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Abstract In this article, we the concept of soft G-metric space and continuous
soft mapping on it introduce. We also the Banach fixed point theorem in
complete soft G-metric spaces investigate.
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1 Introduction

In [2], the concept of soft sets for dealing with uncertain objects as a general
mathematical tool introduced. In [1], several basic notions of soft set theory
were defined and studied. Later, in [4] the concepts of soft closed sets, soft open
sets, soft closure, soft separation and soft interior axioms were introduced.

In this paper, we bring basic definitions of soft sets and we define soft G-
metric on soft sets and we soft and complete soft G-metric spaces introduce.
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Also, we consider continuous soft mappings on it. First, we have the following
definitions from [8]:

Definition 1 [8]. Let (F,A) and (F ′, A′) are soft sets on X and Y , respec-
tively. Let f1 : A −→ A′ and f2 : F (A) −→ F ′(A′) be mappings, where
F (A) = {F (a) : a ∈ A} and F ′(A′) = {F ′(a′) : a′ ∈ A′}. Then we define
f = (f1, f2) : (F,A) −→ (F ′, A′) by

f(V,B)(e′) =

{⋃
e∈f−1

1 (e′)∩B f2(V (e)) f−1
1 (e′) ∩B ̸= ∅

∅ otherwise.

So it is said to be f a soft mapping and (f(V,A), C) is a soft image of a soft
set (V,B). Let (W,C) ∈ (F ′, A′), in which case the pre-image of (W,C) under
the soft mapping f defined above is the soft set on X, denoted by f−1(W,C),
where

f−1(W,C)(e) =

{
f−1
2 (W (f1(e))) f1(e) ∈ C
∅ otherwise.

Definition 2 [8]. Suppose A ⊆ E a set of parameters, (a, r) and (b, r′) be the
parametric soft scalars. Therefore, the sum between soft parametric scalars
and scalar multiplication on soft parametric scalars define as follows

(a, r)∔ (b, r′) = ({a, b}, r + r′), and λ(a, r) = (a, λr),

for every λ ∈ R.

Definition 3 [8]. Let (F,A) be a soft set on X. We say a function f on
(F,A) is parametric scalar valued, if there is functions f1 : A −→ A and
f2 : F (A) −→ R such that f(F,A) = (f1, f2)(A,F (A)).

Similarly, in [8] the parametric scalar valued function defined above is extended
as f : (F,A) × (F,A) −→ (A,R) by f(A × A,F (A) × F (A)) = (f1, f2)(A ×
A,F (A)× F (A)), where f1 : A×A −→ A and f2 : F (A)× F (A) −→ R.

Definition 4 [3]. Consider nonempty set X. Let G : X3 → [0,+∞), therefore,
G is called a metric on X if it has the following conditions:

(G1) G(x1, x2, x3) = 0 if x1 = x2 = x3.
(G2) 0 < G(x1, x1, x2) for all x1, x2 ∈ X with x1 ̸= x2.
(G3) G(x1, x1, x2) ≤ G(x1, x2, x3) for all x1, x2, x3 ∈ X with x3 ̸= x2.
(G4) G(x1, x2, x3) = G(x1, x3, x2) = G(x2, x3, x1) = . . . (symmetry in all

three variables).
(G5) G(x1, x2, x3) ≤ G(x1, a, a) + G(a, x2, x3) for all x1, x2, x3, a ∈ X,

(rectangle inequality).
Then, we say (X,G) is a G-metric space.

Now, we give the definition of a soft G-metric space.
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Definition 5 Let (F,A) be a soft set on X. Let π̃ : A × A −→ A be a
parametric function. We call the parametric scalar valued function G̃ : (F,A)×
(F,A)× (F,A) −→ (A,R+∪{0}) is a soft metric on (F,A) if G̃ satisfies in the
following properties:

1.G̃((a1, F (a1)), (a2, F (a2)), (a3, F (a3)))

⪰ (π̃(a1, a2, a3), π̃(a1, a2, a3), 0),

and equality holds, whenever a1 = a2 = a3.

2.G̃((a1, F (a1)), (a2, F (a2)),(a3, F (a3)))

= G̃((a1, F (a1)), (a3, F (a3)), (a2, F (a2)))

= . . . ,

for all a1, a2, a3 ∈ A.

3.G̃((a1, F (a1)), (a2, F (a2))(a3,F (a3)))

⪯ G̃((a1, F (a1)), (d, F (d))(d, F (d)))

∔ G̃((d, F (d)), (a2, F (a2)), (a3, F (a3))),

for all a1, a2, a3, d ∈ A. We say the pair ((F,A), G̃) is a soft G-metric space
on X.

