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Abstract

In this research we obtain new results of approximate solution for nonlinear singular p-Laplacian Caputo-Hadamard fractional
g-differential equation under infinite-point boundary conditions. The existence of unique iterative positive, error estimation, and
convergence rate of approximate solution are obtained based on the description of Green function with special properties and

employing appropriate substitution and appropriate cone. A few applications are demonstrated the validity of our achievements.
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1 Introduction

The systems of differential equations (DEs) involving fractional derivative have proven to be more precise and genuine compared to
integer-order models, and they also serve as a remarkable tool to characterize the hereditary characteristics of materials and processes,
especially in viscoelasticity, electrochemistry, porous media, and beyond [1-5].

Guo et al. have also made some achievements in this regard, for example, [6]. In terms of dynamics, we also participated in some
work [7-10] and later prepared to build fractional-order dynamics models and establish the existence theorem of solutions. There are
many methods to deal with the solution of fractional differential equations (F DEs) such as spectral analysis [11], Guo-Krasnoselskii’s fixed
point (F.P) theorem [12], mixed monotone operator method [13], Bohnenblust-Karlin F.P approaches [14], the mountain pass theorem [15],
Mawhin’s continuation theorem [16], and so on. Boutiara et al. in [17] studied FDE involving the Caputo-Hadamard (CH) derivative

operator, of the form:
YPK(z) = @ (2,k(z)), zel =[1,T], 9 € (0,1],
Mk(D) +LK(T) = 23" ok() + Ay, 0<E<1,1<r<T,

where @ € C (J X [R), A A2, 43,24 € R, and 4 fdenotes fractional integral in the sense of Hadamard, based on the uniqueness results by

means of Boyd and Wong’s and Banach’s F.P theorems. Ardjouni in [18], discussed the existence and uniqueness of positive solutions of
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the nonlinear F DE with integral boundary conditions,
CH o T
2K() = @ (s k@), k()= v/l k(s)ds +c,
forz€Jy, T =exp(1), where 0 < <1,v>0,¢>0,and @ € C(J; X R>0,R>0). Derbazi investigated t the following CH FDE:

CH@&MZ) =®(z,k(z)), zely,
my k(1) +ny CH@T+”<(1) =& Hffﬂk(m% l<m <T,o01>0,
myk(T)+m " ZI(T) = & "I 2k(m), 1<m <T,0>0,

where 1 <9 <2,0<y<1, Hﬂ’ll is the fractional Hadamard integral of order u > 0,1 € {61, 62}, @ €C(J; xR), and m;,n;, &,i=1,2,
are suitably chosen real constants [19]. In [20], Makhlouf considered the following CH FDE:

dk(z)

TPK(2) = @1 (2 k(z)) + @2 (2, k(2)) pE

with k(1) = v, where @; : J; x R? — R? is measurable. Motivated by the mentioned works and [21-24], this paper considers the

infinite-point singular p-Laplacian g-F DE involving double Hadamard and CH operators as follows

”@Jf(L,,(C” §fk))(z)+a>(z,[k(z),[k’(z)):0, ze L\ {1,T}, T =exp(1), (1
under infinite-point boundary condition
K1) =K(1) ==k =kE (1) = .. =KD (1) =0,

K1) = ¥ Ak, “75k(1) =0, ®
j=1

CH > CH
Ly (“25K(D)) = ¥ Aoty (25K ).
j=1
with p-Laplacian operator L,(z) = |z[’~2z, p,p > 1, p+ p = pp, and derivative orders 1 <9 <2and X —1 <& < X (X >3), & >,
where 0 < A1j,A2; < 1, rj € 1\ {1,T}, j€ N, @ € C((J1 \ {1,T}) x RZ,R>(). such that it is singular at z = 1,7 By using the iterative

pattern, we show the unique solution of the problem is converged and more, the error analysis and the rate of convergence to approximate
solution are established.

