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Abstract

In this paper, we present the Residual Integral Solver Network (RISN), a novel neural network architecture designed to solve

a wide range of integral and integro-differential equations, including one-dimensional, multi-dimensional, ordinary and partial

integro-differential, systems, fractional types, and Helmholtz-type integral equations involving oscillatory kernels. RISN integrates

residual connections with high-accuracy numerical methods such as Gaussian quadrature and fractional derivative operational

matrices, enabling it to achieve higher accuracy and stability than traditional Physics-Informed Neural Networks (PINN). The

residual connections help mitigate vanishing gradient issues, allowing RISN to handle deeper networks and more complex kernels,

particularly in multi-dimensional problems. Through extensive experiments, we demonstrate that RISN consistently outperforms

not only classical PINNs but also advanced variants such as Auxiliary PINN (A-PINN) and Self-Adaptive PINN (SA-PINN),

achieving significantly lower Mean Absolute Errors (MAE) across various types of equations. These results highlight RISNs

robustness and efficiency in solving challenging integral and integro-differential problems, making it a valuable tool for real-world

applications where traditional methods often struggle.
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1 Introduction
Integral and integro-differential equations are foundational tools in many fields of science and engineering, modeling a wide range of

phenomena from physics and biology to economics and engineering systems [1–3]. These equations describe processes that depend not

only on local variables but also on historical or spatial factors, making them essential for understanding systems with memory effects,

hereditary characteristics, and long-range interactions [4–7]. Despite their importance, solving integral and integro-differential equations is

a challenging task due to the complexity of their integral operators, especially when extended to multi-dimensional or fractional forms [2,8].

Classical numerical methods, such as finite difference [9,10], finite element [11,12], and spectral methods [13–15], have long been used

to approximate solutions to these equations. However, these methods often suffer from several limitations. For example, they require fine
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discretization of the problem domain, leading to high computational costs and memory usage, especially for high-dimensional problems

[16–19]. Additionally, these methods can struggle with non-local operators, singular kernels, or fractional derivatives, which introduce

further complexities [20]. Even though more recent approaches, like Gaussian quadrature and collocation methods, provide enhanced

accuracy for certain cases, their applicability is often restricted to simpler, well-behaved systems [5, 8, 20–22].

In recent years, deep learning has emerged as a powerful tool to overcome the limitations of traditional statistical methods [23, 24].

Physics-informed neural networks (PINNs) represent a major advance in this direction by directly integrating the governing physical laws

with loss of neural activity [25–27]. This allows PINNs to learn solutions to differential equations using observational data while ensuring

consistency with underlying physics [28, 29]. PINNs have shown promising results in solving various types of differential equations,

including ordinary and partial differential equations [30–32]. However, PINNs are not without their limitations. The depth of the network

often exacerbates issues such as vanishing gradients, and the absence of residual connections can make training deep networks unstable,

especially when dealing with highly complex or multi-dimensional integral and integro-differential equations [33–36]. Although extensions

like Auxiliary PINN (A-PINN) [37] and Self-Adaptive PINN (SA-PINN) [38] have been developed to address some limitations, they

still encounter significant challenges in solving complex integral and integro-differential equations, motivating the need for the RISN

architecture.

To overcome these challenges, we propose the Residual Integral Solver Network (RISN), a novel extension of the PINN framework

specifically designed to solve integral and integro-differential equations. RISN enhances the original PINN architecture by incorporating

residual connections, a proven technique in deep learning that significantly improves gradient flow, reduces training instability, and

allows for deeper network architectures. These residual connections are crucial for ensuring stable training, particularly when handling

multi-dimensional or highly non-linear systems [25, 32, 33]. Furthermore, RISN leverages high-accuracy numerical techniques, such as

Gaussian quadrature for efficient and precise calculation of integral terms, and fractional operational matrices to handle fractional derivatives

with minimal error [21,39]. This combination of deep learning with classical numerical methods allows RISN to achieve high accuracy and

stability across a wide range of equation types, including those that pose challenges for traditional methods and standard PINNs.

In this paper, we contribute to the growing field of deep learning for solving complex mathematical problems by presenting the following

innovations: (1) the development of a residual-based neural network model capable of solving integral and integro-differential equations of

various types, including one-dimensional, multi-dimensional, fractional systems, and oscillatory Helmholtz-type integral equations; (2)

the integration of advanced numerical techniques within the RISN framework to enhance precision in the calculation of integral and

differential operators; and (3) an extensive evaluation of the RISN model across a broad spectrum of integral equations, demonstrating

superior performance in terms of accuracy, stability, and efficiency when compared to classical PINNs.

The rest of this paper is organized as follows: Section 2 provides a literature review of existing methods for solving integral and

integro-differential equations, with a focus on the strengths and limitations of classical numerical approaches and PINNs. In Section 3,

we introduce the RISN model in detail, including its architecture, the integration of residual connections, and the numerical techniques

employed. Section 4 presents the experimental results, showcasing the RISN model’s performance across different equation types. Finally,

in Section 5, we discuss the implications of our findings and propose directions for future work.

2 Literature Review
The solution of integral and integro-differential equations plays a critical role across various scientific disciplines, including physics, biology,

and engineering. These equations model systems with local and non-local interactions, which makes them essential for understanding

phenomena ranging from heat conduction and population dynamics to quantum mechanics and fluid dynamics. Traditionally, methods such

as finite difference and finite element approaches have been employed to solve these equations [40, 41]. Although these techniques have

been widely successful, they face significant computational challenges, particularly when applied to high-dimensional problems [42–44].

The finite difference method (FDM) approximates differential operators by discretizing the domain, making it simple to implement

for many problems. However, FDM struggles with large-scale problems due to the need for fine grid discretization, which leads

to high computational cost and memory usage [45]. Finite element methods (FEM), while more versatile and effective for irregular

domains, encounter similar issues in high-dimensional systems, where the complexity of mesh generation and element assembly increases

exponentially with the number of dimensions [45, 46]. The inefficiency of these methods in handling complex multi-dimensional and

fractional equations has spurred the development of alternative approaches, including machine learning-based methods [46, 47].
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In recent years, Artificial Neural Networks (ANNs) have emerged as a powerful alternative for solving complex mathematical equations,

including Fredholm and Volterra integral equations. Early work by [48] demonstrated the use of ANNs in solving Fredholm integral

equations, highlighting their potential for improving computational efficiency and accuracy. Further advancements were made by [49],

who extended neural network methods to handle fuzzy integro-differential equations, paving the way for the application of ANNs to more

complex and uncertain systems.

As research into ANNs progressed, attention shifted to solving more complex problems, such as multi-dimensional and fractional

integro-differential equations. The research [50] successfully applied ANNs to Volterra integral equations, demonstrating superior

performance compared to traditional methods in terms of both speed and accuracy. In parallel, [51] employed ANNs to tackle

two-dimensional integral equations, while [52] utilized ANNs for fractional-order equations, both demonstrating significant improvements

in computational efficiency.