Definition 6 Consider the soft set (F,A) on X. We say every element (a3, F (a3)) ∈
(F,A) a soft point of (F,A) where a3 ∈ A. in general terms if for some a3 ∈ A,
we have x1 ∈ F (a3)It will not necessarily be (a3, x1) in (F,A) but if it is in
(F,A), then we call (a3, x1) a soft point (F,A)

Definition 7 Consider the soft set (F,A) on X, and G̃ be a soft G-metric
on (F,A). For each soft point (a3, x1) ∈ (F,A), we show a distance of (a3, x1)
from (a1, F (a1)) by

dG̃((a3, x1), (a1, F (a1))) =G̃((a3, x1), (a1, F (a1)), (a1, F (a1)))

∔ G̃((a1, F (a1)), (a3, x1), (a3, x1)).

If X be a metric space with metric d, then the distance (a3, x1) from
(a1, F (a1)) can be defined as follows

G̃((a3, x1), (a1, F (a1)),(a1, F (a1)))

= (π̃(a3, a1, a1), π̃(a3, a1, a1), inf
x2∈F (a1)

d(x1, x2)).
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Definition 8 Consider the soft set (F,A) on X, let G̃ be a soft G-metric on
(F,A) and r > 0 be a real number. The soft ball with radius (a′1, r) around
(a1, F (a1)) is the following set

{(a3, F (a3)) ∈ (F,A) : G̃((a3, F (a3)), (a1, F (a1)), (a1, F (a1)))

⪯ (π̃(a3, a1, a1), π̃(a3, a1, a1))

= (a′1, r)}.

We show a soft ball with a radius of (a′1, r) around (a1, F (a1)) by
BG̃((a1, F (a1)), (a′1, r)), And if there is no ambiguity about the soft metric G̃ ,
we display the said ball as B((a1, F (a1)), (a′1, r))
or B(a′1,r)(a

1, F (a1)).

Theorem 1 Consider the soft set (F,A) on (X, d), let G̃ be a soft G-metric
on (F,A). So, the collection

B = {BG̃(a1, F (a1)), (a′1, r)) : (a1, F (a1)) ∈ (F,A), a′1 ∈ A, r ∈ R+}.

is a base for (F,A).

Definition 9 Consider the soft set (F,A) on X. A soft sequence in (F,A) is a
function f : N −→ (F,A) by setting f(n) = (Fn, A), n ∈ N, such that (Fn, A)
is a soft subset of (F,A) for n ∈ N, and we show it by {(Fn, A)}∞n=1.

Definition 10 Consider the soft set (F,A) on X, let G̃ be a soft G-metric
on (F,A), {(Fn, A)}∞n=1 be a soft sequence in (F,A) and (x1, F (x1)) ∈ (F,A).
Then we call {(Fn, A)}∞n=1 G-converges to
(x1, F (x1)), if for every number ϵ > 0, there exists a natural number N such
that for every n,m ∈ N which n,m ≥ N, we have

G̃((a1, Fn(a
1)), (a2, Fm(a2)), (x1, F (x1))) ⪯ (π̃(a1, a2, x1), π̃(a1, a2, x1), ϵ).

In other words, {(Fn, A)}∞n=1 G-converges to (x1, F (x1)), if for every positive
number ϵ such that for every n ≥ N , (a1, Fn(a

1)) lies in soft ball of radius
(π̃(a1, x1), π̃(a2, x1), ϵ) about (x1, F (x1)),

BG̃((x1, F (x1)), (π̃(a1, a2, x1), π̃(a1, a2, x1), ϵ))).

The meaning of (Fn, A) −→ (x1, F (x1)), means sequence {(Fn, A)}∞n=1 G-
converging to (x1, F (x1)), for all n ∈ N.

Lemma 1 Every soft G-metric space is a Hausdorff soft space.

Theorem 2 Consider the soft set (F,A) on X, let G̃ be a metric on (F,A),
{(Fn, A)}∞n=1 be a soft sequence in (F,A). If {(Fn, A)}∞n=1 is G-convergent in
(F,A), then it G-converges to unique element of (F,A).
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Proof (reductio ad absurdum), let there are elements

(x1, F (x1)), (x2, F (x2), (x3, F (x3)) ∈ (F,A)

such that (Fn, A) −→ (x1, F (x1)), (Fn, A) −→ (x2, F (x2)) and
(Fn, A) −→ (x3, F (x3)), for every n ∈ N. Then by condition 3. of definition 5,
for every a1 ∈ A, we have

G̃((x1, F (x1)), (x2, F (x2)),(x3, F (x3))

⪯ G̃((x1, F (x1)), (a1, Fn(a
1)), (a1, Fn(a

1)))

∔ G̃((a1, Fn(a
1)), (x2, F (x2)), (x3, F (x3))). (1)

Now, let ϵ be an arbitrary positive number. Since {(Fn, A)}∞n=1 G-converges
to (x1, F (x1)), (x2, F (x2)) and (x3, F (x3)), so there exist numbers N1, N2 ∈ N
such that for every n > N1 and n > N2,