2 Auxiliary Notations and Lemmas

In this section, we recall some definitions of g-calculus, 0 < q < 1. The objects g-number [¥]4, g-shifted factorial ({:q);, and g-analogue
1 B

of the power function (z — qr)(j ), are expressed for z,z € R, by l%qq,
17 J = 07 j 17 J = 07
(@a)j=1 i . —@V=q i o
' M, (1—qd%2), jeN, [M_,(z—d"2), JjeN,

respectively [25,26]. Since, g € (0, 1), these finite products will be convergent by four decimal places when n becomes large enough, for
example n = 100 [27,28]. One can use the Algorithm 1 to estimate of the power function. Clearly,

L4l
-9V =TT (1-d""), Jjen,
k=0
whenever z = 1 and z = q. For check related algorithms, see [29]. Further, for case j = ¥ € R>,
ST z—q*2

D4k
= Z
k=0 4

(zfqi)w):z 7,Z€R,
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Algorithm 1: MATLAB lines for the power function (z — qr)/).
Input: z,2, 9, j
Output: H

1 if j = 0 then

: | H=1

3 else

4 totalout=1;

5 fork=0:j—1do

6 L totalout = totaloutx (z — 2g¥);

7 H =totalout;
8 end;

and z(®) = z% whenever z = 0 [30]. The fractional g-integral and g-derivative of RL type for the function k € C(R~() are expressed
as [27,31],

'z
/O(Z*qg)(19 D ﬂ<((€)) q6, ¥ >0,

I k(z) =
k(z), ¥ =0,
and
Qf[k(z) = /Oz(zfqg)“z*ﬂ*l) g kie) 57 946, N—-—1<d¥ <X, X=][g],
respectively, along with the famous q-Gamma function, I'q (¢) = (-q)” A for 9 e R\ { - —1,0}, and the relation

(1-q)
Lq (8 +1) = [8]gTq(D),

holds [25,30]. The dth fractional Caputo g-derivative for an absolute function b € C(J,) is described by
‘DK =" DYk, 9>,

where the structure of jth g-derivative and g-integral for function k are expressed as

k(qz)—k(z) P )
DIk(z) = (a2 i=1 Hie /”< dqg = 2(1 - )Z dkq),  j=1,
q - .

Dy(DI'K)(z),  j>1, I(H'b)(2), j>1,

with [9] denotes the integer part of © > 0 [31]. Algorithm 2 shows pseudo-code for Ic{ k(z). Let k is a continuous function at z = 0. Then
IgDyk(z) = k(z) — k(0) [32]. One can check that for ¥, 9% > 0, " 72 7 k(z) = "7 ™ k(z) [33]. Also, for I > —1, we have

O v Tg(v+1) 941 19 8
737 = i (M) 0= e 2> 0).

In the sense of Caputo, the fractional g-derivative is given for the function k, as [31],

e (D}{’] [k(z)> . 0>0,

‘D2 K(z) = ©)

k(z), 9 =0.

Lemma 1 ([27,31]). For a given function b and ¥,y € R, we have C@}f (ﬂqﬁ [k(z)) =k(z), Jqﬁ (fql% [|<(z)) = fqﬂﬂ% k(z), and

I (D) = kD)~ ¥ ey DhK()0),

B ; 150 ; 190 ) [130]71 219—130+/< s
I (7 @) = 7 (7 W) - Y e Do) @
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Algorithm 2: Pseudo-code for ]c{ k(z), j=1.
Input: z, n, q, function

Output: H
1 totalout = 0;
2 F=0;

3 while F # round(s,4) do

4 fork=0:ndo

5 L totalout = totalout +q* x eval (subs(function,z x g¥));
6 totalout = z x (1 —q) x totalout;

7 F =round(s,4);

8 end;

The RL type fractional g-integral for function k is get by [29],

z i1 had ket
/0 (Z* qg)(ﬁfl) 15(?) dq€ = zl"(:(ﬁ?) kzbqkn)iquﬂiwil k (qkz) . (&)
— i—

To calculate fractional g-integral (5) see [29, Algorithm 2]. For ¢ > 0 and k > —1, we have

(28 =00 (@) = sy e - 0@, 0<k<z,

and in particular <.@(;9 1) (z) = mz(ﬂ) [34]. Now, we introduce the Hadamard fractional g-integral, g-derivative operators, and CH
a
fractional g-derivative based on the [35,36].

Definition 1. Let b > 0, then the Hadamard-type fractional q-integral and q-derivative of a real-value function k & L! [b,o0) and
zN*I[k(R*l)(z) € AC[b,e0), respectively, are expressed by

u 2 nz—alnc) @
Igk(z) = A g —

e1o(d) k(g)dgs, 9 >0,

H o . d Rz (lnzfqlng)(xﬂ’*”
@q[k(z)7<zd—z) /b w[k(g)dqs, R—1<9 <X, RelN.
Definition 2. The CH fractional q-derivative of a given function k € AC(J) is formulated by
CH Z (lnz—qlnc)® ¥+ X
75K(2) :/1 et — (sd) Ke)dgs,  8>0,
where R = [8]+ 1, provided that the right-hand side is pointwise defined on R.