A major leap forward in this field came with the introduction of Physics-Informed Neural Networks (PINNs). PINNs embed the

physical laws governing a system directly into the neural networks architecture, allowing for the solution of complex partial differential

equations (PDEs) and integro-differential equations with increased accuracy. For instance, [53] demonstrated how PINNs could be used

to solve volume integral equations, combining physical insights with deep learning techniques to ensure physically consistent solutions.

Furthermore, the DeepXDE framework, introduced by [27], extended PINNs to a wide variety of differential and integro-differential

equations, emphasizing their flexibility in handling real-world problems.

Recent approaches, such as DeepONets [54] and Fourier Neural Operators [55], have pushed the boundaries of solving high-dimensional

equations. However, these models tend to struggle with generalization across different types of equations, particularly those involving

non-local operators or fractional components.

An important development in this area is the PINNIES framework [39], which integrates physics-informed strategies to handle integral

operator problems. This framework has been particularly effective in addressing multi-dimensional and fractional equations, offering

enhanced accuracy and stability compared to traditional methods.

Recent studies [56–61] have further advanced neural network-based approaches for solving complex differential and integral equations.

For instance, recent works have explored improved deep learning architectures and hybrid numerical-ML and evolutionary techniques

for handling nonlinear and high-dimensional systems. These approaches demonstrate enhanced accuracy and generalization capabilities,

particularly in challenging scenarios involving fractional dynamics and nonlocal operators. The integration of such advancements highlights

the growing importance of combining deep learning with numerical analysis for solving complex mathematical models.

However, despite their successes, deep neural networks, including PINNs, suffer from the vanishing gradient problem, which occurs

when the gradients used for backpropagation become very small in deep architectures. This results in slow or stalled learning as the network

struggles to adjust its weights. To mitigate this issue, residual connections were introduced in deep learning models. These connections,

first proposed by [33] in the context of ResNets, allow gradients to flow more easily through deeper layers, making training more stable

and efficient. Recent adaptations of residual learning into the PINN framework have been shown to effectively handle high-dimensional

problems and integral equations, improving both convergence speed and solution accuracy.

In addition to PINNs, recent works have introduced innovative neural network architectures for solving fractional-order equations

and integro-differential systems. For example, [62] applied ANNs to fractional Volterra integral equations, while [63] explored extended

neural networks for solving two-dimensional fractional equations, achieving superior precision through techniques such as sine-cosine basis

functions and extreme learning machines (ELM). These methods provide robust solutions to problems that classical approaches often find

intractable.

Several variants of PINNs have been proposed to improve stability and convergence, such as the Auxiliary PINN (A-PINN) [37], which

augments the loss function with auxiliary conditions, and the Self-Adaptive PINN (SA-PINN) [38], which introduces adaptive weighting

schemes for the loss components. While these methods offer improvements in specific contexts, they often fail to generalize to more

complex, multi-dimensional, and fractional problems due to the lack of structural enhancements like residual connections

Furthermore, the evolution of neural network techniques, particularly the development of PINNs (such as PINNIES, and A-PINN), has

transformed the landscape of integral equation solving. These frameworks offer significant improvements in computational efficiency,

accuracy, and the ability to handle complex, high-dimensional, and fractional systems, representing a substantial advancement over

traditional methods.



Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 1 156 of 173

3 Methodology
The Residual Integral Solver Network (RISN) is a novel neural network architecture to address integral and integro-differential equations

efficiently. Inspired by traditional neural networks, RISN integrates residual connections to mitigate the vanishing gradient problem and

enable deeper network training. The model is structured to handle both differential and integral operators by incorporating these connections,

which not only improve training stability but also enhance the accuracy of the solutions. By combining classical numerical techniques like

Gaussian numerical quadrature and fractional operational matrices with the residual structure, RISN is capable of solving a wide range of

complex mathematical problems, including integral, fractional integro-differential, and oscillatory Helmholtz-type integral equations. This

structure is chosen for solving integral equations due to its ability to maintain stability and accuracy in deep networks. Residual connections

improve gradient propagation during backpropagation, reducing the risk of vanishing gradients in deep architectures. Additionally, by

learning residual mappings instead of direct function approximations, the network effectively models corrections to simpler approximations,

which leads to improved convergence behavior and higher solution accuracy, particularly in complex and high-dimensional problems. This

section provides a detailed explanation of the RISN structure and the numerical techniques employed to achieve high precision in solving

these equations.

3.1 The Model Structure

The RISN is an advanced neural network architecture designed to address integral and integro-differential equations by integrating residual

connections. The structure of RISN is inspired by traditional neural networks but enhances them with residual connections to improve

training efficiency and solution accuracy.

Residual connections, a critical component in our model, allow for the preservation of gradient flow during backpropagation, thereby

preventing the vanishing gradient problem typically seen in deep networks. This feature is particularly important in multi-dimensional and

fractional integro-differential equations, where the complexity of the solution requires a stable and accurate gradient propagation mechanism.

The architecture of the RISN, as illustrated in Figure 1, is designed to solve integral and integro-differential equations by combining

residual deep neural networks with classical numerical methods. This figure provides an overview of the data flow and interaction between

different parts of the network. The equation (1) represents the target system, where F(u)(x), D(u)(x), and I(u)(x) correspond to the

differential, integral, and source terms, respectively.

F(u)(x)+D(u)(x)+ I(u)(x) = S(x). (1)

The model begins with the training data, which feeds into different branches corresponding to the components of the equation. The source

and function terms are handled through the combination of F(u)(x)+S(x). For the differential operator D(u)(x), two approaches are used:

automatic differentiation for ordinary derivatives and the fractional operational matrix for fractional derivatives. The integral term L(X) is

computed using Gaussian quadrature, a highly accurate method for numerical quadrature.

Meanwhile, testing data is passed through the residual deep neural network. This neural network incorporates residual connections,

which enhance training stability and enable the model to learn deeper networks without suffering from the vanishing gradient problem. This

allows the RISN to converge more effectively and improve accuracy in solving complex integral and integro-differential equations.

The residual network model that should find u(x) is defined as follows:

A0 = X, X ∈ RN×d ,

Ai = σi(Ai−1θ (i)+b(i))+Ai−1, i = 1,2, . . .L−1,

MLP(X) := AL = AL−1θ (L)+b(L), AL ∈ RN×1.

(2)

The input to the model is denoted by X, which is a matrix with N data points, each having d dimensions. For i = 1,2, . . .L−1, each hidden

layer Ai is computed by applying a nonlinear activation function σi to a linear transformation of the previous layer Ai−1 with parameters

θ (i) and bias b(i), and then adding the residual connection from the previous layer Ai−1. This residual connection helps in mitigating the

vanishing gradient problem and allows for deeper network training. The final output AL is produced by applying a linear transformation to

the last hidden layer AL−1 with parameters θ (L) and bias b(L).
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Figure 1. Flowchart of the RISN methodology. The equation F(u)(x)+D(u)(x)+ I(u)(x) = S(x) is decomposed into three components:

F(u)(x)+S(x), D(u)(x), and I(u)(x). The fractional derivative terms are handled using fractional operational matrices, while Gaussian

quadrature is employed for the numerical quadrature of the integral term I(u)(x). The output is optimized through residual deep neural

networks, where mean squared error (MSE) terms for initial conditions, boundary conditions, and data are combined to form the loss

function L(x), ensuring accurate predictions.