G̃((x1, F (x1)), (a1, Fn(a
1)),(a1, Fn(a

1)))

⪯ (π̃(x1, a1, a1), π̃(x1, a1, a1), ϵ/2), (2)

and

G̃((a1, Fn(a
1)), (x2, F (x2)),(x3, F (x3)))

⪯ (π̃(a1, x2, x3), π̃(a1, x2, x3), ϵ/2). (3)

Now, suppose that n ≥ max{N1, N2}. Then by (1), (2) and (3), we have

G̃((x1, F (x1)), (x2, F (x2)),(x3, F (x3))

⪯ (π̃(x1, a1, a1), π̃(x1, a1, a1), ϵ/2)

∔ (π̃(a1, x2, x3), π̃(a1, x2, x3), ϵ/2)

⪯ ({π̃(x1, a1, a1), π̃(a1, x2, x3)},
{π̃(x1, a1, a1), π̃(a1, x2, x3)}, ϵ). (4)

Therefore

G̃((x1, F (x1)), (x2, F (x2)), (x3, F (x3)) ⪯
(
{π̃(x1, a1, a1), π̃(a1, x2, x3)},

{π̃(x1, a1, a1), π̃(a1, x2, x3)}, ϵ
)
,

for every ϵ > 0 and a1 ∈ A. Then

G̃((x1, F (x1)), (x2, F (x2)), (x3, F (x3))) = (π̃(x1, x2, x3), π̃(x1, x2, x3), 0).

So condition (1) of definition 5, implies that x1 = x2 = x3, and consequently,
(x1, F (x1)) = (x2, F (x2)) = (x3, F (x3)).
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Definition 11 Consider the soft set (F,A) on X, let G̃ be a metric on (F,A),
{(Fn, A)}∞n=1 be a soft sequence in (F,A). Then we call {(Fn, A)}∞n=1 is a G-
Cauchy soft sequence, if for every number ϵ > 0, there is a natural number N
such that for every n,m ∈ N that n,m ≥ N, we have

G̃((a1, Fn(a
1)), (a1, Fm(a1)),(a1, Fm(a1)))

⪯ (π̃(a1, a1, a1), π̃(a1, a1, a1), ϵ).

Proposition 1 Let ((F,A), G̃) be a soft G-metric space on X and let
{(Fn, A)}∞n=1 be a G-convergent soft sequence in (F,A). Then {(Fn, A)}∞n=1

is a G-Cauchy soft sequence.

Proof It is Straightforward.

Definition 12 Consider the soft set (F,A) on X, let G̃ be a metric on (F,A).
We call (F,A) is a complete soft G-metric space if every G-Cauchy soft se-
quence G-converges in (F,A).

Let ((F,A), G̃) and ((F ′, A′), G̃ ′) be two soft G-metric spaces on X and Y ,
respectively. Using the definition 5, we define the mappings π̃ : A × A −→ A
and π̃′ : A′ ×A′ −→ A′. Now, we consider continuity of soft mappings on soft
G-metric spaces.
Theorem 3 Let ((F,A), G̃) and ((F ′, A′), G̃ ′) be two soft G-metric spaces on
X and Y , respectively. Let f = (f1, f2) : ((F,A), G̃) −→ ((F ′, A′), G̃ ′) be a soft
mapping. Then f is soft continuous if and only if for every (x1, F (x1)) ∈ (F,A)
and every ϵ > 0, there are δ > 0 such that for every (x2, F (x2)), (x3, F (x3)) ∈
(F,A)

G̃ ′(f(x1, F (x1)), f(x2, F (x2)),f(x3, F (x3)))

⪯ (π̃′(π̃(x1, x2, x3)), π̃′(π̃(x1, x2, x3)), ϵ), (5)

whenever

G̃((x1, F (x1)), (x2, F (x2)),(x3, F (x3)))

⪯ (π̃(x1, x2, x3), π̃(x1, x2, x3), δ).

Proof Let f : ((F,A), G̃) −→ ((F ′, A′), G̃ ′) be soft continuous, ϵ > 0 and
(x1, F (x1)) ∈ (F,A). By Theorem 1, the soft ball

BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, u, v))), π̃′(f1(π̃(x
1, u, v))), ϵ)))

in ((F ′, A′), G̃ ′) is open, for all u, v ∈ A. Since f is soft continuous, then

f−1(BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, u, v))), π̃′(f1(π̃(x
1, u, v)), ϵ)))

in ((F,A), G̃) is open. Condition 3. of Theorem 2.3 of [6], implies that

(x1, F (x1))

∈ f−1(BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, u, v))), π̃′(f1(π̃(x
1, u, v))), ϵ))).
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Then there is a positive number δ such that

(x1, F (x1))

∈ BG̃((x1, F (x1)), (π̃(x1, u, v), π̃(x1, u, v), δ))

⊂̃f−1(BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, u, v))), π̃′(f1(π̃(x
1, u, v))), ϵ))),

for all u, v ∈ A. If x2, x3 ∈ A is an element with

G̃((x1, F (x1)), (x2, F (x2)), (x3, F (x3))) ⪯ (π̃(x1, x2, x3), π̃(x1, x2, x3), δ),

then

(x2, F (x2)), (x3, F (x3)) ∈ BG̃((x1, F (x1)), (π̃(x1, x2, x3), π̃(x1, x2, x3), δ)).