Lemma 2 ([36]). Let R —1 <9 < X, R € N, and k € C¥(J). Then,

("7 ) =k, ("8 "2K) (@) =K@+ Y culina)
k=0

Lemma 3 ( [36]). Let h € L[b,o0). Then, the solution of FE, H@gk(z) +1(z) =0, forz>b, with X —1 <8 < X, X €N, is expressed as,

(9-1)

X z —aln
[k(z)=I;uk(1nzfq1nb)(l’*k>f/b e —h(c)dgs, m ER.

3 Main Results

Letr(z) € C(J1), T =exp(1). In view of the p-Laplacian q-F DE (1)-(2), one can rewrite it to the following form,

78 (L ("% 0 (0)) +@( k(@) =0, ze, ©6)
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under infinite-point boundary condition,
r()=r'(1)= =@ (1) =cO(1) = ... = p XD (1) =,
m)=Y i), "7 v =0 -
j=
Ly (25" v(1)) = il;tszp ("7 'r ().
Jj=
by substitution
k(z) =k (1r(@) = [ " age. ®)
Lemma 4. The solution of the q-F DE involving CH derivative operator, of the form,
Y20 (2) +h(z) =0,  zelheC\{1,THNL (), ©
under boundary condition ri=1) (T)= Z;":I lljr(rj) has the following expression,
w0 = | PN veed, (10)
with the following Green function, for G,z € Iy,
o] )T R - D3 0T —qlng) €Y Az —Ing)S T, ¢ <,
R T 11
P TIED (o 7 a0, i<e "
where A= (1—1)! -X Mj (lnrj)i_1 and
%40 = iy e LA (n(2) /(L))" (07 —quma)ih. (12)
<rj
Proof. First, applying Lemma (2), one can describe Eq. (9) to an equivalent integral equation (IE),
r(x) =" W@ + o1 +er(ng) + gy (In2) 24 (In2)' " ey (Ing) oo tog (In2) X2, g eRI=1.2,... K.
The condition r(1) = 0, implies that ¢; = 0. By taking the derivative, we get
V(@)= -"75 @) + et + e (1-2) (D) P L4 (= Dot (n) 24 e L (X = 2) (Ing) ¥ .
Again, condition /(1) = 0, implies that c; = 0. Now, taking the derivative step by step with
()= =) =D (1) =... = 82 (1) = 0,
we getc; =0, j >3, j#i. Hence, r(z) = ¢;(Inz)i—? —Hfg_lh(z). Indeed,
rD(T) = ¢ x (1= 1)1 ="2& (). (13)
Additionally, combining r(i=1)(T) = Y7y Aryjr(rj) with (13), we get
R R W R O e LG
It means that,
(@) =iy in2)' ! =" ) = - [T ) agg 4 [ (T Iy g agg,
which is @q4(z,6) in Eq. (10), accordingly. O
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Lemma 5. The p-Laplacian q-FDE (6)-(7) has a unique solution as follows,
r(z) = /J % Ls (/J @m(s,lqm(s),r(s)) dqs) dgg, (14)
1 1
for@ € C((Jl \{T}) x [R2>07 [Rzo), with the following Green function for z,G € Jy,
Ty(9)3q1(5) (1n2)” ' (In7 —qlng)” Y —A(nz—ng)* ™', ¢ <z,
%(2.9) = s i (15)
Ty(8)Tq1(6) (In2)” " (InT —qIng) ", 2<s,
oo v—1
where Ay =1—Y7 | Ayj (lnrj) ,
. &-2
Jg1(2) = (i (%) /m(E)) (16)
7<r,
Proof. Consider the following p-Laplacian g-F DE,
H CH —
73 (L ("7 "0 @)) + 1),z
CH_E_] nd CH_E_] a7
Ly (“257 e () =0, w(1) = ¥ dajbp ("75 (1)),
j=1
for iy € C(Jy). According to Lemma (3), we reduce (17) to the following integral equation,
L, (CH@;?“W(Z)) — "2 h(2) + & (In2)° + & (Inz) 2,
The first condition in (17), yields ¢é; = 0 and consequently,
Ly (750 (0) =g =" o) (18)
Further, using the second condition in (17), and combining with (18), we obtain
~ InT—qlng)® Y - Inrj—qlng)(® (InT—qing)®"
1= /J] 7(HAI grx:(gl)s) hi(g)dgqs — lezj/ (nrAI :’rnf)) )dgs = / Z %]ngg Jq;l(G)h(e‘)dg.
= .
Indeed,
CHE—1 5 _1 _H Inz—ql (InT—qlng)*~Y
Ly (25 7'0(@) = a1 )" =" (2) = 7/1 Gozoqle ™ 1 qg+/ UnTaing) 101 (6)fi1 (5) dgs-
This is %(z,6), as in (14), accordingly. O
Lemma 6. The Green functions ©q(z,¢) and %4(z,6) in Eqgs. (10) and (15), satisfying the following properties.
i) By considering 04(z) = (lanqlnz)@_i_]) [1- (lanqlnz)(i_l)}, R—1<E&E<SR, (X>3), &E>1wehave,
i— 1 (Inz)"~
Alnz)"™"0q(2) < ©q(2,6) < 3z 5 wsEl. (19)
ii) %4 € C(32,R>0) has positive value, and by choosing
InT—qlnz)®®Y
0g1 (2) = BT84 () — (i (20)

