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Abstract In this article, we the concept of soft G-metric space and continuous
soft mapping on it introduce. We also the Banach fixed point theorem in
complete soft G-metric spaces investigate.
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1 Introduction

In [2], the concept of soft sets for dealing with uncertain objects as a general
mathematical tool introduced. In [1], several basic notions of soft set theory
were defined and studied. Later, in [4] the concepts of soft closed sets, soft open
sets, soft closure, soft separation and soft interior axioms were introduced.

In this paper, we bring basic definitions of soft sets and we define soft G-
metric on soft sets and we soft and complete soft G-metric spaces introduce.
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Also, we consider continuous soft mappings on it. First, we have the following
definitions from [8]:

Definition 1 [8]. Let (F, A) and (F’, A’) are soft sets on X and Y, respec-
tively. Let f;1 : A — A’ and fy : F(A) — F’'(A’) be mappings, where
F(A) = {F(a) : a € A} and F'(A") = {F'(a’) : o’ € A’}. Then we define
f= U f2) s (F,A) — (F', A7) by

f(V,B)(€) = { %Jeeffl(e’)mB f2(V(e)  frie)nB#0

otherwise.

So it is said to be f a soft mapping and (f(V, A), C) is a soft image of a soft
set (V, B). Let (W,C) € (F’, A’), in which case the pre-image of (W, C') under
the soft mapping f defined above is the soft set on X, denoted by f~1(W, C),

where
FHW,0)(e) = {fz( (fie))  file)eC

otherwise.

Definition 2 [8]. Suppose A C F a set of parameters, (a,r) and (b, ') be the
parametric soft scalars. Therefore, the sum between soft parametric scalars
and scalar multiplication on soft parametric scalars define as follows

(a,r) + (b7 7’/) = ({a7 b}ﬂn + 7’/), and /\((l,?“) = (a7 )‘T)7
for every A € R.

Definition 3 [8]. Let (F, A) be a soft set on X. We say a function f on
(F,A) is parametric scalar valued, if there is functions f; : A — A and
fo : F(A) — R such that f(F, A) = (f1, f2)(A, F(A)).

Similarly, in [8] the parametric scalar valued function defined above is extended
as [ 1 (F,A) x (F,A) — (A,R) by f(Ax A, F(A) x F(A)) = (f1, f2)(A x
A, F(A) x F(A)), where f1 : Ax A— Aand fo: F(A) X F(A) — R.

Definition 4 [3]. Consider nonempty set X. Let G : X3 — [0, +00), therefore,
G is called a metric on X if it has the following conditions:

(G1) G(zt, 22,2 )—Oifx =a? =23

(G2)O<G(m iz )forallx a:EX\mthx ;éx

(G3) G(z, 2!, x )SG(:}: x?,2%) for all 2!, 22 2% € X with 23 # 22,

(G4) G(zt, 22,23) = G(a?, x?’ ,2%) = G(xQ,:E?’,xl) = ... (symmetry in all
three varlables)

(G5) G(2t,22%,23) < G(at,a,a) + G(a,2?,23) for all o' 2% 2% a € X,
(rectangle 1nequahty).
Then, we say (X, Q) is a G-metric space.

Now, we give the definition of a soft G-metric space.
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Definition 5 Let (F, A) be a soft set on X. Let 7 : Ax A — A be a
parametric function. We call the parametric scalar valued function G : (F, A)x
(F,A) x (F,A) — (A,RTU{0}) is a soft metric on (F, A) if G satisfies in the
following properties:

1.G((a", F(ah)), (a*, F(a?)), (a®, F(a%)))

- (7"_[:(0/1’ a2a CLS), %(a17a27a3)70)a

and equality holds, whenever a' = a? = a3.

2.G((a", F(a")), (a*, F(a2)),(a37~F(a3)))

= G((a', F(a")), (a* F(a®)), (a*, F(a?)))

e
for all a', a2, a® € A.

3.G((a', F(a)), (a% F(a?))(a®F(a%)))
< G((a', F(a")), (d, F(d))(d, F(d)))
+ G((d, F(d)), (a®, F(a?)), (a®, F(a®))),

for all a',a2,a3,d € A. We say the pair ((F, A), G) is a soft G-metric space
on X.

Definition 6 Consider the soft set (F, A) on X. We say every element (a®, F(a®)) €
(F, A) a soft point of (F, A) where a® € A. in general terms if for some a® € A,

we have 2! € F(a®)It will not necessarily be (a,z') in (F, A) but if it is in

(F, A), then we call (a3, 2') a soft point (F, A)

Definition 7 Consider the soft set (F,A) on X, and G be a soft G-metric
on (F, A). For each soft point (a3, z') € (F, A), we show a distance of (a®,z?)
from (a!, F(a')) by

dz((a®2"), (a', F(a")) =G((a®,a"), (a", F(a")), (a*, F(a")))
+ G((a', F(a")), (a®,2"), (a®,2")).

If X be a metric space with metric d, then the distance (a®, 2') from

(at, F(a')) can be defined as follows

G((a®,2"), (a', F(a")),(a', F(a")))

= (%(a37a17a1),%(a3,al,al),wQEigt("al)d(xl,xz)).
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Definition 8 Consider the soft set (F, A) on X, let G be a soft G-metric on
(F,A) and r > 0 be a real number. The soft ball with radius (a’!,r) around
(a', F(a')) is the following set

{(a* F(a”)) € (F, A) : G((d* F(a”)),(a", F(a")), (a', F(a")))
< (7(a®,a',a"),7(a® a',a"))

= (a't,r)}.