This shows that

(x2, F (x2)), (x3, F (x3)) ∈
f−1(BG̃′(f((x

1, F (x1))), (π̃′(f1(π̃(x
1, x2, x3))), π̃′(f1(π̃(x

1, x2, x3))), ϵ))).

Now, using condition 4, theorem 2.3 of [6], we conclude that
f((x2, F (x2)), f((x3, F (x3)) belongs to

BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, x2, x3))), π̃′(f1(π̃(x
1, x2, x3))), ϵ))).

Therefore (5) holds.
Converse, assume that (W,C) in ((F ′, A′), G̃ ′) be an open set. Suppose that

(x1, F (x1)) ∈ f−1((W,C)). Again by Theorem 2.3 of [6], we have f(x1, F (x1)) ∈
(W,C). Since (W,C) is open in ((F ′, A′), G̃ ′), then by Theorem 1, there exist
a number ϵ > 0 and soft ball

BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, u, v))), π̃′(f1(π̃(x
1, u, v))), ϵ))

in ((F ′, A′), G̃ ′), for all u, v ∈ A such that

BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, u, v))), π̃′(f1(π̃(x
1, u, v))), ϵ)))⊂̃(W,C). (6)

On the other hand, there is a positive number δ such that for every
(x2, F (x2)), (x3, F (x3)) ∈ (F,A)

G̃ ′(f((x1, F (x1))),f((x2, F (x2))), f((x3, F (x3))))

⪯ (π̃′(f1(π̃(x
1, x2, x3))), π̃′(f1(π̃(x

1, x2, x3))), ϵ), (7)

whenever

G̃((x1, F (x1)), (x2, F (x2)), (x3, F (x3))) ⪯ (π̃(x1, x2, x3), π̃(x1, x2, x3), δ).

As a result for every (x2, F (x2)), (x3, F (x3)) ∈ (F,A), if

(x2, F (x2)),(x3, F (x3))

∈ BG̃((x1, F (x1)), (π̃(x1, x2, x3), π̃(x1, x2, x3), δ))), (8)
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then

f(x2, F (x2)), f(x3, F (x3))

∈ BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, x2, x3))), π̃′(f1(π̃(x
1, x2, x3))), ϵ))). (9)

Therefore

f(BG̃((x1, F (x1)), (π̃(x1, x2, x3), π̃(x1, x2, x3), δ)))

⊂̃BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, x2, x3))), π̃′(f1(π̃(x
1, x2, x3))), ϵ)). (10)

Using (6) and (10), we have

f(BG̃((x1, F (x1)), (π̃(x1, x2, x3), π̃(x1, x2, x3), δ)))⊂̃(W,C).

Then

(x1, F (x1)) ∈ BG̃((x1, F (x1)), (π̃(x1, x2, x3), π̃(x1, x2, x3), δ))⊂̃f−1(W,C).

This means f−1(W,C) in ((F,A), G̃) is an open soft set.

Lemma 2 Let ((F,A), G̃) be a soft G-metric spaces on X and (S,B) be a soft
subset of (F,A). Then (x1, S(x1)) ∈ (S,B) if and only if there is a soft sequence
{(Sn, B)}∞n=1 in (S,B) such that {(Sn, B)}∞n=1 G-converges to (x1, S(x1)).

Proof According to the Theorem 5 from [9], we have
(S,B) = (S,B)◦∪̃(S,B). So, if (x1, S(x1)) ∈ (S,B) so it is in (S,B)◦ or (S,B).
If (x1, S(x1)) ∈ (S,B)◦, suffice that is to suppose that (S1, A) = (x1, S(x1))

and (Sn, A) = ∅̃ for n ≥ 2. Now assume that (x1, S(x1)) ∈ (S,B). Since
(S,B) = (S,B)∩̃((S,B)a3), then there exist a

(x1
1, S(x

1
1)) ∈ BG̃((x1, S(x1)), (π̃(x1, x1

1, x
1
1), π̃(x

1, x1
1, x

1
1), 1))∩̃((S,B)a3),

such that x1
1 ̸= x1. Thus

G̃((x1, S(x1)), (x1
1, S(x

1
1)), (x

1
1, S(x

1
1))) ⪯ (π̃(x1, x1

1, x
1
1), π̃(x

1, x1
1, x

1
1), 1).