forz,6 € 1\ {1,T}, we have, (Inz)° ' 6,1 () < (2, 6) < 0q:1(5).
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Proof. 1) First, we find that

A(Inz) " (InT — qlng) ¢ [1 - (1nT—q1ng)(i*”} < AT (E = 1)9g(2,g) < (In2)! ' Ty(€ — 1)I4(c) (InT —qing) ¢~V (21

Obviously, J; (z) > 0, z € J;, and more, 14 is nondecreasing with respect to z. Now, we get

LA —DIg(x) = (§ -2)(§ —3)- —i)—ZMj<ln(%)/ln(£))€71(1n7~_q1nz)(i*1)
¢<r;

=

> Tg(6 = Dg(1) = (6 =2)(§ —3)- Z (Inrj)°

> (iD= Y Allnr)i=A zed, E—1>1. (22)
j=1

Clearly, the right inequality of (21) holds. We know that for z,¢ € J;, with ¢ <z, Inz—In¢ <Inz—Inzlng = (1 —Ing)Inz. Hence, in this
case,

(nz—qing) ¢ < (InT—qing) ¢ P (n2)52,  qe(0,1).
Then, from  — 1 > { and by (22), one has

AT4(E = 1)9q(z:6) = (I2)' ' Tg()Ta(E — 1) (InT ~alng) €~V —A(Inz—qing) ¢~
A [(1nz)i’I (InT — qlng)@*i’” —A(Inz— qlng)<€’2)]

%

v

A[(n2)' " (InT = qing) ¢~ — (InT — qing) ¢~ (1n2)5 ]
> A(ng) ! (InT~alng)* Y [1- (InT —qing) "]
Now, in the second case z < ¢, by (22), we obtain,
AT4(E — 1)@q(z,¢) = (In2)' " 'Ty(& = 1)Ig(g) (InT —qlng) &~
>A [(mz)i*' (InT —qing)* "V — A(Inz— qlng)@fz)]
> A {(lnz)i_l (InT —qing) ¢ "V — (InT — qIng) &2 (lnz)g_z]
> A(Inz)' ! (InT — qlng) &Y [1 ~ (T ,qlng)d—l)] .

So the left inequality of (21) is fulfilled. Further, Lemma (6), 14(z) < %
q
ii) The proof is similar to [37, Lemma 3]. O

Denote the Banach space 9 = {k € C(J;) : K" € C(J;)} endowed the norm ||k|| = max {k(z), k'(z)}, a normal cone P = {k € 9) :
k(z) >0} on C(J;) with normality constants 1 in 2), and consider the subset

K= {D<(z) €EP: A X Xy >0, ) X < 1< Xy 8.t [kx,,,(lnz) “T<k(z) < [kxM(lnz)l 1}.

Thus, thanks to the Lemma 5 and Eq. (14), Problem (6)-(7) has a positive solution if and only if r* is a F.P of operator & as follows,

Or(z) =/J %Lﬁ<\/J @@(S,Llr(s),r(s))dqQ dg6, (23)

in K, that is, p-Laplacian g-F DE (1)-(2) has a positive solution k(z) = Ijr(z).
Theorem 1. Suppose conditions (A1) and (A2) hold.
Al) @ is nondecreasing in 2th and 3th variables, and there exists 0 < v < 1 such that

. , | 2@ kk), mo<l,
V(z,k k) el xRy, @(zmok,mok) . (24)
Sn2)/@<17”<7[|<)7 TIOZI
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A2) According to Lemmas 4 and 5, we have A,A| > 0.
Then, Problem (6)-(7) has a positive solution v* € P, whenever,
zfﬂﬂﬁﬁﬂﬂiﬂ%gemm) 25)