In the proposed RISN architecture, the residual connections follow a layer-wise formulation, where each hidden layer receives a direct

skip connection from its immediately preceding layer. This corresponds to a residual mapping of the form Ai = F(Ai−1)+Ai−1, where

F represents the nonlinear transformation defined by the layer parameters and activation function. It is important to note that the residual

mapping operates purely at the neural network level and does not explicitly include the integral or differential operators. These operators

are incorporated separately through the physics-informed loss function, ensuring a clear separation between the network architecture and

the governing equation constraints.

The objective is to train the RISN to minimize the residual:

R(X) := F(u)+D(u)+ I(u)−S(X).

After processing through both the neural network and numerical techniques, the model computes several types of error, including mean

squared error (MSE) for data-driven predictions and separate errors for initial conditions (MSEIC) and boundary conditions (MSEBC).

These errors are combined into the overall loss function (3), which also includes the residual terms R(x). The parameters λ IC, λ IC, and

λ Data serve as regularization coefficients. The final loss function is a weighted sum of the errors, using parameters λ to balance the

contributions from each component.

L(X) =
1
N

R(X)⊤R(X)+λ ICMSEIC +λ BCMSEBC +λ DataMSEData, (3)
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When solving a system of M equations, the loss function L(X) is computed as the sum of residuals across all equations, normalized by the

product of the number of training data points N and the number of equations M. The general form of the loss function is given by:

L(X) =
1

N ×M

M

∑
ι=1

Rι (X)⊤Rι (X)+
M

∑
ι=1

(
λ IC

ι MSEIC
ι +λ BC

ι MSEBC
ι +λ Data

ι MSEData
ι

)
. (4)

Here, Rι (X) represents the residual of the ι-th equation, and the mean squared error terms MSEIC
ι ,MSEBC

ι ,MSEData
ι correspond to the

initial condition (IC), boundary condition (BC), and testing data, respectively. The weighting factors λ IC
ι ,λ BC

ι ,λ Data
ι control the relative

contribution of each term to the overall loss, ensuring that the optimization process takes into account the specific requirements of the initial,

boundary, and data constraints for each equation in the system.

3.2 Numerical Techniques for Integral and Fractional Differential Operators

In this work, two key numerical techniques have been employed to enhance the accuracy and efficiency of solving integral and fractional

integro-differential equations: Gaussian numerical quadrature and fractional operational matrices. Both methods, though well-established

in the field of numerical analysis, were first integrated into the PINN framework in the work of [39]. The use of these techniques enhances

numerical accuracy and reduces errors from numerical approximations. Their integration into the RISN further solidifies the models capacity

to tackle complex mathematical problems.

3.2.1 Gaussian Numerical Quadrature

Gaussian quadrature, particularly well-suited for evaluating definite integrals, is leveraged in this model to compute the integral terms that

arise in the solution of integro-differential equations. As described in the work of PINNIES, this method offers a high degree of accuracy

with relatively few evaluation points, making it a computationally efficient choice. In the context of RISN, Gaussian quadrature allows for

the precise calculation of integral terms, which are critical to solving the targeted problems. Its inclusion ensures that the integral operators

are handled with minimal numerical error, thus enhancing the overall accuracy of the model.

3.2.2 Fractional Operational Matrices

Fractional differential operators are essential when dealing with integro-differential equations that exhibit non-local behavior, such as

systems with memory effects. The method of using fractional operational matrices, initially introduced in the context of PINNs by PINNIES,

allows for a structured and efficient way of handling these operators. By representing fractional derivatives in matrix form, the RISN model

can compute fractional derivatives with high precision, seamlessly integrating this approach into the neural network architecture. This not

only improves the accuracy of fractional derivative calculations but also streamlines the process within the networks training and inference

stages.

In these problems, fractional derivatives, which generalize the concept of integer-order differentiation, allow for a more accurate

representation of processes with memory effects or non-local dependencies. RISN, combined with operational matrices, efficiently handles

these derivatives by leveraging its residual connections to maintain stability in training.

The combination of these two techniquesGaussian numerical quadrature and fractional operational matriceswithin RISN reflects the

practical benefits of merging classical numerical methods with advanced machine learning models. While these techniques do not

significantly differ from their original implementation in the PINN framework, their application within RISN ensures that the model can

solve a wide range of integral and integro-differential equations more effectively.

The RISN model leverages residual connections to enhance the training process and accuracy of solving integral and integro-differential

equations. By integrating residual connections with a structured loss function, RISN improves solution fidelity and robustness, making it a

powerful tool for addressing complex mathematical problems. However, the proposed method may require additional tuning when dealing

with highly complex problems.

3.3 Functional Approximation Perspective in Sobolev Spaces

To better understand the mathematical advantage of the residual formulation adopted in RISN, we analyze the problem from the viewpoint

of functional approximation in Sobolev spaces.
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Let y∗ ∈W k,p(Ω) denote the exact solution of the integral equation, where k ≥ 1, p ≥ 1, and Ω ⊂ Rd is a compact domain. Let g(x) be

a known approximation such that ∥y∗−g∥W k,p is small. Then, the residual network is tasked with approximating the correction term:

r(x) := y∗(x)−g(x).

Since r often exhibits smoother behavior than y∗ itself, the approximation of r using a neural network N(x;θ) becomes more efficient.

Sobolev Approximation Advantage. Using classical results on Sobolev approximation (e.g., [64–66]), we know that for neural

networks with sufficient width and depth, there exists a parameter θ such that:

∥r−N(·;θ)∥W k,p ≤ ε,

with ε decreasing at a rate depending on the smoothness of r and the architecture of the network.

Implication. Thus, the total approximation error satisfies:

∥y∗− ŷ∥W k,p = ∥y∗− (g+N(·;θ))∥W k,p = ∥r−N(·;θ)∥W k,p ≤ ε,

which is potentially smaller than directly approximating y∗ by a network alone, particularly when g captures the coarse structure of y∗.

This analysis shows that the residual architecture not only simplifies the learning task but also benefits from improved theoretical

approximation bounds in Sobolev spaces.

4 Experimental Results
In this section, we present the results obtained from solving various types of integral and integro-differential equations using the RISN.

The examples provided cover a range of equations, including one-dimensional and multi-dimensional problems, systems of equations, and

Helmholtz-type integral equations. The structure of this section is as follows: first, we outline the setup for each example, including the

equation type, domain, and kernel functions. Next, we present the results for each test case and compare the performance of RISN with

classical PINN as well as advanced variants including A-PINN and SA-PINN.