Now, let ϵ > 0 and

(π̃(x1, x1
1, x

1
1),π̃(x

1, x1
1, x

1
1), ϵ1)

=
1

2
G̃((x1, S(x1)), (x1

1, S(x
1
1)), (x

1
1, S(x

1
1))).

We have (x1, S(x1)) ∈ (S,B), then there exist a (x1
2, S(x

1
2)) ̸= (x1, S(x1))

belongs to

BG̃((x1, S(x1)), (π̃(x1, x1
2, x

1
2), π̃(x

1, x1
2, x

1
2), ϵ1))∩̃((S,B)a3). (11)

Then (11) implies that

G̃((x1, S(x1)), (x1
2, S(x

1
2)), (x

1
2, S(x

1
2))) ⪯ (π̃(x1, x1

2, x
1
2), π̃(x

1, x1
2, x

1
2), ϵ1),
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and clearly, x1
2 ̸= x1

1. Now, let

(π̃(x1, x1
2, x

1
2),π̃(x

1, x1
2, x

1
2), ϵ2)

=
1

2
G̃((x1, S(x1)), (x1

2, S(x
1
2)), (x

1
2, S(x

1
2))).

By induction, we construct an infinite soft sequence with separate elements of
(S,B), and we set (Sn, B) = (x1

n, S(x
1
n)) for all n = 1, 2, . . .. Hence

G̃((Sn, B), (x1, S(x1)),(x1, S(x1)))

⪯ (π̃(x1, x1
n, x

1
n), π̃(x

1, x1
n, x

1
n), ϵn−1)

⪯ (π̃(x1, x1
n, x

1
n), π̃(x

1, x1
n, x

1
n),

1

2
ϵn−2)

⪯ · · · ⪯ (π̃(x1, x1
n, x

1
n), π̃(x

1, x1
n, x

1
n),

1

2n−2
ϵ1)

⪯ (π̃(x1, x1
n, x

1
n), π̃(x

1, x1
n, x

1
n),

1

2n−1
).

Therefor, (Sn, B) −→ (x1, S(x1)) as n −→ ∞. The inverse is clear.

Theorem 4 Let ((F,A), G̃) and ((F ′, A′), G̃ ′) be two soft G-metric spaces on
X and Y , respectively. Let f = (f1, f2) : ((F,A), G̃) −→ ((F ′, A′), G̃ ′) be a soft
mapping. Therefore f is soft continuous if and only if for every G-convergent
soft sequence {(Fn, A)}∞n=1 in (F,A) which G-converges to (x1, F (x1)) in
(F,A), the sequence {f((Fn, A))}∞n=1 G-converges to f((x1, F (x1))).

Proof Let f : ((F,A), G̃) −→ ((F ′, A′), G̃ ′) be soft continuous, and {(Fn, A)}∞n=1

be a soft sequence in (F,A) such that {(Fn, A)}∞n=1 is G-converges to (x1, F (x1)) ∈
(F,A). Let ϵ > 0. Since f is soft continuous, then by Theorem 3, there is δ > 0
such that for every (x2, F (x2)), (x3, F (x3)) ∈ (F,A),

f((x2, F (x2))), f((x3, F (x3)))

∈ BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, x2, x3))), π̃′(f1(π̃(x
1, x2, x3))), ϵ))), (12)

whenever

(x2, F (x2)), (x3, F (x3)) ∈ BG̃((x1, F (x1)), (π̃(x1, x2, x3), π̃(x1, x2, x3), δ))).

On the other hand, there is a positive integer N ∈ N such that for n ≥ N ,
(Fn, A) ∈ BG̃((x1, F (x1)), (π̃(x1, x2, x3), π̃(x1, x2, x3), δ)). Therefore, we con-
clude that for every n ≥ N ,

f((Fn, A))

∈ BG̃′(f((x
1, F (x1))), (π̃′(f1(π̃(x

1, x2, x3))), π̃′(f1(π̃(x
1, x2, x3))), ϵ))). (13)

Therefore f((Fn, A)), G-converges to f((x1, F (x1)).
Assuming that for every G-convergent soft sequence in (F,A) such as

{(Fn, A)}∞n=1 which G-converges to any (x1, F (x1)) in (F,A), the sequence
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{f((Fn, A))}∞n=1, G-converges to f((x1, F (x1))). Let (S,B) be a soft subset in
(F,A) and let (x1, S(x1)) ∈ (S,B). So by Lemma 2, there is a soft sequence
{(Sn, B)}∞n=1 in (S,B) such that {(Sn, B)}∞n=1 G-converges to (x1, S(x1)).
Then our assumption concludes that
f((Sn, B)) G-converges to f((x1, G(x1))).
Therefore f((Sn, B)) ∈ f(S,B), as a result f((x1, S(x1))) ∈ f(S,B). That is,
f((S,B))⊂̃f((S,B)). Now, by using Theorem 4.2 of [7], f is soft continuous.