Proof. First, we prove that operator & in (23) is well defined such that &(K) C K. In this regard, for any r € K, there exist X, Xp > 0,

~Xm < 1 < Xy such that X, (Inz)i ! <r(z) < xp(Inz) !, and so,

'z ne)i-l z s nz)! ‘r
S} enn 0 dgg = o [ (ng) dyling) = xar U > fye() = [l agg

4 i— "z o i
Z/1 rXm (lng) : dgg = X’”/ (Ing)' ! dg(Ing) = rxm (ln‘iZ) ‘

Applying Lemma (6), Egs. (25)-(26), and (A1), we get

(z,6) AR Inz)'~! 01 (
/J] %%Lﬁ(/h 2@ (s, lgr(s),r(s)) dqs) dgs < /J] Aé;;3€7i>L (/ 4 G)(

S

\¢ 1 lnv lnr ) -
. l s ,, / o oo
>~ Arq(é—l) /Jl c I qu dqg< 5

and

/ cpqi_z,g) Lﬁ(/ll ”Jq(sgys)@(s,lqr(S)w(s))dqs) dgg

sttt ([ 0150015 (5,009 ) s
i )

(Inz)

i— (p—1)(0-1) i o
/ )-164(c) 1ng); N1 Lﬁ(/] Jq;ls(s)a)(s7rxm(lnis) me(lns)‘*‘) dqs) dgc
1

%

i- v1p-1 . 0 o =1
A(lnz)" "oy (s lﬂg)(” ne-n [%]p [/ JqﬂS@@ <s, (lnS)l:(lns)lfl) qu} dq¢
I
o p—1)(9— v1p—1 o o -1
= (lnz)’*l/J Acq(é?)(lng)“ 4 |:v‘)i(m:|p {/J Jq:ls(s)a) (s7 (lns)l,(lns)hl) dqs} dgs-
JI 1

These results yield that the operator & is well defined, and &'(K) C K. Thus, for an arbitrary element rg € K, we find that

xm(In2)i ! <vo(2) <y xur(Inz)t !, . "
= Ztro(2) < (Oro)(2) < T ro(2).

o XM — rgXm

ﬁroxm(]nz)i71 <(Oro)(z) < ﬁrOXM(l“Z)Fl

Now, by choosing zg € J; such that,

) o X 1 Y/ 1=v(5-1) o Xa 1 Y/ (1=v(-1)
l<zO§mln{exp<[6§w] ),exp([&x“] )}7
2% rom

. . 1
in which v < 71> We get

e ro(z), zely.

(n20)! P Vrg(2) < (o)) <[]

In this level, we consider the following two sequences based on the iterative pattern for n € N,

~ ~ ol 2
5o = ro(z0) Inzo, fo = ﬂfzfj),
Sn = ﬁfnfly fn = ﬁfn—l .

(26)

@n

(28)

(29)
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Clearly, 5y < fy. Since @ is nondecreasing and & is also an increasing operator in r, for two cases 0 < p < 1 and p > 1, we obtain

O(pr)(z) = /J £qlzg) L,;(/Jl 289 & (5,1 (pr) (), (p[r“(s))dqs) dgg

sz<ﬁ-'>/ Belse) (/ HE) @ (5. Iy (s), <s>)dqs)dqg:[pv<”—”r] r),  0<p<l,
O(pr)(z) =/J] %(%’gLﬁ</Jl %(%@(s,h(pr)(s),(p[r(s))dqs) dgs

<prh [ e Lﬁ( / @w(s,lqwsm(s))dqs) Qs = [p"7 7] (@), p2 1.

These imply, for z € Jj,

0= (nz0)70(2) < (1n20)" 7~V (o) (@) < 050 =51 < [

Thus, by induction, we get

So<§ < <HS << < <ShH <0 (30)

and by substitution 5y = 7 (Inzg)?, we find that, §; = 65) = 0 (f(Inz)?) > (Inz)2vVP=Y) 0(7y) = f; (Inzo)2¥(P~1)_ Finally, by induction,
we get §, > Ty (Inzg) Av(p-1I" e {0} UN. The properties of the cone P and the inequality §;,4m — 8§, < f — Sy, for any m € N, we have

I8 = Tall < 11 = 7all < [1= (2o 2M =D g | 0, (1)

as n — oo, which implies that {§,} is a Cauchy sequence, and §, converges to some r* € P. By (31) and ||5, — 0*|| < [|§, — | + |5, — ||

s

we getf, — r*(z) for z € J;. Indeed, r* € P is a F.P of &, such that § < r*(z) <7. Consequently, p-Laplacian g-F DE (1)-(2) has a positive
solution by taking k(z) = Iq%@. Then, the proof is completed. O