We show a soft ball with a radius of (a’t,r) around (a', F(a')) by

Bz ((a', F(a')), (a™,r)), And if there is no ambiguity about the soft metric G,
we display the said ball as B((at, F(a')), (a’*, 7))

or B(all).r) (al, F(al)).

Theorem 1 Consider the soft set (F,A) on (X,d), let G be a soft G-metric
on (F,A). So, the collection

B={Bg(a' F(a")),(a",r)): (a',F(a")) € (F,A),d" € A,r e RT}.
is a base for (F, A).

Definition 9 Consider the soft set (F, A) on X. A soft sequence in (F, A) is a
function f: N — (F, A) by setting f(n) = (F,, 4), n € N, such that (F,,, A)
is a soft subset of (F, A) for n € N, and we show it by {(F),, A)}5,.

Definition 10 Consider the soft set (F, A) on X, let G be a soft G-metric
on (F, A), {(F,, A)}22, be a soft sequence in (F, A) and (x!, F(z!)) € (F, A).
Then we call {(F,, A)}>2; G-converges to

(x1, F(x')), if for every number € > 0, there exists a natural number N such

that for every n,m € N which n,m > N, we have
G((a', Fu(a")), (a%, Fu(a®)), (2!, F(a"))) = (7(a', 0% 2"), 7(a',a®,2"), €).

In other words, {(F,, A)}5°; G-converges to (x!, F(z!)), if for every positive

number € such that for every n > N, (a', F},(a')) lies in soft ball of radius
(7(al, z1), 7 (a2, x1), €) about (!, F(x')),

B@((a:l, F(zY), (7(at,a? 2Y), 7(a', a®, z1), €))).

The meaning of (F,, A) — (2!, F(2!)), means sequence {(F,,A)}>°; G-
converging to (z!, F(z!)), for all n € N.

Lemma 1 FEvery soft G-metric space is a Hausdorff soft space.
Theorem 2 Consider the soft set (F, A) on X, let G be a metric on (F, A),

{(Fn, A)}52, be a soft sequence in (F, A). If {(Fy, A)}52, is G-convergent in
(F, A), then it G-converges to unique element of (F, A).
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Proof (reductio ad absurdum), let there are elements
(¢!, F(21), (2*, F(a?), (2%, F(2?)) € (F, A)

such that (F,, A) — (2!, F(a!)), (Fn, A) — (2%, F(2?)) and
(Fp, A) — (23, F(23)), for every n € N. Then by condition 3. of definition 5,
for every a' € A, we have
G((@', F(a"), (@, F(a?)),(2", F(2%))
< G((z", F(2")), (a', Fu(a)), (', Fu(a)))
+G((d', Fu(a")), (2%, F(a%)), (%, F(2%))). (1)
Now, let € be an arbitrary positive number. Since {(F,,, A)}52; G-converges
to (!, F(z1)), (22, F(2?)) and (23, F(23)), so there exist numbers N1, Ny € N
such that for every n > N7 and n > N,
G((a", F(ah)), (a!, Fa(a)).(a", Fu(a')))
< (7(z', at, '), 7 (2, at, at),e/2), (2)

and

G((a', Fu(a)), (@, F(a)),(®, F(2%)))
< (7(a', 2%, 2%),7(a", 2% 2°%),¢/2).  (3)

Now, suppose that n > max{Ny, Na}. Then by (1), (2) and (3), we have

G((a', F(ah), (2%, F(a?)) (2", F(2?))

< (7(z,a',al
12

Therefore

for every € > 0 and a' € A. Then

G((@', Pah), (@* F(a), (@°, F(a*))) = (7 (2',2%,2%), 7(a", 2*,2%),0).

2

So condition (1) of definition 5, implies that #! = 2% = 23, and consequently,

(@', F(z') = (2%, F(2?)) = (%, F(a?)).
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Definition 11 Consider the soft set (F, A) on X, let G be a metric on (F, A),
{(Fn,A)}32, be a soft sequence in (F, A). Then we call {(Fy,,A4)}%2, is a G-
Cauchy soft sequence, if for every number € > 0, there is a natural number N
such that for every n,m € N that n,m > N, we have

G((a', Fu(a")), (a', Fu(ah)),(a", Fn(a')))
< (7(a',a',a"),7(a',a',a") ).
Proposition 1 Let ((F, A), é) be a soft G-metric space on X and let

{(Fn, A)}52, be a G-convergent soft sequence in (F, A). Then  {(Fn, A)}5,
is a G-Cauchy soft sequence.

Proof 1t is Straightforward.

Definition 12 Consider the soft set (F, A) on X, let G be a metric on (F, A).
We call (F, A) is a complete soft G-metric space if every G-Cauchy soft se-
quence G-converges in (F, A).

Let ((F, A), é) and ((F’, A", é’) be two soft G-metric spaces on X and Y,
respectively. Using the definition 5, we define the mappings 7: Ax A — A
and 7™ : A’ x A’ — A’. Now, we consider continuity of soft mappings on soft
G-metric spaces.