2 Banach Contraction Theorem

In this section, we prove the Banach contraction theorem for soft G-metric
spaces. First, we have the following definition.

Definition 13 Let ((F,A), G̃) be a soft G-metric space on X, and f : ((F,A)G̃) →
((F,A), G̃) be a soft mapping. We say f is soft G-contractive if there exist a
positive number c with 0 < c < 1 such that

G̃(f((x1, F (x1))), f((x2, F (x2))), f((x3, F (x3))))

⪯ c
[
G̃
(
(x1, F (x1), F (x1)), (x2, F (x2), F (x2)), (x3, F (x3), F (x3))

)]
,

for all x1, x2, x3 ∈ A.

Clearly, by Theorem 3, any soft contractive mapping will be soft continuous.

Definition 14 Consider the soft metric space ((F,A), G̃) on X, and let f :

((F,A), G̃) → ((F,A), G̃) be a soft mapping. A fixed soft set for f is a soft
subset of (F,A) such as (x1, F (x1)) such that f((x1, F (x1))) = (x1, F (x1)).

Theorem 5 Let ((F,A), G̃) be a complete soft G-metric space on X, and let
f : ((F,A), G̃) −→ ((F,A), G̃) be a soft contractive mapping. Threfore f has
a unique fixed soft set.

Proof Let (F0, A) be an arbitrary soft point in (F,A). We make soft sequence
{(Fn, A)}∞n=1 as follows:

(Fn+1, A) = f((Fn, A)) n = 0, 1, 2, . . . . (14)

Since f is soft contraction, there exists 0 < c < 1 such that for all n ≥ 1

G̃((Fn, A), (Fn+1, A), (Fn+1, A))

= G̃(f((Fn−1, A)), f((Fn, A)), f((Fn, A)))

≤ cG̃ ((Fn−1, A), (Fn, A), (Fn, A))

...
≤ cnG̃ ((F0, A), (F1, A), (F1, A)) . (15)
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For any n < m, by repeated use of condition (3) in Definition 5, we have

G̃
(
(Fn, A), (Fm, A), (Fm, A)

)
≤ G̃

(
(Fn, A), (Fn+1, A), (Fn+1, A)

)
∔ · · ·∔ [G̃

(
(Fm−1, A), (Fm, A), (Fm, A)

)
]

≤ cn[G̃
(
(F0, A), (F1, A), (F1, A)

)
]

∔ cn+1[G̃
(
(F0, A), (F1, A), (F1, A)

)
]

∔ · · ·∔ cm−1[G̃
(
(F0, A), (F1, A), (F1, A)

)
]

= (

m−1∑
n=0

cn)[G̃
(
(F0, A), (F1, A), (F1, A)

)
]

≤ (

∞∑
n=0

cn)[G̃
(
(F0, A), (F1, A), (F1, A)

)
]

=
1

1− a3
[G̃

(
(F0, A), (F1, A), (F1, A)

)
]. (16)

Thus, (16) follows that {(Fn, A)}∞n=1 is a G-Cauchy soft sequence in (F,A).
Since (F,A) is a complete soft G-metric space, then there is (x1, F (x1)) ∈
(F,A) such that {(Fn, A)}∞n=1 G-converges to (x1, F (x1)). Since f is soft con-
tinuous, then by Theorem 4, f((Fn, A)) G-converges to f((x1, F (x1)). Also by
definition of {(Fn, A)}∞n=1, f((Fn, A)) G-converges to (x1, F (x1)). Thus using
the theorem 2 f((x1, F (x1))) = (x1, F (x1)).

To prove uniqueness of (x1, F (x1)), suppose there is another element (x2, F (x2)) ∈
(F,A) such that f((x2, F (x2))) = (x2, F (x2)) and
(x1, F (x1)) ̸= (x2, F (x2)). Then

G̃((x1, F (x1)),(x2, F (x2)), (x2, F (x2)))

= G̃(f((x1, F (x1))), f((x2, F (x2))), f((x2, F (x2))))

≤ c[G̃
(
(x1, F (x1)), (x2, F (x2)), (x2, F (x2))

)
].

Thus the above inequality conclude that c > 1, so this would be a contradic-
tion, as a result, the proof is complete.