Theorem 2. For any initial value rq € K, the sequence of functions defined by

I

r(z) = /J (P‘*E;’g) Ly (/ %(Sg’s) @ (5,Iqry—1(s),rn—1(s)) dqs> dq6, neN,
1

r*(z)

7 -

converges uniformly to r*(z) on J1 as n — oo, the corresponding sequence k,(z) converges uniformly to k*(z) = Iy

Proof. For any initial value rg € P, it follow from $y < r(z) <y, for z € J1, in proof of Theorem 1, we have §, < r,(z) <7,, n € N. Hence,
Ien =1 < o = all + 150 =57 < 20 = 5]l <2 [1 = (nzg) PO |

which implies that the formulated sequence of functions as follows,

ra(z) = -/J| ‘p‘*(gz’g) Lj (/J] %(f’s) @ (5,Iqry—1(s),rn—1(s)) dqs> dgs, neN,

converges uniformly to the positive solution r*(z) of p-Laplacian g-FDE (6)-(7) on J; as n — . By considering the expression ky(z) =

IqT”T(Z), to establish the iteration sequence (29), we see that k,, — 4o as n — +oo. Thus, the proof is completed. O

Theorem 3. There exists an error estimation

lea =4 < Z5 [1=2"] firoll = ka =K < Z5 [1- @70 ol

with ko(z) = Iqr";z), which has the rate of convergence |r, —r*|| = o(1 — 8(15*”") as n — +oo, that is ||k, —k*|| = o(1 — S(ﬁfl)n) as
n — oo, where 0 < € < 1 which is determined by the initial value r.



Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 2 100f 16

Proof. We have the error estimation,
Ien ="l < Z [1= (nzgP= g

which has the rate of convergence

len =l <o (1= (nzo) ) flegll,  0<e=(Inzg)? < 1.

Further, there exists an error estimation ||k, — k*|| < % (1 - (lnzo)z[v(ﬁ’l)]") lkoll, when ky,(z) = Iqr”T@ and ko(z) = Iy m’z(Z), are

considered for r, € P, n € N, which has the rate of convergence
ke =Kl =0 (1= (o) 2 P=DI"),
and is determined by the initial value r(. This shows that the claim holds. O

Theorem 4. The positive solution v* € P of Problem (6)-(7) is unique.

Proof. Suppose rj,r; € P are F.P of 0. Let z; = sup {z >0:r5(z) > zu‘T(z)}. We have 1 < z; < +o0. If z; < T, by choosing 1 <z < T,
we get
r3(2) = (073)(2) > (In21)"?~ D (0(zr])) (2) = (In21) "~V (07]) (2) = (In1) "7~ Vi (2).

Since 1 < j < 2, we get (Inz;)?~! > Inzy, which is a contradiction and so, we assume that z; > 7 and r3(z) > r}(z). By the same way,
we get r3(z) < rj(z) for z € J1. Hence, rj(z) = r} = (z) for z € J;. Indeed, p-Laplacian q-FDE (6)-(7) has a unique positive solution.
Therefore, the proof is finished. O

4 Applications

In Theorem 1, we choose the simple function (11‘1z)i_l in the iterative sequences § and 7 which is suitable for numerical purpose. Thus, one

can be chosen arbitrarily functions. In this regards, we aim to examine the proposed problem numerically.

Example 1. Consider the infinite-point 3-Laplacian g-F DE of the form,

Hoo cH, & @) P+
7% (L3( 2% ﬂ<)>(z)+ e =0, (32)

forze Zh\{1,T}, T =exp(1),0—1,p=3,p= %, and two cases as follow,

under i =2,

k(1) = i%ﬁ[k (exp(1)""), 2§ K1) =0, 33)
f=
L ("7 k(1)) :J; L (25 K ((exp(1)77))

s]/3+§>‘1/4
(Inz)"

1<z<T, ®(z,3,3) is nondecreasing in s and 3. Let v = % € (0,1). Forng €J; and any (z,s,3) € (Jl\{l,T}) X [R2>O, we get

Mj= L Ayj = = (exp(]))l/jz,je N. we define @(z,s,3) =

37 3 . Clearly, ® € C((J; \{1,T}) x [R2207 R>) and for any fixed

N 13 5 /4 VARV 1 .
@ (zmos.os) = (IR 2" < g '@ (2.0.9). G4

Thus, (A1) is satisfied. In the sequel, for different predicted cases, we review the proposed problem analytically.
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Case 1: From 3-Laplacian g-FDE, additionally,