Theorem 3 Let ((F, A), G) and (F', A", G") be two soft G-metric spaces on
X andY, respectively. Let f = (f1, f2) : (F,A), G) — ((F', A"), G’) be a soft
mapping. Then f is soft continuous if and only if for every (', F(z!)) € (F, A)
and every € > 0, there are § > 0 such that for every (x%, F(z?)), (23, F(23)) €
(F,A)

G'(f(a', F(ah), f(2*, F(2%)),f (2%, F(27)))

=< (7 (7(at, 22, 2%)), 7 (7 (2!, 2%, 2%)), ), (5)
whenever
G((z', F(z")), (%, F(2?)),(2", F (%))
< (q(a', 2, 2%), 7 (2!, 2%, 2%), 9).
Proof Let f : ((F,A),G) — ((F',A"),G") be soft continuous, ¢ > 0 and
(x, F(x )) € (F,A). By Theorem 1, the soft ball
(

& (F((@' F@h), @ (L@ (! u, ), 7 (7 (2" u,0)),€)
((F/ A"), @) is open, for all u,v € A. Since f is soft continuous, then
(B (f((@ F(ah), @ (@@, u,0), 7 (7 (', u,v),€)))

n ((F,A), G) is open. Condition 3. of Theorem 2.3 of [6], implies that
(! ( M)
B (f((2', Fah), @ (A7 (" w,0), 7 (A7 (' u,v))),€))-
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Then there is a positive number § such that
(z', F(z1))
€ Bx((z', F(z")), (F(z",u,v), 7 (2", u,v),6))
Cf B (f((=', F(2h), @ (A7 u,0)), 7 (17 (2" u, ), €))),
for all u,v € A. If 22,23 € A is an element with
G((=', F(a"), (2°, F(2?)), (2*, F(2*))) = (F(a',27,2%), 7(a", 2%, 2),0),
then
(22, F(z%)), (2, F(2?)) € B@((aﬁl, F(2Y)), 7z, 2%, 2%), 7 (2t 22, 23), 9)).
This shows that
(2*, F(2?)), (2%, F(a%)) €
7 Ba, (f((2h Fah), (7 (A7 (=t 2%, 2%), 7 (17 (2, 2%, 27))), €)).

Now, using condition 4, theorem 2.3 of [6], we conclude that
f((&?, F(2?)), f((«®, F(2*)) belongs to

Be, (f((@', F (")), @ (f1(7 (2", 2%, %)), 7 (1 (7 (2", 2%, 2%))), €))).

Therefore (5) holds. N
Converse, assume that (W, C) in ((F’, A’), G') be an open set. Suppose that
(z1, F(x')) € f~1((W, C)). Again by Theorem 2.3 of [6], we have f(z!, F(z!)) €

(W, C). Since (W, C) is open in ((F’, A"), G"), then by Theorem 1, there exist
a number € > 0 and soft ball

B (f((=", F(2")), (7 (7 (z',u,0), 7 (f1(F (2", u,v))), €))
in ((F',A"), G"), for all u,v € A such that

Be, (f((', F(a))), @ (7 (2, u,0))), 7 (f1(7 (2, u,0))),€)))S(W, C). (6)

On the other hand, there is a positive number & such that for every

(2%, F(2?)), (2%, F (%)) € (F, A)
G'(f((', F(z").f (2 F(2?))), f((z*, F(2%))))
= (7 (fl( (z!, 2 ,$3))) T (fi(7 (@t 2?,2%))), 6,  (7)
whenever
é((zl, F(xl)), (xQ, F(zz)), (IS, F(LES))) = (7~T(:171, z2, x?’), 7(xt, z2, xS), J).
As a result for every (22, F(2?)), (23, F(2®)) € (F, A), if
(2*, F(a?)),(« (CUS))
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then
fa? F(2?)), f(2®, F(2%))
€ Bz (f((a', F(2"), (@ ((7 (2,2, 27)), 7 (f(7 (2!, 2,27))), €))). (9)
Therefore
FBz((!, F(ah), (7 (2,2, 2°), 7 (2!, 2%, 27),0)))
EB, (f((a, F@h)), (7 (A7, 2%, a), 7 (A7 (!, a%, %), ). (10)
Using (6) and (10), we have
FBz((a!, F(h), (7(a',2?, %), 7 (2, 2%, 27), 6))) S (W, O).
Then
(xlﬂF(xl)) € B@((wl,F(ml)),(%(Il,l'Q,xS) (xl :L'2 T ) )) f ( )
This means f~1(W,C) in ((F, A), G) is an open soft set.

Lemma 2 Let ((F, A), G) be a soft G-metric spaces on X and (S, B) be a soft
subset of (F, A). Then (x',S(z')) € (S, B) if and only if there is a soft sequence
{(Sn, B)}5%; in (S, B) such that {(S,, B)}3%; G-converges to (x!,S(z1)).

Proof According to the Theorem 5 from [9], we have

(S, B) = (S, B)°U(S, B). So, if (z!, S(z')) € (S, B) so it is in (S, B)® or (S, B).
If (21, S(z')) € (S, B)°, suffice that is to suppose that (S1,A4) = (a!, S(z!))
and (Sp,A) = 0 for n > 2. Now assume that (z1,S(2')) € (S,B). Si

S, B) = (S, B)N((S, B)*”), then there exist a

mce

(z1,S(21)) € Bz((z',S(z")), (72, a1, 29), 7 (2", 21, 21), 1))N((S, B)*),
such that z1 # x1. Thus
G((z", S(="), (a1, S(x1)), (2, S(2}))) = (F(a', @, 21), (2 a1, 21), 1),
Now, let € > 0 and
(7(xt, 21, 2]),7 (2t 21, 21), €1)
= SO, 5@"), (], S()), (ot ()

We have (x!,S(z')) € (S, B), then there exist a (23, S(zl)) # (21, S(at))
belongs to

Bz (2", 8(ah), (@(a, 23, 23), 7 (2", w3, 7)), e))N((S, B)*). (1)
Then (11) implies that

G((',S(2")), (w}, S(x3)). (w3, S(23))) X (F(a', 3, 3), T, 23, 23), 1),
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and clearly, z3 # z1. Now, let

(%(wl, x%, xé),%(xl, x%, x%), €)
1~

= 5 G, 8(h), (w3, S(23)), (23, S(2)))-

By induction, we construct an infinite soft sequence with separate elements of
(S, B), and we set (S,,, B) = (z},S(zl)) for all n = 1,2,.... Hence

G((Sn, B), (2", S(a")),(z", S(21)))

= (7Tt ay, 2), W@ 2, ), €nm1)

n’ n
~ - 1
=< (w(xl,xi,x;),w(xl,x;, a:}l), §en,2)
~ - 1
<=2 (7t 2l b)), 7 (2t 2l k), 277,7261)
~ - 1
< (7t whod). Ao ah ah), ).