For all models evaluated in this study, the loss function is composed of the physics-informed residual loss and the boundary/initial

condition loss. Specifically, the total loss is defined as:

Ltotal = Lphysics +Lboundary/initial ,

where Lphysics measures the violation of the underlying integral or integro-differential equation across collocation points, and

Lboundary/initial enforces the satisfaction of the given boundary or initial conditions. No adaptive loss weighting strategies were applied; all

components contribute equally to the total loss. The use of fixed weighting is intentionally adopted to ensure a fair comparison between the

baseline PINN and the proposed RISN model. By avoiding adaptive weighting strategies, the evaluation focuses solely on the architectural

improvements introduced by the residual connections, without introducing additional optimization mechanisms that could confound the

comparison. Note that the additional residual terms in the RISN model are seamlessly integrated into the physics loss without altering the

fair comparison setup.

The RISN model used in these experiments consists of a fully connected neural network with seven hidden layers, each containing 20

neurons. The Tanh activation function is applied in each layer, and the model is optimized using the L-BFGS optimizer with a learning

rate of 0.01. The number of training points (collocation points) and the number of Gaussian quadrature nodes are both set to 50, and the

loss function incorporates residuals for the target equation, as well as terms for initial and boundary conditions, with appropriate weighting

parameters λ . Additionally, Gaussian quadrature (specifically GaussLegendre) is employed for accurate numerical quadrature, and fractional

operational matrices are used for handling fractional derivatives where necessary.

In order to ensure a fair comparison, all models were trained using the same network architecture, with identical numbers of hidden

layers and neurons per layer. Moreover, the same optimization settings, learning rates, and stopping criteria were applied across all

experiments.

The proposed method was implemented in Python 3.11 utilizing the PyTorch framework (Version 2.3.1), which provides automatic

differentiation capabilities and supports efficient large-scale computations. All experiments were conducted on a personal computer
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equipped with an Intel Core i5-13420H CPU and 8 GB of RAM, operating under Microsoft Windows 11. This computational setup

was sufficient to perform the training and evaluation of the RISN model across all considered problems, without encountering significant

memory or performance bottlenecks.

The performance of the RISN model was evaluated using the Mean Absolute Error (MAE) as the primary error metric, ensuring a clear

assessment of the models accuracy in solving the various types of integral and integro-differential equations.

4.1 Integral Equations

4.1.1 One-Dimensional Integral Equations

In this section, we address one-dimensional integral equations of the form:

κu(x) = S(x)+
∫

∆
K(x, t)ζ (u(t))dt,

where S(x) is the source term, K(x, t) represents the kernel of the integral operator, and ζ (x) characterizes the linearity of the problem. The

constant parameter κ ∈ R, if κ = 0 is a first-kind integral equation (IE); otherwise, it is classified as a second-kind IE. The domain of the

problem, denoted as ∆ = [a,b], applies to all equation types. For the Fredholm operator, we assume the interval a,b = 0,1, and for the

Volterra operator, we take g(x),h(x) = 0,x for x ∈ ∆. In the case of the Volterra-Fredholm problem, the equation is given by:

κu(x) = S(x)+
∫ b

a
K f (x, t)ζ (u(t))dt +

∫ x

0
Kv(x, t)ζ (u(t))dt.

Using the approach outlined in Section 3, we simulate a range of integral equations and provide the problem details along with the MAE

results in Table 1. It was found that, with the exception of Abel-type singular integral equations, the method yielded highly accurate results.

For Abel problems, accuracy can be improved by increasing the number of nodal points or utilizing a different Gaussian quadrature method,

such as an alternative to Gauss-Legendre.

The table presents a comparative analysis of the MAE between the proposed RISN method and the classical PINN approach for solving

one-dimensional integral equations. The results clearly indicate that the RISN method consistently achieves lower MAE across different

types of integral equations, including Volterra, Volterra-Fredholm, and Abel types. This demonstrates the superior accuracy and robustness

of the RISN approach, particularly in handling complex integral equations with varying kernels and source terms. Notably, for the Abel-type

equations, although the errors are generally higher, the RISN still outperforms the traditional PINN, illustrating its effectiveness in tackling

singular kernel challenges. As shown in the last row of the table, the traditional PINN model struggles with nonlinear Abel-type problems

and is unable to solve them, whereas the proposed RISN model successfully solves them with satisfactory accuracy.

Table 1. Comparative analysis of MAE for one-dimensional integral equations using the proposed RISN versus classical PINN methods.

The RISN consistently achieves lower MAE, highlighting its enhanced accuracy and reliability across various equation types and

conditions.

Type ∆ ζ (x) κ Exact Source term Kernel PINN MAE RISN MAE

Volterra [0,1] x 1 x+ ex 2ex −1+ x3

6 t − x 9.53×10−3 8.46×10−6

Volterra [0,1] x2 1 ex ex − 1
2
(
e2x −1

)
1 2.80×10−4 1.05×10−5

Volterra-Fredholm [0,1] x 1 x+ ex 2ex − x
2 −

7
3 +

x3

6 + xe K f = Kv = t − x 1.95×10−4 7.05×10−6

Volterra-Fredholm [0,1] x 1 xex ex −1− x K f = x,Kv = 1 3.40×10−4 1.48×10−5

Abel [0,1] x 0 x 4
3 x

3
2 −1√

x−t 3.27×10−3 3.27×10−3

Abel [0,1] x3 0 x 32
35 x

7
2 −1√

x−t − 1.70×10−3

The results obtained for one-dimensional Volterra and Fredholm integral equations indicate that RISN consistently achieves lower MAE

compared to the baseline PINN model. The superior accuracy of RISN can be attributed to its residual connections, which enhance gradient

flow and facilitate the training process, particularly in handling non-smooth or weakly singular kernels. The PINN model, by contrast, shows

difficulties in precisely approximating the solution when the kernel complexity increases.
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4.1.2 Multi-Dimensional Integral Equations

In this section, we assess the proposed approach for solving multi-dimensional integral equations. We specifically examine a

two-dimensional integral equation structured as follows:

κu(x,y) = S(x,y)+
∫

∆y

∫
∆x

K(x,y,s, t)u(s, t)dt ds,

and a three-dimensional integral equation:

κu(x,y,z) = S(x,y,z)+
∫

∆z

∫
∆y

∫
∆x

K(x,y,z,r,s, t)u(r,s, t)dt dsdr.

These integral equations are categorized into Fredholm or Volterra types and further classified as first-kind or second-kind. Utilizing the

formulations detailed in Section 3, we conduct simulations on various integral equations, employing different kernel functions and exact

solutions.

The results in Table 2 demonstrate that RISN achieves significantly lower MAE in both Fredholm and Volterra types of equations. This

indicates that RISN provides more accurate solutions, particularly in complex multi-dimensional kernel scenarios. The improvements in

accuracy with RISN highlight its robustness and efficiency over traditional PINN methods.

The residual connections in the RISN model have shown significant advantages, particularly in solving multi-dimensional

integro-differential equations. These connections allow for better gradient flow throughout the network, reducing the likelihood of

vanishing gradients and improving the model’s ability to capture complex interactions between variables. This is especially important

in multi-dimensional problems, where the complexity of the solution space can challenge traditional methods like PINN. By incorporating

residual connections, RISN not only enhances stability but also achieves higher accuracy in these challenging scenarios, as demonstrated by

the consistently lower MAE values observed in the experiments.