A= (=)= Y Ay (nr) T = 1= ¥ shin ((exp(1)) ~ 0.4588 > 0,
=1

. S (o8 v=
— 2 -
Ar=1=Y doj(nr)” = 1= Y 5k (n((exp(1) 7)) = { 07695, v=355 5 >0.
= i=1 07234,  © =95,

Therefore, condition (A2) is also fulfilled. To check Ineq. (25), we have,

i i 2 273 1
/—“’(g'““g)g'““g) ])dqg:/ (s el n) dqg:/ (Ing) P+ Un) ® g~ 4.0714 — 1.6798 € (0,00), V0. (35)
I I I ¢(Ing)

These estimated results are shown in Table 1. Fig. 1 shows the 2D-plot of Ineq. (35) for the range of q € (0, 1) and for different values of

Table 1. Estimated variables for g-F DIE (32)-(33) with three values of derivative order ¥ in Case 1.

0-31 A Ay Ineq.

v=32 V=53 V=9 (35)
0.02 | 0.4588 0.8272  0.7696  0.7235 4.0715
0.11 0.4588 0.8272  0.7696  0.7235 3.8881
020 | 0.4588 0.8272  0.7696  0.7235 3.6700
029 | 0.4588 0.8272  0.7696  0.7235 3.4302
0.38 | 0.4588 0.8272  0.7696  0.7235 3.3378
0.47 | 0.4588 0.8272  0.7696  0.7235 3.1245
0.57 | 0.4588 0.8272 07696  0.7235 2.8667
0.66 | 0.4588 0.8272  0.7696  0.7235 2.6874
0.75 | 0.4588 0.8272  0.7696  0.7235 2.4633
0.84 | 0.4588 0.8272  0.7696  0.7235 2.2356
0.93 | 0.4588 0.8272 07696  0.7235 1.6799

derivative order ¥ which are, of course, independent of its changes. Then the 3-Laplacian g-F DE (32)-(33) has a unique positive solution

/JI Lo (ctmgl tng) ") age

qe(0,1)

Figure 1. 2D-plots of Ineq. (35) for q € (0, 1) with three values of derivative order ¥ in Case 1.

k*(z) = Ijr*(z), v* € Pin Case 1. Moreover, for any initial value ry € P, the following sequence of functions,

13

% o, N / -1 (s 1/4
(e = /J %L/( /J %is.) [(zq ,H<>()I )+/< 1(5)) } dqs) des,  nel, (36)
Jh Jh nz
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Algorithm 3: MATLAB lines for to estimate variables in Example 1.
Illpllt! 19, é, 11]‘, 12]‘, rj, i, X, n, q

Output: paramsmatrix

1 symsvVeu;

2 fp=1;

3 T =exp(1);

4 column= 1;

5 [xgys] = size(d);

6 for s =1:y,41hera dO
7 n=1;

8 varq = 0.02;

9 while varq < 1 do

10 paramsmatrix (n, column) = n;

1 paramsmatrix(n, column+1) = varq;

12 A = factor(i — 1) — eval(symsum(subs(A; j,u,e) x log((subs(r;, u,e NIy 1,101));

13 paramsmatrix(n, column+2) = A;

14 Aj = 1 —eval(symsum(subs(4,;, u.e ) x log((subs(r;, u.e NS (s)—1)),1,101));

15 paramsmatrix (n, column+3) = Aj;

16 1= abs(Igfixed(varq, T, k, (log(v))7* + (log(v))*) /(v +0.001) x (log(v+0.001))"/3)) —
Iqfixed(varq, 19, k, ((log(v))7* + (log(v))/*) /(v +0.001) x (log(v+0.001))"3)));

17 paramsmatrix (n, column+4) =II;

18 varq =varq+1/11;

19 n=n+1;

20 column = column +5;

converges uniformly to u‘*(z) onJ| as n — oo. By taking D<(z) = 17 %g) dqg, [r‘(z) € P, we have that g-FDE (32)-(33) has a unique positive
solution, and all conditions of Theorem I hold in Case 1. Further, we can consider X, Xy > 0, X < 1 < Xy and g5 X, X > 0,

orXm <1< g Xpm, such that Xm(Inz)1 = x,,(Inz) < r(z) < xpr(Inz) = xpr(Inz)' !, and

Xm

Zairo(2) < (0r0)(2) < T ro(().