Therefor, (S,, B) — (x',S(z!)) as n — oo. The inverse is clear.

Theorem 4 Let ((F,A), G) and ((F',A"), G') be two soft G-metric spaces on
X and Y, respectively. Let f = (f1, f2) : (F, A), G) — ((F', A"), &) be a soft
mapping. Therefore f is soft continuous if and only if for every G-convergent
soft sequence {(Fy,, A)}>>, in (F,A) which G-converges to (x!,F(x')) in
(F, A), the sequence {f((Fy,,A))}>2, G-converges to f((z!, F(z1))).

Proof Let f : (F,A), G) — ((F', &), G") be soft continuous, and {(F,, A)}2

n=1
be a soft sequence in (F, A) such that {(F,,, A)}5°; is G-converges to (2!, F(x!)) €
(F, A). Let € > 0. Since f is soft continuous, then by Theorem 3, there is § > 0
such that for every (22, F(z?)), (23, F(23)) € (F, A),
F(@® F(a?)), f((@®, F(2%)))
€ Bz (f((@', F(a"))), @ (f(7(a!,2%,2%))), 7 (L7 (2,22, 2%))), €)), (12)

whenever
(2®, F(2?)), (2°, F (%)) € Bg((a', F(2")), (7 (', 2, 2%), 7 (", 2°,2%),6))).

On the other hand, there is a positive integer N € N such that for n > N,
(Fn,A) € Bg((z', F(2Y)), (7 (2!, 2?,23%), 7 (2!, 2%, 23),6)). Therefore, we con-
clude that for every n > N,

f((Fn, A4))

€ B (f((a!, F(«h), @ (h(7 (', 2?,27))), 7 (fi(7 (', 2%, 27))), €))). (13)
Therefore f((F,,A)), G-converges to f((z!, F(z')).

Assuming that for every G-convergent soft sequence in (F,A) such as
{(F,, A}, which G-converges to any (z', F(z')) in (F, A), the sequence
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{f((F,, A))}2,, G-converges to f((zt, F(z'))). Let (S, B) be a soft subset in
(F,A) and let (2!, S(z1)) € (S, B). So by Lemma 2, there is a soft sequence
{(Sn,B)}5°, in (S, B) such that {(S,,B)}>>,; G-converges to (z',S(z1)).
Then our assumption concludes that

f((Sn, B)) G-converges to f((zt,G(z1))).

Therefore f((S,,B)) € f(S,B), as a result f((z%, S(x!))) € f(S, B). That is,
f((S,B))Cf((S, B)). Now, by using Theorem 4.2 of [7], f is soft continuous.

2 Banach Contraction Theorem

In this section, we prove the Banach contraction theorem for soft G-metric
spaces. First, we have the following definition.

Definition 13 Let ((F, A), G) be a soft G-metric space on X, and f : ((F, A)G) —

((F,A), G) be a soft mapping. We say f is soft G-contractive if there exist a
positive number ¢ with 0 < ¢ < 1 such that

G(f (", P(), F(@%, F(a2)), F((°, F*))
<[ G(@" Fa), F(a), (0% F(a?), F(a), (a%, F(a%), F(2%))) ],

for all !, 22,23 € A.

Clearly, by Theorem 3, any soft contractive mapping will be soft continuous.
Definition 14 Consider the soft metric space ((F, A), G) on X, and let f :
((F,A),G) — ((F,A), G) be a soft mapping. A fixed soft set for f is a soft
subset of (F, A) such as (z!, F(x!)) such that f((x!, F(z'))) = (2!, F(a1)).

Theorem 5 Let ((F, A), G) be a complete soft G-metric space on X, and let

f:(F,A),G) — ((F,A), G) be a soft contractive mapping. Threfore | has
a unique fixed soft set.

Proof Let (Fpy, A) be an arbitrary soft point in (F, A). We make soft sequence
{(Fn,A)}32, as follows:

(Frus1, A) = f(Fa, A))  n=0,1,2,.... (14)

Since f is soft contraction, there exists 0 < ¢ < 1 such that for all n > 1

G((an A)v (Fn+17A)7 (Fn+17A))
= G(f((Fa1,4)), f((Fn, A)), f((Fn, A)))
Cé ((Fn—lvA)’ (Fn’ A)7 (FTHA))

A

< "G ((Fy, A), (F1, A), (Fy, A)). (15)
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For any n < m, by repeated use of condition (3) in Definition 5, we have
@((Fn, A), By A), (F, A))
< G((F, A), (a1, A), (Frsn, A))
o [C((Frr, A), (B, A), (s 4))]
< G ((Fo, A), (Fr, A), (71, 4))]
G ((Fo, A), (B, A), (1, 4))]

PGB A), (FLA) (5, 4)]

= (Y IG((Fo, A). (1, 4), (1, 4))]

n=0

< (3 MG ((Fo, ), (Fi, 4), (Fi, 4) )

n=0
B 1
C1—ad

Thus, (16) follows that {(F,,A)}>2, is a G-Cauchy soft sequence in (F, A).
Since (F,A) is a complete soft G-metric space, then there is (x!, F(z!)) €
(F, A) such that {(F,, A)}>>, G-converges to (z', F(z')). Since f is soft con-
tinuous, then by Theorem 4, f((F,, A)) G-converges to f((z!, F(z!)). Also by
definition of {(F,, A)}>>,, f((F,, A)) G-converges to (x!, F(x')). Thus using
the theorem 2 f((z!, F(2'))) = (2!, F(2!)).

