average length of confidence intervals was constructed using four bootstrap methods with B repetitions and

different sample sizes n. According to Table 4, the average length of these confidence intervals increases with increasing return periods. The

widest confidence intervals belong to the t-bootstrap method, and the shortest ones belong to the HDI method. The widest average length

of confidence intervals belongs to Frechet distribution, while the shortest average length of confidence intervals belongs to the Gumbel

distribution. A combination of the best fitted distributions, return periods, sample size (n) from the parent distribution, and four bootstrap

methods (with the number of repetitions in parentheses) for calculating the average length of confidence intervals in five stations is presented

in Table 4. According to Table 4, the average length of confidence intervals using bootstrap methods shows that the HDI method has the

shortest average length of confidence intervals among the four methods and fitted distributions in all stations. For example, Figure 2, which

is drawn with Excel, shows the average length of confidence intervals using different bootstrap methods and different return periods at 14067

station for the Gumbel distribution. Similar figures can be plotted for other distributions and stations. In terms of the required number of

repetitions (B) to achieve a nominal 95% confidence level, the HDI and t-bootstrap methods usually require fewer repetitions than other

methods. For example, in Figure 3, which is drawn with RStudio software, the required number of repetitions to achieve a 95% confidence

level for the Gumbel distribution with T=10 and n=80 using the BP method at 14067 station is shown.

Figure 2. Average length of confidence intervals with different bootstrap methods and different return periods at 14067 station for the

Gumbel distribution

4 Comparison with Five Stations in Gilan Province
The data used in the stations of Mexico are the 24-hour annual maximum precipitation records in five climatological stations during at

least 45 years; between 1955 and 2018, and the data used in the stations of Gilan province are the 24-hour annual maximum precipitation

records in five climatological stations during 20 years, from 1999 to 2020. According to the results obtained from the data analysis of five

stations in Mexico and five stations in Gilan province, respectively, are shown in Table 4 and the table obtained in [18], it was observed that



Arti
cle

in
pr

es
s

Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 2 6 of 9

Table 4. Average length (with repetition in parenthesis) of confidence intervals using bootstrap methods

Station Fitted Distribution T n BP BCA t HDI

14067 Gumbel

10 80 58.66(20) 60.33(20) 69.03(20) 57.20(20)

100 80 72.11(20) 73.92(20) 83.45(60) 70.36(20)

1000 100 96.27(20) 98.50(20) 108.12(40) 95.36(20)

14011 log-normal

10 160 49.19(80) 51.26(60) 54.22(20) 48.05(100)

100 100 196.95(40) 210.44(40) 178.52(20) 142.91(20)

1000 80 334.62(160) 385.57(40) 424.49(60) 328.38(140)

14148 Gumbel

10 80 20.68(40) 20.90(40) 23.83(40) 20.48(20)

100 220 24.61(20) 24.87(20) 25.78(20) 23.96(20)

1000 200 39.37(20) 40.89(160) 48.03(40) 38.80(20)

10024 Gumbel

10 180 11.23(20) 11.39(20) 12.12(40) 11.00(20)

100 180 19.96(20) 20.18(20) 22.36(20) 19.70(20)

1000 180 28.87(20) 29.18(20) 32.61(20) 28.42(20)

12069 Frechet

10 120 57.03(20) 58.29(20) 62.72(20) 55.38(20)

100 120 213.72(20) 222.90(20) 239.38(40) 206.23(20)

1000 120 669.07(20) 702.61(20) 755.98(40) 637.83(20)

due to the large number of initial samples in Mexico, more samples are needed to reach a coverage probability of 0.95. In both countries,

the best distributions fitted to the data among the 15 most used distributions in climatological data were two-parameter distributions; in

Mexico, Gumbel, Frechet and Log Normal distributions were selected and in Gilan, Frechet, and gamma distributions were selected. In

both countries, confidence interval length increases as the return period increases. Also, in both countries, the shortest confidence interval

length among the four methods was related to the HDI method. In both countries, the widest confidence interval belonged to the t method,

and the duration of the implementation of this method in R software was also longer than the other methods. In terms of the relationship

between the used distribution and the length of the confidence interval, in both countries, the station that had the lowest maximum 24-hour

precipitation between the stations also had the shortest length of the confidence interval; in Gilan province, Manjil station with gamma

distribution and in Mexico, station of 10024 with Gumbel distribution had these conditions.

5 Conclusion
To analyze the frequency of maximum values of hydrological events, both two-parameter and three-parameter distributions should be

considered, and a criterion for selecting the best fitted distribution to the data, such as BIC, should be used. Based on the fitted distributions

for different stations data in Mexico and Gilan Province, two-parameter distributions always had a better fit for the examined data than

three-parameter distributions; the best distribution for the data of Mexico is the Gumbel distribution, which was selected as the best

distribution in 60% of the stations. Also, the best distribution for the data of Gilan province is the Frechet distribution, which was selected as
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Figure 3. Number of repetition and coverage probability for the Gumbel distribution with T = 10 and n = 80 and BP method at 14067

station

the best distribution in 80% of the stations. It can be used for similar studies that deal with annual maximum precipitation values. Generally,

the widest confidence intervals were obtained using BCA and t-bootstrap methods, while the shortest confidence intervals were obtained

using HDI and BP methods. Finally, the HDI method had the shortest average confidence interval length among all methods. In terms of the

distribution used and the length of the confidence interval, in Mexico, station 10024 with two-parameter Gumbel distribution and in Gilan,

Manjil station with two-parameter gamma distribution has provided narrower confidence intervals that these stations had the lowest 24-hour

annual maximum precipitation in both countries. To obtain the probability coverage of quantile exactly equal to the confidence level of the

95%, the number of different samples can be considered from the simulated parent distribution, which usually two-parameter distributions

require a smaller sample size than three-parameter distributions. Also, the larger the number of initial samples, the more samples we needed

to simulate the parent distribution and reach the 95% confidence level. In terms of the required number of repetitions (B) to achieve the

nominal 95% confidence level, the t-bootstrap method usually requires fewer repetitions than other methods, although the implementation

time of this method was longer in R software.
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