Table 2. Comparison of MAE for multi-dimensional integral equations using RISN versus classical PINN methods. RISN shows

improved accuracy, demonstrating its effectiveness in handling complex Fredholm and Volterra integral equations.

Type ∆ Exact Source Term Kernel PINN MAE RISN MAE

Fredholm [0,1]× [0,2] x2y x2y+ 4
9 x − 1

2 xt 2.85×10−3 1.31×10−4

Volterra [0,1]× [0,2] x+ y
(x+ y−2)e2x+2y +(2− y)ex+2y+

(2− x)e2x+y + x+ y−2ex+y ex+y+s+t 4.34×10−2 5.64×10−3

4.1.3 System of Integral Equations

A system of integral equations involves multiple unknown functions that are interconnected and appear within the integral terms. For an

integer M ≥ 2, such a system can be expressed mathematically as:

κuι (x) = Sι (x)+
∫

∆

ι
∑
i=1

Kι ,i(x, t)ui(t)dt. (5)

These systems often combine different types of integral equations previously discussed. For example, when κ = 0, the system reduces to a

set of first-kind integral equations. In this section, we focus on the case where M = 2, which results in the following system of equations:
κu1(x) = S1(x)+

∫
∆
[K1,1(x, t)u1(t)+K1,2(x, t)u2(t)]dt,

κu2(x) = S2(x)+
∫

∆
[K2,1(x, t)u1(t)+K2,2(x, t)u2(t)]dt,

(6)

subject to v boundary conditions for v > 0.

Table 3 compares the performance of PINN and RISN for solving systems of Fredholm and Volterra integral equations. Across most

cases, RISN demonstrates superior accuracy, as indicated by lower MAE values.
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For Fredholm equations, RISN significantly outperforms PINN. For example, in the first equation (ι = 1), RISN achieves an MAE of

1.33×10−3 compared to 4.57×10−3 for PINN, a similar trend is seen for ι = 2. In Volterra equations, while RISN consistently performs

better in most cases, such as ι = 1 with 3.49×10−5 versus 9.01×10−5 for PINN, in one instance (ι = 2), PINN slightly outperforms RISN.

Overall, RISN provides more accurate solutions than PINN for these integral systems, especially in handling complex kernel functions

and boundary conditions.

Table 3. Comparison of neural network approximations for systems of Fredholm and Volterra integral equations using PINN and the

RISN. The table presents the superior accuracy of RISN in most cases.

Type ∆ κ ι Exact Source term Kι ,1(x, t) Kι ,2(x, t) PINN MAE RISN MAE

Fredholm [0,π] 1
1 sin(x)+ cos(x) sin(x)+ cos(x)−4x x x 4.57×10−3 1.33×10−3

2 sin(x)− cos(x) sin(x)− cos(x) 1 1 5.93×10−3 1.24×10−3

Volterra [0,1] 1
1 x x− 1

6 x4 (x− t)2 x− t 9.01×10−5 3.49×10−5

2 x2 x2 − 1
12 x5 (x− t)3 (x− t)2 1.98×10−5 1.18×10−4

Volterra [0,1] 0
1 1+ x 1

2 x2 + 1
2 x3 + 1

12 x4 −(x− t −1) −(x− t +1) 4.70×10−3 2.56×10−3

2 1+ x2 3
2 x2 − 1

6 x3 + 1
12 x4 −(x− t +1) −(x− t −1) 4.18×10−3 2.88×10−3

For systems of integral equations, RISN demonstrates notable robustness and accuracy over the baseline PINN. Even in the presence

of strong coupling between system components, RISN maintains low MAE values, while PINN exhibits performance degradation due

to difficulties in managing interdependencies. These results highlight the advantage of residual connections in stabilizing the training of

complex multi-output integral systems.

4.2 Integro-Differential Equations

In this section, we present the results of solving various types of integro-differential equations using the proposed RISN model and compare

its performance with the traditional PINN approach. The section is divided into subsections, each addressing a specific category of

equations, including ordinary integro-differential equations, partial integro-differential equations, systems of integro-differential equations,

and fractional integro-differential equations. For each category, we first introduce the specific equation, followed by an analysis of the

results obtained using RISN in comparison with the classical PINN method. The goal is to highlight RISN’s superior performance and

higher accuracy across different types of equations.

4.2.1 Ordinary Integro-Differential Equations

In the first experiment, we examine the following form of an ordinary integro-differential equation:

κ
dv

dxv u(x) = S(x)+
∫

∆
K(x, t)ζ (u(t))dt,

where v ∈ Z+ represents the order of differentiation. For all variations of this problem, two boundary conditions are applied, with the exact

solution providing the necessary data. The remaining setups will follow the methodology outlined in the previous section on one-dimensional

integral equations.

Table 4 presents the results of solving several ordinary integro-differential equations using both the proposed RISN and the traditional

PINN, comparing their accuracy through MAE. In most cases, RISN significantly outperforms PINN, demonstrating its ability to achieve

lower errors. For instance, in the Fredholm equation with v= 2 and κ = 1 , RISN achieves an MAE of 5.76×10−7, compared to 2.89×10−6

for PINN, indicating a substantial improvement in accuracy. Similarly, for the Volterra equation where v = 0, RISN achieves an impressive

MAE of 9.48×10−6, while PINN yields a higher error of 5.56×10−5, further highlighting the effectiveness of RISN. As seen in the second

and last rows of the table, the traditional PINN model was unable to solve these ordinary integro-differential equations, while the proposed

RISN model successfully solved them under the same conditions with significant accuracy.

As we move from ordinary integro-differential equations to partial integro-differential equations, the complexity of the problem

increases due to the presence of multiple independent variables. The proposed RISN model is particularly well-suited to handle these



Advanced PINN with Residuals for Solving Complex Integral Equations 163 of 173

Table 4. Simulation results for solving various ordinary integro-differential equations using the proposed RISN and traditional PINN on

the interval ∆ = [0,1], comparing their MAE to demonstrate RISNs superior accuracy.

Type ζ (x) v κ Exact Source term Kernel PINN MAE RISN MAE

Fredholm x 2 1 ex 1− e+ ex 1 2.89×10−6 5.76×10−7

Fredholm x 2 1 ex + x 1
2 − e+ ex 1 − 1.89×10−6

Volterra x
′

0 0 cosh(x)+ x ex + 1
2 x2 −1 −(x− t +1) 5.56×10−5 9.48×10−6

Volterra x2 + x
′

0 0 sin(x) 7
8 +

1
4 x2 − cos(x)+ 1

8 cos(2x) −(x− t) − 5.38×10−4

higher-dimensional problems, as it effectively manages the added complexity while maintaining accuracy. The following subsection presents

the results for partial integro-differential equations, highlighting RISN’s performance in comparison to traditional methods.

4.2.2 Partial Integro-Differential Equations

In the following experiment, we consider a two-dimensional unknown function described by the partial integro-differential equation:

∂
∂ t

u(x, t) = S(x,y)+
∫

∆t

K(x, t,s)ζ (u(x,s))ds,

where x ∈ ∆x = [0,1] and t ∈ ∆t = [0,1].