Example 1 Let X = [0,∞], d(x1, x2) = |x1−x2|, A = Q+ = {x1 ∈ Q : x1 > 0}
and let (F,A) be a soft set on X such that each (a, F (a1)) ∈ (F,A) is defined
as (a1, F (a1)) = [0, a1]. Consider the mapping G̃ : (F,A)× (F,A)× (F,A) −→
(A,R+ ∪ {0}) defined by

G̃((a1, F (a1)), (a2, F (a2)),(a′3, F (a′3)))

= max{|a1 − a2|, |a2 − a′3|, |a′3 − a1|}.
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Clearly, ((F,A), G̃) is a complete soft G-metric space on X. Suppose f :

((F,A), G̃) −→ ((F,A), G̃) be a soft mapping with the following definition

f((a1, F (a1))) = (
1

4
a1, F (

1

4
a1)) = [0,

1

4
a1].

Then,

G̃(f((a1, F (a1))),f((a2, F (a2))), f((a′3, F (a′3))))

= G̃((
1

4
a1, F (

1

4
a1)), (

1

4
a2, F (

1

4
a2)), (

1

4
a′3, F (

1

4
a′3)))

= max{|1
4
a1 − 1

4
a2|, |1

4
a2 − 1

4
a′3|, |1

4
a′3 − 1

4
a1|)

=
1

2
max{|1

2
|a1 − a2|, 1

2
|a2 − a′3|, |1

2
|a′3 − a1|)

≤ 1

2
max{|a1 − a2|, |a2 − a′3|, |a′3 − a1|)

=
1

2
G̃((a1, F (a1)), (a2, F (a2)), (a′3, F (a′3))).

The above relations show that f is a contractive soft map with c = 1
2 . Now by

applying the theorem 5 we conclude that f has a unique fixed soft set.

Theorem 6 Let ((F,A), G̃) be a complete soft G-metric space on X, and
T : (F,A) −→ (F,A) be a soft mapping such that Tm satisfies the following
conditions:

G̃
(
Tm((a1, F (a1))),Tm((a2, F (a2))), Tm((a2, F (a2)))

)
⪯ c

[
G̃
(
(a1, F (a1)), (a2, F (a2)), (a3, F (a3))

)]
, (17)

for every (a1, F (a1)), (a2, F (a2)), (a3, F (a3)) ∈ (F,A) and 0 < c < 1.Then T
has a unique fixed soft set.

Proof According to the theorem 5, Tm has a unique fixed soft set (a1, F (a1)).
However,

Tm+1(a1, F (a1)) = T (Tm(a1, F (a1))) = T (a1, F (a1));

therefore, T (a1, F (a1)) is also a fixed point of Tm. Since the fixed soft set of
Tm is unique, so, as a result T (a1, F (a1)) = (a1, F (a1)). For uniqueness, if
T (a2, F (a2)) = (a2, F (a2)) then Tn(a2, F (a2)) = (a2, F (a2)) which prove that
(a2, F (a2)) = (a1, F (a1)).

Example 2 As in Example 1, let X = [0,∞], d(x1, x2) = |x1 − x2|, A = Q+ =
{x1 ∈ Q : x1 > 0} and (F,A) be a soft set on X such that each (a1, F (a1)) ∈
(F,A) defined as (a1, F (a1)) = [0, a1]. Consider the mapping G̃ : (F,A) ×
(F,A)×(F,A) −→ (A,R+∪{0}) defined by G̃((a1, F (a1)), (a2, F (a2)), (a′3, F (a′3))) =
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max{|a1 − a2|, |a2 − a′3|, |a′3 − a1|). Let T : ((F,A), G̃) −→ ((F,A), G̃) be a
soft function defined by

T ((a1, F (a1))) = (
1

4
a1, F (

1

4
a1)) = [0,

1

4
a1].

By definition of T we have

T 2((a1, F (a1)) = T (T ((a1, F (a1)))) = T ((
1

4
a1, F (

1

4
a1))

= (
1

42
a1, F (

1

42
a1)).

Then by induction, Tm((a1, F (a1))) = ( 1
4m a1, F ( 1

4m a1)), for m ∈ N. Thus,

G̃(Tm((a1, F (a1))), Tm((a2, F (a2))), Tm((a′3, F (a′3))))

= G̃((
1

4m
a1, F (

1

4m
a1)), (

1

4m
a2, F (

1

4m
a2)), (

1

4m
a′3, F (

1

4m
a′3)))

= max{| 1

4m
a1 − 1

4m
a2|, | 1

4m
a2 − 1

4m
a′3|, | 1

4m
a′3 − 1

4m
a1|)

=
1

4
max{ 1

4m−1
|a1 − a2|, 1

4m−1
|a2 − a′3|, 1

4m−1
|a′3 − a1|)

⪯ 1

4
max{|a1 − a2|, |a2 − a′3|, |a′3 − a1|)

=
1

4
G̃((a1, F (a1)), (a2, F (a2)), (a′3, F (a′3))).

Theorem 7 Let ((F,A), G̃) be a complete soft G-metric space on X, and let
T : BG̃((a1, F (a1)), (a′1, r)) −→ ((F,A), G̃) be a soft contraction mapping with

G̃
(
T ((a1, F (a1)), (a1, F (a1), (a1, F (a1))

)
≺ (1− c)(a′1, r), (18)

where 0 < c < 1. Then T has a unique fixed soft set in

BG̃((a1, F (a1)), (a′1, r)).