To prove uniqueness of (z*, F(z!)), suppose there is another element (22, F(22)) €
(F, A) such that f((z2, F(2?))) = (22, F(2?)) and
(2!, F(21)) # (22, F(2?)). Then

G((a', F(a"), (e, P(a2), (a2, F(2%)))
_ B ). S D), H62 FG))
< G(@" <x1>>,<w2,F< 2), (@2, F(a%))).

Thus the above inequality conclude that ¢ > 1, so this would be a contradic-
tion, as a result, the proof is complete.

(G((Fo. 4), (71, 4), (71, 4)). - (16)

Ezample 1 Let X = [0,00], d(z!,2?) = |2' —2%|, A=QT = {2 € Q: 2! > 0}
and let (F, A) be a soft set on X such that each (a, F(a')) € (F, A) is defined
as (a!, F(a')) = [0, a*]. Consider the mapping G : (F, A) x (F, A) x (F, A) —
(A,R* U{0}) defined by

G((a', F(a")), (a*, F(a)),(a”, F(a"®)))

= max{|a’ — d?|,|a® — a”®|,|a”® — a'|}.
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Clearly, ((F,A), é) is a complete soft G-metric space on X. Suppose f :
((F,A),G) — ((F, A), G) be a soft mapping with the following definition

1, 1 1

f((a' F(a) = (30, F(3a1) = 0, 7o'
Then,
G (", F(a). S (a2 (), £((a )
= G((ja" F(3ah), (0% F(3a%), (a°, F(;a®)
= max{|ja’ ~ | |30% — 1] |50 - 1a')
= Jmax{|la’ — | 5la® — a®| || — a]
< %maxﬂal —ad?|,]a?® — a3|,]a"® — a'|)
= G F(a), (62 F(a?), (@, F(a®).

The above relations show that f is a contractive soft map with ¢ = % Now by
applying the theorem 5 we conclude that f has a unique fixed soft set.

Theorem 6 Let ((F,A), é) be a complete soft G-metric space on X, and
T:(F,A) — (F,A) be a soft mapping such that T™ satisfies the following
conditions:

G(T((a F (@) I (@ F(a). T™((a*, F(a))))
< c|G((@ F(a), (@ F(a), (@ F(a))].  (17)

for every (at, F(al)), (a?, F(a?)), (a3, F(a®)) € (F,A) and 0 < ¢ < 1.Then T

has a unique fized soft set.

Proof According to the theorem 5, T™ has a unique fixed soft set (a!, F(al)).
However,

T (a', Fa')) = T(T™(a', F(a'))) = T(a', F(a'));

therefore, T'(a', F(a')) is also a fixed point of Tm Since the fixed soft set of
T™ is unique, so, as a result T'(a', F(a')) = (a', F(a')). For uniqueness, if
T (a2, F(a?)) = (a?, F(a?)) then T"(a?, F(a?)) = (a F(a?)) which prove that
(0%, F(a?)) = (a*, F(a")).

Ezample 2 As in Example 1, let X = [0, 00], d(z%,2?) = |2t — 2%, A=QT =
{z! € Q: 2" > 0} and (F, A) be a soft set on X such that each (a', F(a')) €
(F, A) defined as (a', F(a')) = [0,a']. Consider the mapping G : (F,A) x

(F,A)x (F, A) — (A,R*U{0}) defined by é((al7 F(a')), (a?, F(a?)), (a3, F(a3

) =
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max{|at — a?|,|a? — a’3|,|a”® — a!|). Let T : (F, A),G) — ((F,A), G) be a
soft function defined by

1

T((a', F(a')) = (70, F(30) = [0, 3a']
By definition of T" we have
(@, F(a")) = T(T(a", F(a")))) = T((G0*, F(}a")
= (gga', F(ga"))

Then by induction, T™((a*, F(a'))) = (s=a', F(g=a')), for m € N. Thus,

~ 1 1 1 1 1 1
= G((— Fil 72}772 7/3F7/3
(G0 F(grat ) (0 F(g00), (g F(g0™)
1 1 1 1 1
:max{|47a1—47ma2|’|47ma2—4—ma/3‘7‘4—m /3—471(11”
1 1 1
— Zmaux{zlm& la' — a?|, T la? — a3, 4m71|a’3 —a'|)
1
< ymax{la’ —a®|,|a® —a®|,|a" — a'])
1

=, G((a", F(a"), (@, F(a*)), (a® F(a™).

Theorem 7 Let ((F, A), G) be a complete soft G-metric space on X, and let

T :Bg((a*, F(a')), (a*, 7)) — ((F, A), G) be a soft contraction mapping with
G(T((a", F(a")), (@', F(ah), (@', F(a"))) < (1= c)(a",r),  (18)

where 0 < ¢ < 1. Then T has a unique fized soft set in

Bz ((a', F(a")), (a",7)).