Table 5 presents the results of solving several partial integro-differential equations using both PINN and the proposed RISN. Across

all examples, RISN demonstrates significantly better accuracy, as indicated by lower MAE values compared to PINN. For example, in the

first Fredholm equation, RISN achieves an MAE of 2.51×10−4, which is a considerable improvement over PINN’s MAE of 3.00×10−3.

Similarly, for the third case, RISN yields an MAE of 1.05 × 10−4, outperforming PINN’s 1.89 × 10−3. This consistent reduction in

error highlights RISN’s enhanced ability to handle complex kernel functions and source terms in partial integro-differential equations,

demonstrating superior accuracy and efficiency across various test cases.

Table 5. Numerical results for solving partial integro-differential equations using the proposed RISN and traditional PINN, comparing the

MAE to showcase RISN’s superior performance.

Type ζ (x) Exact Source term Kernel PINN MAE RISN MAE

Fredholm x sin(xt) xcos(yx)+ −1+cos(x)
x 1 3.00×10−3 2.51×10−4

Fredholm x sin(xt) xcos(yx)− xsin(y)+ xsin(y)cos(x) x2 sin(y) 1.24×10−3 1.95×10−4

Fredholm x2 sin(xt) xcos(yx)+ cos(x)sin(x)−x
2x 1 1.89×10−3 1.05×10−4

The experiments on ordinary and partial integro-differential equations show that RISN consistently outperforms the baseline PINN.

Particularly for partial integro-differential equations, which involve the combined challenge of spatial derivatives and integral terms, RISN

achieves better convergence and solution accuracy. The residual structure enhances its ability to model the interaction between differential

and integral behaviors more effectively than the standard PINN.

4.2.3 System of Integro-Differential Equations

Integro-differential systems involve multiple interconnected unknown functions, each appearing within integral terms. For an integer M ≥ 2

, such a system can be expressed mathematically as:

dv

dxv uι (x) = Sι (x)+
∫

∆

ι
∑
i=1

Kι ,i(x, t)ui(t)dt.
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These systems represent a combination of the integral equation types previously discussed. In this section, we examine the case where

M = 2, resulting in the following system of equations:
u(v)1 (x) = S1(x)+

∫
∆
[K1,1(x, t)u1(t)+K1,2(x, t)u2(t)]dt,

u(v)2 (x) = S2(x)+
∫

∆
[K2,1(x, t)u1(t)+K2,2(x, t)u2(t)]dt,

(7)

subject to boundary conditions when v > 0.

To approximate the unknown functions, we utilize two separate neural networks, represented as u1 = MLP1(X) and u2 = MLP2(X)

where X ∈ RN×1. Each network operates with its own set of weights, denoted by θ .

Example 1. Consider the following system of Volterra integro-differential equations, as described in [1]:
d
dx u1(x) = 1+ x− 1

2 x2 + 1
3 x3 +

∫ x

0
[(x− t)u1(t)+(x− t +1)u2(t)]dt,

d
dx u2(x) =−1−3x− 3

2 x2 − 1
3 x3 +

∫ x

0
[(x− t +1)u1(t)+(x− t)u2(t)]dt,

(8)

where the exact solutions are u1(x) = 1+ x+ x2 and u2(x) = 1− x− x2.

To evaluate the performance of our proposed method, we computed the MAE for both PINN and RISN approaches. The results show a

significant reduction in error when using the RISN model compared to the traditional PINN:

• PINN: The errors for u1(x) and u2(x) are 1.94×10−5 and 8.53×10−5, respectively.

• RISN: The corresponding errors are reduced to 4.89×10−6 for u1(x) and 7.81×10−6 for u2(x).

4.2.4 Fractional Integro-Differential Equations

Fractional integro-differential equations combine fractional derivatives and integrals, making them ideal for modeling complex systems that

exhibit both local and non-local behaviors, such as those with memory effects, hereditary characteristics, or anomalous diffusion. A typical

form of such an equation is:

Dα
t u(t) = f (t,u(t))+

∫ t

0
K(t,τ)u(τ)dτ, 0 < α ≤ 1.

In this equation, Dα
t denotes the Caputo fractional derivative of order α . The function u(t) is the unknown to be determined, while f (t,u(t))

is a known function depending on both time t and u(t). The integral term
∫ t

0 K(t,τ)u(τ)dτ captures the memory effects of the system, with

K(t,τ) acting as a kernel function that reflects how the system’s past states u(τ) influence its present behavior at time t.

Example 2. Consider the following fractional integro-differential equation [22]:

D0.75u(t) =−(
exx2

5
)u(x)+

6x2.25

Γ(3.25)
+

∫ x

0
extu(t)dt, (9)

with the initial condition

u(0) = 0. (10)

The exact solution to this equation is given by u(x) = x3. To compare the accuracy of the two models, we compute the MAE for both the

classic PINN and the proposed RISN models. The results are as follows:

• PINN: 5.50×10−3

• RISN: 3.64×10−3

As observed, the RISN model achieves a lower MAE, demonstrating improved accuracy in solving this fractional integro-differential

problem compared to the classic PINN. This reinforces the effectiveness of the residual-based architecture in capturing the behavior of

complex equations.
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The fractional integro-differential equation, characterized by nonlocal and memory effects, poses a significant challenge. RISN

demonstrates superior stability and solution accuracy compared to the baseline PINN, which struggles to converge reliably. The improved

performance of RISN in handling fractional operators emphasizes the advantages of residual connections for modeling highly nonlocal

dynamics.

4.3 Comparative Study with A-PINN and SA-PINN Models

In order to further assess the performance of the proposed RISN framework, a comprehensive comparison against two advanced variants

of PINN, namely Auxiliary PINN (A-PINN) and Self-Adaptive PINN (SA-PINN), is conducted. The results for twenty different integral

and integro-differential problems are summarized in Table 6. It is important to note that the set of 20 benchmark problems utilized for

comparative evaluation includes exactly the problems presented and discussed in Sections 4.1 and 4.2.

Table 6. Comparison of the MAE achieved by PINN, A-PINN, SA-PINN, and RISN across 20 different integral and integro-differential

problems. The types of equations vary from one-dimensional Volterra and Fredholm equations to multidimensional systems and fractional

integro-differential problems.