L]

Moreover, with the given v = %, there exist an error estimation
NG
w86l = max |t (02— (2))| < Z [1 7] ool = 22 [1 =l O ol = 22 [1 =0 ol

in Theorem 3, which has the rate of convergence, ||k, —k*|| =0 (1 el 8)”>, for 0 < € < 1, which is determined by the initial value rq. If
ro(z) = Inz by Eq. (28), and computation, we obtain

(Inz9) ' =P Vrg(2) = (Inzg) =g (2) = (Inz9) "o (2) < (Oro)(2) < [1,11,

for z € J;, we have 3 100 Inz < Ory(z) < < lnz, and Theorem 2 is obtained in Case 1. Take

,,, (1=v(p—1)) (-v(p-1)
1<Zo<m1n{ ( o) 10 11)7exp<[m0xXM}/] (N)}
o
8 8
- { ( ﬁ),exp([%xw} /7)}=min{0.3584,9.1604},
roAm
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then we get the error estimation with € = Inzg = In(1.1442) ~ as follows,
ke =)l < 2 [1= (nz) P~ ol = 2 [1— (1n1.1442)2 40201 |

= [17(0.1347) (/e ] ol & 5.4493 [17(0 0181)"/ } ol

and the estimate of convergence rate ||k, —k*|| = o (1 — 0.0181(1/8)n>. Then Theorem 3 is obtained in Case 1.

Case 2: By given data, we have,

A=(-10)1- Y Ay () =1 Y 2 In ((exp(1))7) ~ 0.4588 > 0,
=1 =1

_ o 2\ O—1
A —1—212, inr;)? Z%( ( exp 1))‘“)) ~0.7695 > 0.
Therefore, condition (A2) is also fulfilled. To check Ineq. (25), we have,

1]
/ (<1n€> (Ing) dg / “1@ (Ing)) dgg = /%qu4.0714a1.6798€(07oo), vo. (37)

Then the 3-Laplacian g-F DE (32)-(33) has a unique positive solution k*(z) = Iyr*(z), r* € P in Case 2. Moreover, for any initial value

ro € P, the following sequence of functions,

1)'/3 NN
, A Iyra-1(s o1 (s
rn(z):/ %L/(/J s [( 1<>()m;/<3 (5) }dqs)dqg . %)

Jn

converges uniformly to u‘*(z) onJ| as n — oo, By taking [k(z) = IZ %ﬁ dqg, [r‘(z) € P, we have that g-FDE (32)-(33) has a unique positive

solution, and all conditions of Theorem 1 hold in Case 2. Moreover, with the given v = %, there exist an error estimation

Jhow =8l = maxtg (0 (2) = (2))| < F [1 €7 ool = 25 [1 =l O ol = 22 [1 =0 o).

in Theorem 3, which has the rate of convergence, ||k, —k*|| = o (1 — el 8)n> for 0 < & < 1, which is determined by the initial value rg. If
ro(z) = Inz by Eq. (28), and computation, we obtain

]I*V(ﬁfl)

(Inzo) '™V P~ Dy (2) = (Inz0) ' =72 (2) = (Inzg) Vo (z) m< (Oro) (z) < [111170 ro(z) = [ﬁ]%ro(&

for z € J;, we have % Inz < Ory(z) < % Inz, and Theorem 2 is obtained in Case 2. Take

1Y/ (1=v(-1) . (1-v(p-1)
1<z()§min{exp([%] ' )7exp<[$} l )}
ro o m
w Y7 81 L
— min {exp ([003:4 ] )  exp ([%{XM] ) } = minmin {0.3584,9.1604}

then we get the error estimation with € = Inzy = In(1.1442) ~ as follows,

ke =l < 2 [1= (027D flrol] = 22 [1= (1n1.1442)2 40201 g |

:ﬁ[l—(o.mm) ]|n~0|\~54493[1—(00181)( }H[POH

and the estimate of convergence rate ||k, —k*|| = o (1 —0.0181(" 3)”). Then Theorem 3 is obtained in Case 2.

5 Disscussion and Conclusion

By deriving the expression of Green functions and some special techniques, we established appropriate cone. Since the nonlinearity contains
derivative terms, we overcome the difficulty caused by derivative terms by proper substitution. Then the existence of unique iterative
positive, error estimation, and convergence rate of approximate solution are obtained for singular p-Laplacian CH g-F DEs with infinite-point
boundary conditions. We choose some simple function such 0 or (In z)iil, which is suitable for numerical aim. The understanding of the

properties of the solution and its future application may provide convenient and theoretical guidance.
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