Proof Clearly, there is an ro > 0 such that 0 < (a’t,79) < (a't,7) with

G(T((a", F(a)), (o', Fa"), (a', Fa"))) = (1= ¢)(@", o).
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Now; take T' : Bg((a', F(a')),(at,10)) — Bg((al, F(al)),(a't,r0)). If
(a? F(a?)) € Bg((at, F(al)), (a’t, 7)), then

G(T((a* F(a).(a', F(a")), (a', F(a")))
= G(T((a* F(a?)), T((a", F(a"))), T((a', F(a"))))
+ G(T (!, F(a"), T((a", F(a)), (a', F(a")))

< ¢G((a%, F(a®), (a', F(a), (a, F(a')))
+ (1 —¢)(a’t, 7o)
=< c(a,ro) + (1 —c)(a't, o)

_ (a/l TO)

Since Bg((at, F(al)), (o', r()))gB@((al, F(a')), (a’t,7)). Now, by applying The-
orem 5 we conclude that 7" has a unique fixed soft set in

Bs((al, F(ah)), (ah,10))CBg ((a', F(ah)), (a™, 7).

3 Extend some fixed point theorems

Lemma 3 Let A C E be a set of parameters, ( Lr) and (a®,7") be two soft
1

n
i

parametric scalars such that for every e > 0, if (a*,r) < (a®,r' + ¢€), then

(a'7) % (a,1).

Theorem 8 Let ((F G) be a complete soft G-metric space on X, and let

) )’
T = (11, 1) : (F,A),G) — ((F,A),G) be a soft continuous mapping such
that

T((a', F(a')) = (Ti(a"), Ta(F(a')) = (T1(a"), F(T1(a")))

for every (a', F(a')) € (F, A) and it satisfies for some parametric scaler valued
T2 (FaA) — (AaR+)

G(T((a", F(a)). (a', F(a") (o', F(a"))
< @l(a', F(a") = ¢(T(a', F(a).  (19)

Then {T"((a', F(a'))} converges to a fized soft set, for every
(a',F(a')) € (F, A).

Proof By definitions 1 and 3, set T = (T1,T2) and ¢ = (¢1,p2). Now, if
T((a',F(a'))) = (Ti(a'), T2(F(a'))), we set T((a', F(a'))) = (a1, F(a3)),

then
p(T((a', F(a'))) = (p1(a1), p2(F(a1))) = (af,r1).
Similarly, we write 7" ((a', F(a'))) = (a}, F(al)) for n = 1,2,.... Thus

p(T"((a', F(a")))) = (wl(an)ﬂOQ(F(a'}z))) = (aivrn)-

(a
n)
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From the condition (22) we have

G(T((a*, F(a")), (@', F(a")), (o', F(a"))) + ¢(T(a", F(a"))
< p((a', F(a").  (20)
So by Lemma 3, (T ((a', F(a')))) < ¢((a!, F(a')). This implies that ¢(T?((a', F(al))) <
©(T((a', F(a'))). By continuing this process, we obtain p(T"!((at, F(a'))) <
o(T™((a*, F(a')))). That is, {o(T"((a, F(a'))))} is a decreasing and as a re-

sult the sequence {r,} of real numbers is decreasing. Hence there exist r € R
such that

lim o(T"((a', F(a')))) = (a®,7) (for all a® € A). (21)

n—»-o0

Clearly (a?,r) is nonnegative. Then for all n,m € N with n < m, we have

G(T" (", F(a"))), T™ (", F(a"))), T"((a", F(a")))) =
G(T"((a*, F(a"), 7" (!, F(a"))), T" (0", F(a))) )
+ G (T (0!, Fa)), T (0, Fah), T"*Q(( %FW))))
G(T"2((a*, F(a"), T (', F(a"))), T"((a’, F(a")))) +

+ G (T (@, F(a), T (o, F(a’ Fa')

Y é(T%(al,F(alm,Ti“((al,F<a1>>>,Ti+1<<a1,F<a1>>>)

= (T((a", F(a ))))—SD(T”“((alyF(al))))+s0(T”+1((a1,F(al))))
—@(IT""2((a', F(a")) + -+ o(T™((a", F(ah))))
—(T™((a, F(al))))
= (T"((a', F(a")))) — ¢(T™((a', F(a')))).
Thus,

lim G(T((a, F(a))), T™ (0, F(a)), T™ (0", F(a")))) = (a2,0)

m.n—0o0

(see Definition 2). So, {T"((a', F(a')))} is a soft G-Cauchy sequence. Thus,
there is (z!, F(z')) € (F, A) such that

- n1 V)Y — (1 1

Jim T((a" Pla))) = (& Fla")).
Definition 15 Suppose ((F, A), G) and ((S, B), G') are soft G-metric spaces
on X and Y, respectively, and T : ((F,A), G) — ((S,B), G’) be a soft map-
ping. We call T is a closed (open) soft map, if for every closed (open) soft set
(F,A’) in (F, A) where A’ C A, T((F, A”)) is a closed (open) soft set in (S, B).
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Some parts of the proof of the following theorem are similar to the proof of
theorem 6.1 [11].

Theorem 9 Let ((F,A), Z:) be a soft compact G-metric space on X, and

T: ((F,A),G) — ((F,A), G) be a soft closed mapping with the following
condition

G(T((a", F(")), T((a%, P(a*), T((a*, F(a*)))
< G((a' F(ah), (@ F(a®), (* F(a¥)),  (22)

for every (a', F(a')), (a?, F(a?)), (a®, F(a3)) € (F,A). If for any nonempty
soft set (at, F(a')), T((a', F(a')) is a nonempty soft set, then T has a unique
fized soft set in (F,A).