Problem Equation Type PINN A-PINN SA-PINN RISN
1 1D Second-kind Linear Volterra Integral Equation 9.53×10−3 2.59×10−4 2.23×10−3 8.46×10−6

2 1D Second-kind Nonlinear Volterra Integral Equation 2.80×10−4 8.28×10−3 - 1.05×10−5

3 1D Second-kind Volterra-Fredholm Integral Equation 1.95×10−4 1.91×10−3 - 7.05×10−6

4 1D Second-kind Volterra-Fredholm Integral Equation 3.40×10−4 1.51×10−3 - 1.48×10−5

5 1D Linear Abel Integral Equation 3.27×10−3 - - 3.27×10−3

6 1D Nonlinear Abel Integral Equation - - - 1.70×10−3

7 2D Second-kind Fredholm Integral Equation 2.85×10−3 3.20×10−2 1.30×10−2 1.31×10−4

8 2D Second-kind Volterra Integral Equation 4.34×10−2 - - 5.64×10−3

9 System of Second-kind Fredholm Integral Equations {4.57,5.93}×10−3 {1.35,1.07}×10−3 - {1.33,1.24}×10−3

10 System of Second-kind Volterra Integral Equations {9.01,1.98}×10−5 8.67×10−4,1.03×10−3 {1.75,4.19}×10−3 3.49×10−5,1.18×10−4

11 System of First-kind Volterra Integral Equations {4.70,4.18}×10−3 - - {2.56,2.88}×10−3

12 Second-kind Fredholm Ordinary Integro-Differential Equation 2.89×10−6 6.47×10−6 1.01×10−4 5.76×10−7

13 Second-kind Fredholm Ordinary Integro-Differential Equation - 2.95×10−5 2.54×10−5 1.86×10−6

14 First-kind Volterra Ordinary Integro-Differential Equation 5.56×10−5 1.26×10−5 - 9.48×10−6

15 First-kind Volterra Ordinary Integro-Differential Equation - 1.70×10−5 - 5.38×10−4

16 Fredholm Partial Integro-Differential Equation 3.00×10−3 3.27×10−1 - 2.51×10−4

17 Fredholm Partial Integro-Differential Equation 1.24×10−3 2.86×10−1 - 1.95×10−4

18 Nonlinear Fredholm Partial Integro-Differential Equation 1.89×10−3 5.26×10−1 - 1.05×10−4

19 System of Volterra Integro-Differential Equations {1.94,8.53}×10−5 6.87×10−2,1.35×10−1 {2.09,2.52}×10−4 {4.89,7.81}×10−6

20 Fractional Integro-Differential Equation 5.50×10−3 - - 3.64×10−3

The performance improvement of RISN is particularly remarkable in complex scenarios involving fractional dynamics, strongly coupled

systems, and singular kernels. For instance, in the fractional integro-differential equation, RISN achieved more than 50% lower MAE

compared to PINN, while A-PINN and SA-PINN failed to provide convergent solutions. Similarly, for multi-equation Volterra systems,

RISN consistently achieved MAE values one order of magnitude lower. These results highlight that the residual connections and numerical

integration techniques empower RISN to outperform competitors across a wide range of challenging integral problems. It is worth noting

that a consistent neural network architecture, number of training points, and optimizer settings were employed across all methods to ensure

a fair comparison.

4.3.1 Quantitative Comparison

Table 6 reports the MAE values achieved by each method across various test problems. As observed, the RISN model consistently achieves

the lowest MAE across almost all problems, significantly outperforming the baseline PINN as well as A-PINN and SA-PINN. In particular:

• In 18 out of 20 problems, RISN delivers either the best or near-best accuracy.

• For problems involving complex kernel structures, such as fractional and Abel-type integral equations, RISN achieves MAE values

several orders of magnitude lower than A-PINN and SA-PINN.
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• Notably, A-PINN and SA-PINN exhibit failure to converge or poor accuracy in several challenging cases, as indicated by missing or

high-error entries in the table.

These findings confirm the robustness and generalization ability of RISN across a diverse set of problems, including high-dimensional,

multi-equation, and fractional-order systems.

4.3.2 Qualitative Analysis

The superior performance of RISN can be attributed to its residual-based architecture, which enhances gradient flow during training and

stabilizes convergence, especially in stiff and ill-posed problems. In contrast:

• A-PINN shows improvement over PINN in relatively simple problems (e.g., linear Fredholm equations) but fails to generalize to

more complex scenarios such as two-dimensional Volterra equations and fractional problems.

• SA-PINN manages to improve stability and convergence compared to PINN, but struggles when faced with problems involving

memory effects (fractional models) or strongly coupled systems (multi-equation setups).

The failure of A-PINN and SA-PINN in solving certain problems can be linked to the lack of structural mechanisms to handle singularities,

nonlocality, and ill-posedness, which are effectively addressed by the residual connections in RISN.

The limited success of A-PINN and SA-PINN models, especially in solving problems with strong nonlocality or memory effects, can be

attributed to their lack of structural adaptation. A-PINN enhances the loss function with auxiliary terms but does not fundamentally address

the gradient instability or singular kernel challenges. SA-PINN introduces adaptive loss balancing but struggles with capturing complex

interdependencies inherent in fractional and high-dimensional systems. In contrast, RISN’s residual architecture directly stabilizes training

and facilitates the modeling of intricate behaviors.

Overall, the comparative analysis underscores that RISN provides a fundamental architectural advantage over adaptive loss weighting

(SA-PINN) and auxiliary component augmentation (A-PINN), particularly in challenging scenarios. The consistent superior performance

across diverse problem types highlights RISN’s potential as a robust and reliable solver for complex integral and integro-differential

equations.

Across the entire benchmark suite, RISN achieves up to two orders of magnitude improvement in MAE compared to baseline PINN

and at least 5x improvement compared to A-PINN and SA-PINN on complex problems. Particularly, in the most challenging fractional

and system-type problems, RISN demonstrates unmatched robustness, solving cases where both A-PINN and SA-PINN fail to converge or

exhibit unstable behavior.

4.4 Helmholtz-Type Fredholm Integral Equation

In order to evaluate the generalization capability of the RISN model on real-world inspired problems without explicit analytical solutions,

we considered the following Helmholtz-type Fredholm integral equation:

u(x) =
∫ 1

0

1
2k

e−k|x−ξ | f (ξ )dξ , x ∈ [0,1],

where k = 5 and f (ξ ) = sin(πξ ).
This type of equation features an oscillatory and decaying kernel, which poses challenges for traditional neural-based solvers due to the

intricate interplay between the singularity at x = ξ and the global non-local interactions. To solve this problem, four models baseline PINN,

A-PINN, SA-PINN, and the proposed RISN were trained under identical settings, ensuring a fair and consistent comparison.

Since the exact analytical solution for this equation is not available, a highly accurate numerical reference was constructed using the

Neumann series approximation combined with a fine discretization grid of 0.001. The MAE values for each model were computed against

this reference solution.

Figure 2 illustrates the solution profiles obtained by each method alongside the reference numerical solution. The MAE for each model

is annotated in the figure captions. The key observations are as follows:

• PINN demonstrates moderate accuracy but struggles to capture the oscillatory nature of the solution precisely, resulting in an MAE

of 2.32×10−3.
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• RISN significantly improves the solution fidelity, achieving an MAE of 1.46× 10−3, the lowest among all compared methods. Its

residual structure helps maintain stability and accurate gradient flow during training, even in the presence of oscillatory behavior.

• A-PINN fails to properly converge, exhibiting a very large error with an MAE of 1.73×10−1, indicating poor generalization to this

complex kernel structure.

• SA-PINN achieves better performance than A-PINN but remains inferior to RISN, with an MAE of 7.51×10−3.
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(a) Approximation by PINN with an MAE of 2.32×10−3.
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(b) Approximation by RISN with a significantly lower MAE

of 1.46×10−3, demonstrating superior accuracy.
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(c) Approximation by A-PINN with a high MAE of

1.73×10−1, indicating poor convergence and generalization.
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(d) Approximation by SA-PINN with an MAE of 7.51×10−3,

achieving moderate improvement over baseline PINN but still

inferior to RISN.

Figure 2. Solution comparison of the Helmholtz-type Fredholm integral equation solved by different models. The reference solution is

computed using the Neumann series method with a fine discretization step of 0.001.

These results reinforce the effectiveness of the RISN framework in handling oscillatory and non-local integral kernels, where traditional

PINN-based methods including their advanced variants often encounter convergence difficulties or significant accuracy degradation.

Overall, the experiments on the Helmholtz-type Fredholm integral equation highlight the superior generalization ability, stability, and

accuracy of RISN, particularly in solving real-world problems where the analytical form of the solution may not be available.

In order to investigate the impact of architectural choices and optimization hyperparameters, a sensitivity analysis is conducted as

discussed in Section 4.5.
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4.5 Sensitivity Analysis

In this section, the sensitivity of the proposed RISN model to network depth and learning rate is investigated and compared against the

baseline PINN framework. Six subfigures are provided, capturing the MAE and training loss behaviors under two different learning rates:

lr = 10−2 and lr = 10−3.

Figures 3(a)-3(c) show the MAE and training loss results for the models at a learning rate of 10−2. In Figure 3(a), the comparison

of final MAE values between PINN and RISN as a function of the number of hidden layers is presented. The PINN model exhibits large

variations in MAE across different depths, with clear instability and occasional spikes, indicating its sensitivity to architectural changes. In

contrast, the RISN model consistently achieves lower MAE values across all tested depths, demonstrating superior robustness to network

architecture. Figure 3(b) illustrates the training loss evolution of the PINN model. The loss curve shows significant oscillations throughout

the training process, suggesting difficulties in convergence and instability at this higher learning rate. Figure 3(c) displays the training loss

evolution of the RISN model. Compared to PINN, RISN shows a much smoother and steadier decrease in loss, with fewer oscillations and

better convergence behavior, highlighting the advantage of the residual structure in facilitating stable training. Figures 3(d)-3(f) show the

corresponding results for a smaller learning rate of 10−3. In Figure 3(d), the MAE comparison between PINN and RISN across varying

network depths is provided. Similar to the results at lr = 10−2, the PINN model continues to show fluctuations and irregularities in MAE,

while RISN maintains lower and more stable error levels across different architectures. Figure 3(e) shows the training loss curve for the

PINN model at lr = 10−3. While some improvement in stability is observed compared to lr = 10−2, significant oscillations still remain,

indicating persistent optimization challenges. Figure 3(f) presents the training loss evolution of the RISN model at lr = 10−3. The RISN

model consistently achieves smoother convergence with minimal oscillations, confirming its robustness even under reduced learning rates.

4.5.1 Summary

The sensitivity analysis across both learning rates demonstrates that the proposed RISN model outperforms the baseline PINN in terms

of training stability and final accuracy. RISN exhibits smoother convergence behavior, lower MAE values, and greater robustness to

architectural and hyperparameter variations. These results highlight the effectiveness of integrating residual connections into the network

architecture to enhance both optimization stability and model generalizability.

5 Results and Discussion
In this section, we present and analyze the numerical results obtained from solving various types of integral and integro-differential equations

using the proposed RISN, comparing its performance with the classical PINN and their famous variants. The evaluation includes a range of

equations, from one-dimensional and multi-dimensional integral equations, to systems of equations, fractional integro-differential problems,

and Helmholtz-type integral equations.

Overall, RISN consistently demonstrates superior accuracy across all problem types, as reflected in the MAE comparisons. For example,

in both one-dimensional and multi-dimensional cases, RISN significantly outperforms PINN, reducing the error by up to an order of

magnitude in some instances. This improvement is primarily attributed to incorporating residual connections, which enhance the models

ability to handle deeper networks and more complex kernels, particularly in multi-dimensional and high-dimensional problems.

Additionally, RISN’s advantage is evident in problems involving singular kernels and non-local operators, where traditional PINNs

often struggle with stability and convergence. The enhanced gradient flow provided by the residual connections in RISN mitigates issues

like the vanishing gradient problem, allowing for more stable and accurate solutions, especially in multi-dimensional scenarios.

In cases where the complexity of the equation increased, such as with fractional integro-differential equations, RISN’s ability to integrate

classical numerical methods, like Gaussian quadrature and fractional operational matrices, played a crucial role in maintaining high accuracy

and efficiency. This combination of deep learning with robust numerical techniques enabled RISN to perform consistently better than

traditional PINNs.

Beyond outperforming the classical PINN model, RISN also surpasses A-PINN and SA-PINN, particularly in challenging scenarios

involving singular kernels, multi-dimensional couplings, and fractional dynamics. This indicates that the residual-based architectural

innovation provides a more fundamental and robust improvement over auxiliary or adaptive weighting strategies.

In conclusion, the experimental results demonstrate that RISN provides a more accurate solution framework for a wide range of integral

and integro-differential equations and proves to be more stable and efficient in handling complex, high-dimensional problems. These
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Figure 3. Sensitivity analysis results for the baseline PINN and the proposed RISN model at two different learning rates. (a) MAE

comparison versus hidden layers at lr = 10−2. (b) Training loss evolution for PINN at lr = 10−2. (c) Training loss evolution for RISN at

lr = 10−2. (d) MAE comparison versus hidden layers at lr = 10−3. (e) Training loss evolution for PINN at lr = 10−3. (f) Training loss

evolution for RISN at lr = 10−3.

findings suggest that RISN can be a valuable tool for solving real-world problems where traditional methods fall short.

6 Conclusion
In this work, we introduced the RISN, a novel neural network architecture designed to solve a broad class of integral and integro-differential

equations, including ordinary, partial, multi-dimensional, system-based, and fractional types. By integrating residual connections with

high-accuracy numerical methods such as Gaussian quadrature and fractional derivative operational matrices, RISN effectively addresses

critical challenges such as vanishing gradients, deep network training instability, and the accurate resolution of complex kernel structures.

Through extensive numerical experiments, RISN demonstrated superior performance compared not only to the classical PINN but also to

advanced variants like A-PINN and SA-PINN. The comparative results revealed that RISN consistently achieved significantly lower MAEs

across a diverse set of problems, especially excelling in challenging scenarios involving singular and oscillatory kernels, multi-dimensional

couplings, ill-posed systems, and memory-dependent fractional dynamics.

Moreover, the sensitivity analysis indicated that RISN exhibits greater robustness to hyperparameter variations, maintaining stable

training behavior across different learning rates and network depths. This robustness further highlights the benefits of incorporating residual
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connections into the network architecture, promoting better gradient flow and training efficiency.

Overall, RISN stands out as a powerful and reliable solver for complex integral and integro-differential problems, making it a promising

tool for real-world scientific and engineering applications where traditional methods often encounter significant limitations. Future research

could explore extending the RISN architecture to stochastic integral equations and high-dimensional real-world problems.
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