Proof Let {Ay}nen be a family of subsets of A, we put T((F, A)) = (F, Ay).
similarly, set T?((F, A)) = T((F, A1)) = (F, A3). By continuing this process
we have

T((F,A)) = T((F, A2)) = (F, A3), -, T"((F, A)) = T((F, Ap—1))
= (F, An)a

for n € N. Clearly, (F, A, 41)C(F, A,) for n € N. By Lemma 1 and Theorem
3.34 of [10], (F, A) is a soft closed set and so (F, A;) is a soft closed set. Then
for the same reason (F,A,) is a soft closed set for n € N. As a result, by
Proposition 6.1 of [11] we have N,en(F, An) # 0. By Theorem 3.6 of [5] or
Proposition 5.1 of [11] we have

T, (F.A)) = T(, T (F. A))

neN
N, T (E )

L T(EA))

i mnEN(F’ An)

MR

Now we have to show that ﬁneN(F7 Ap)C T(ﬁneN(F7 Ay)).
(reductio ad absurdum), Suppose there is a soft point Be[),, oy (F, Ay) that is

not a soft point in 7'((),, ey (F, An)).

Put (F,B,) = T-YB)N(F,A,). Then we have (F, Bn)i(F, B,_1) for ev-
ery n € N. Again using the proposition 6.1 of [11], [, cn(F, Bn) # 0. Then
TN, en(F, Bn))éBﬁT(ﬂneN(F, A,)). On the other hand since B is a soft
point so B = T((,cn(F, Bn)). Thus, B € T(,cn(F, An)). This completes
the proof.
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We put (), cn(F, An) = C. Now we show that C' is unique. Suppose there
is another member such as D in(F, A), such that T(D) = D and C # D. Then

G(C,D,D) = G(T(C), T(D), T(D)) < G(C, D, D).

Thus, ), en(F, Ay) is a unique fixed soft set.

Theorem 10 Let ((F,A), G) be a complete soft G-metric space on X, and
suppose there is a such that for every (a*, F(a')) € (F,A) soft mapping T :
(F,A) — (F, A) such that

T((a', F(a") = (T1(a"), Ta(F(a")) = (Ti(a), F(Ti(a"))
for every (a', F(aV)), (a2, F(a?)), (a®, F(a®)) € (F, A) and it satisfies:
G(T((a", F(a)) T((a% F(a*), T((a*, F(a*)))
< a|G((a", Fa")), (a2 F(a®), (a*, F(a")) )]
G (@, Fah), (@ Fa®), (", Fla®) |, (23)

for every (o', F(a')), (a%, F(a?), (¢, F(a?)) € (F, A), where
a: (A, RT) — [0;1) satisfy to the following condition:

alat,ty) = 1=t, —0.
Then T has a unique fized soft set.
Proof Let fix (a', F(a')) € (A, F) and (a}, F(a})) = T™(a', F(a')), for n € N.
We present the proof in two steps.

1: We claim

lim G ((a}, F(a})), (ah oy, F(ahir)), (ahir, Flahn))) = 0.

n—oo

Since T is contractive,

o G (T (a!, Fa")), (T"(a, F(a), (T"(a', F(a")))) ]
(7@, F(a), (T"(a', F(a"))), (T"(a", F(a"))) )|

= a|G((ahoy, Fla}_1)), (T(a}, F(a}))), (T(a}, F(a})))]
((T(@h—y F(ah ), (T(a}, F(ah), (T(a}, F(a) )]
{

=[G ((ah-r. Flah 1)), (ah F(a})), (ah, F(a)) )|
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é«a’}wF(a}z))?(a’:ﬂth(aiﬁLl)L(a:LJrlvF(aihLl)))
j é((al I’F(al )),(a:“F(CL}L)),(a:“F(a;)»

so the sequence {G((a}l, F(al)), (al 1, F(alq)), (al iy, F(a}LH)))} is decreas-

ing. Then

lim G((ah, F(a}), (@h i1, Flah i) (@hirs Flahi) ) = (a%,7).

n—oo

Assume toward a contradiction that (a2,r) # 0 or 7 # 0. By (5.7) we have

G((ah41F(@hin)s (@hio F(ah 1)), (@han, Flahys))
= a|G((ah F(a})), (@, Flah ) (ah g Flahi) |
C((ah F(ah)), (@h 1, F(ah ), (ahr, Fahi))).
Then letting n — 0o, we have
(a?,7r) =

lim | G((a}, F(ap), (@h 1 Fah)s (@ Flan,)) ) @), (24)

n—oo

Then

%(aQ, 1) =<
*(tim a[G((ah Fah)), (@hir, Flahin)), (ahir, Flakin))) |

n—oo

(a?, 1)) : (25)
This follows

(@, 1) = (a2, lim oG ((ah, F(ah), (@ Flahin): (@i Flali)) ]

n— oo

Thus,

: (1 1 1 1 1 1 > 1
Jim | G((ah, F(a})), (@hy, Flah ), (ko Flah) )| 21
This is a contradiction and shows that our claim is true.

2. We claim {(al, F(al)} is a G-Cauchy soft sequence. By using reductio
ad absurdum, let

lim sup G((a,,, F(ay)), (ap,, Fay,)), (ap,, F(ay,))) > (a',0),

m,n— oo
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for every a' € A. By the triangle inequality:

G((an, F(ay))(a LyF(a}n))v(ath(ain)))

(( Fl(a ))7( 711+1aF( ’}L+1))7 (a'}L+1’F(a711+1)))
((a}wr F(a n+1)) (a m+17F(a’71n+1))7(a}n+17F(a71n+1)))
G((@hs1s Flag, 1)), (an, Flag,)), (ap,, F(ar,))
((a}L,F( n))?( n+1aF( 711+1))a(a;+1aF(a¢11+1)))
((a’}L+1’ (a n+1)) (a m+1’F(a%n+l))’(a}nJrlvF(a’inqtl)))
[G((an, )s (@b, Flay), (ah, Flah)) )|
Ic

((an,F ,m,F<a;>>,<aa,F<a;>>)}

Q

(1 a(G((ah, F(a})), (ah,, Flal,), (ah, F(a},))]
G((ah, Pah)), (ah, F(a},), (ah, Flal,)) )]
< G((a}, Fl(a 2y (@i, Fla n+1))v(ai+17F(a}«L+1)))
+ G((@hyers Pk 1)), (@b, Fa},) (ah, Flar,)):
from 1. we have

1= 1im a(Gl(a}, F(a})). (ah,, Flah)), (ah, Flak)))]

n— oo

| (ks Flah), (ahy, Fah), (abys Flah)) | < (a',0).
for every a' € A. So, one of the following conditions be happen

(i) 1 lim, e o G((ah, F(al)), (al,, F(al,), (b, F(al,)))] =0,
(ii) [é((al F(a})), (@}, F(al)), (a: F(a}n)))] — (a',0), for all ' € A.

n’ n m? m?

According to the assumption, the case (ii) does not happen, that is

lim_a(G((a}, F(a})), (ah, Flap): (ah, F(a},) )| = 1.

n—oo

Definition of o implies that
G(ah, F(ah), (ak,, Flah)) (ah, Pah))) | — (a',0)

for all a! € A.

Let (a!, F(a')) € (F, A). Since (F, A) is a complete soft G-metric space and
{T™(a*, F(a'))} is a G-Cauchy sequence, so, there exist a (22, F(23)) € (A, F)
such that lim, o, T"(a', F(a')) = (23, F(2?)) and since T is continuous,
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T(2°, F(2%)) = (2, F(2°)).
For niqueness, suppose that (a2, F'(a?)) another soft fixed point of T, that is
T(a?, F(a?)) = (a?, F(a?) from the contractive condition on T we have:

G(T((a", F(a")T((a% F(a))), T((a* F(a?))))
= G((a', F(a"), (0% F(a?), (a® F(a?))

< a(G((a!, F(a"), (0 F(a?), (0 F(a®)) )

Thus
G((a', F(a")), (0% F(a%), (a* F(a)))
(1= a(&((a' F(ah). (a% P(?), (¢ F(a%))) )) 2 0.
Therefore B
G((a" F(a"), (@ F(a*). (o> F(a)) =0
or
(1= a(&((a", Fah), (a2 F(a®), (¢ F(a®)) ) =0,
From the definition of soft G-metric and property «;, it follows that T'(a?, F(a?)) =
(a?, F(a®) = (a!, F(a'))

Ezample 3 As in Example 1, let X = [0,00], d(a!,2?) = |2! — 22|, A =
QF = {2! € Q: 2! > 0} and let (F, A) be a soft set on X such that every
(a, F(a')) € (F,A) defined as (a', F(a')) = [0,a!]. Consider the mapping

G:(F,A) x (F,A) x (F,A) — (A,RT U {0}) defined by
G((a', F(a")),(a% F(a®)), (a"®, F(a"*)))

= max{la' —a’[,|a* — a”|,|a" - a')).

Let T : ((F, A),G) — ((F, A), G) be a soft function defined by
1 1y _ (Lot 1 1y 0. 1
T((@ F(a)) = (ja', F(5a") = 0. 2a']

and

G(T((a* F(a")), T((a?, F(a®), T((a", F(a*))))

_ Al Ly 1 Loow (Lm0l s )
= G((5a", P(7a)), (503 P(70%), (70°, F(5a™))
1 1 1 1 1 1

= max{\ial - ZGZL |ia2 - Za,3|7 |Za/3 - EGID

1
= 1maw{|a1 —ad?|,|a® — a?|,]a"® — a'|)

= 3G ((h Flah), (@ F(a), (0%, Fa)
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Now define a : (A, R") — [0,1) with

1 1
a(al,z) = -1 v 21
’ 1—%m10§x1<1.

Clearly, a(al,zt) > i, for every ' > 0 and a' € A. Now, by using
Theorem 10, It results in that T has a unique fixed soft set.

References

1. P. K. Maji, R. Biswas, R. Roy, Soft set theory, Computers and Mathematics with Ap-
plications 45, 555-562 (2003).
2. D.A. Molodtsov, Soft set theory first results, Computers and Mathematics with Appli-
cations 37, 19-31 (1999).
3. Z. Mostafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex
Anal. 7, 289-297 (2006).
4. M. Shabir, M. Naz, On soft topological spaces, Computers and Mathematics with Ap-
plications 61, 1786-1799 (2011).
5. A. Kharal, A. Ahmad, Mappings on soft classes, New Mathematics and Natural Com-
putation 7, 471-481 (2011).
6. A. Aygiiunoglu, H. Aygiin, Some notes on soft topological spaces, Neural Comput. and
Applic. doi:10.1007/ s00521-011-0722-3.
7. H. Hazra, P. Majumdar, S.K.Samanta, Soft topology, Fuzzy Inf. Eng. 1, 105-115 (2012).
8. H. Hosseinzadeh, Fixed point theorems on soft metric spaces, Journal of Fixed Point
Theoryand Applications. 2016.
9. S. Hussain, B. Ahmad, Some properties of soft topological spaces, Computers and Math-
ematics with Applications 62, 4058-4067 (2011).
10. B. P. Varol, H. Aygiiun, On soft Hausdorff spaces, Annal. Fuzzy Math. Infor. 5, 15-24
(2013).
11. D. Wardowski, On a soft mapping and its fixed points, Fixed Point Theory and Appli-
cations 2013, doi:10.1186/1687-1812-2013-182.