Proof Clearly, there is an r0 ≥ 0 such that 0 ⪯ (a′1, r0) ⪯ (a′1, r) with

G̃
(
T ((a1, F (a1)), (a1, F (a1), (a1, F (a1))

)
⪯ (1− c)(a′1, r0).
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Now; take T : BG̃((a1, F (a1)), (a′1, r0)) → BG̃((a1, F (a1)), (a′1, r0)). If
(a2, F (a2)) ∈ BG̃((a1, F (a1)), (a′1, r0)), then

G̃
(
T ((a2, F (a2))),(a1, F (a1)), (a1, F (a1))

)
⪯ G̃

(
T ((a2, F (a2))), T ((a1, F (a1))), T ((a1, F (a1)))

)
+ G̃

(
T ((a1, F (a1)), T ((a1, F (a1))), (a1, F (a1))

)
⪯ cG̃

(
(a2, F (a2)), (a1, F (a1)), (a1, F (a1))

)
+ (1− c)(a′1, r0)

⪯ c(a′1, r0) + (1− c)(a′1, r0)

= (a′1, r0).

Since BG̃((a1, F (a1)), (a′1, r0))⊆̃BG̃((a1, F (a1)), (a′1, r)). Now, by applying The-
orem 5 we conclude that T has a unique fixed soft set in

BG̃((a1, F (a1)), (a′1, r0))⊆̃BG̃((a1, F (a1)), (a′1, r)).

3 Extend some fixed point theorems

Lemma 3 Let A ⊆ E be a set of parameters, (a1, r) and (a2, r′) be two soft
parametric scalars such that for every ϵ > 0, if (a1, r) ≺ (a2, r′ + ϵ), then
(a1, r) ⪯ (a2, r′).

Theorem 8 Let ((F,A), G̃) be a complete soft G-metric space on X, and let
T = (T1, T2) : ((F,A), G̃) −→ ((F,A), G̃) be a soft continuous mapping such
that

T ((a1, F (a1)) = (T1(a
1), T2(F (a1)) = (T1(a

1), F (T1(a
1)))

for every (a1, F (a1)) ∈ (F,A) and it satisfies for some parametric scaler valued
φ : (F,A) −→ (A,R+)

G̃
(
T ((a1, F (a1)), (a1, F (a1)),(a1, F (a1))

)
≺ φ((a1, F (a1)))− φ(T (a1, F (a1))). (19)

Then {Tn((a1, F (a1))} converges to a fixed soft set, for every
(a1, F (a1)) ∈ (F,A).

Proof By definitions 1 and 3, set T = (T1, T2) and φ = (φ1, φ2). Now, if
T ((a1, F (a1))) = (T1(a

1), T2(F (a1))), we set T ((a1, F (a1))) = (a11, F (a11)),
then

φ(T ((a1, F (a1)))) = (φ1(a
1
1), φ2(F (a11))) = (a21, r1).

Similarly, we write Tn((a1, F (a1))) = (a1n, F (a1n)) for n = 1, 2, . . .. Thus

φ(Tn((a1, F (a1)))) = (φ1(a
1
n), φ2(F (a1n))) = (a2n, rn).
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From the condition (22) we have

G̃
(
T ((a1, F (a1)), (a1, F (a1)), (a1, F (a1))

)
+ φ(T (a1, F (a1)))

≺ φ((a1, F (a1)). (20)

So by Lemma 3, φ(T ((a1, F (a1)))) ⪯ φ((a1, F (a1)). This implies that φ(T 2((a1, F (a1))) ⪯
φ(T ((a1, F (a1))). By continuing this process, we obtain φ(Tn+1((a1, F (a1))) ⪯
φ(Tn((a1, F (a1)))). That is, {φ(Tn((a1, F (a1))))} is a decreasing and as a re-
sult the sequence {rn} of real numbers is decreasing. Hence there exist r ∈ R
such that

lim
n−→∞

φ(Tn((a1, F (a1)))) = (a2, r) (for all a2 ∈ A). (21)

Clearly (a2, r) is nonnegative. Then for all n,m ∈ N with n ≤ m, we have

G̃
(
Tn((a1, F (a1))), Tm((a1, F (a1))), Tm((a1, F (a1)))

)
⪯

G̃
(
Tn((a1, F (a1))), Tn+1((a1, F (a1))), Tn+1((a1, F (a1)))

)
+ G̃

(
Tn+1((a1, F (a1))), Tn+2((a1, F (a1))), Tn+2((a1, F (a1)))

)
G̃
(
Tn+2((a1, F (a1))), Tn+3((a1, F (a1))), Tn+3((a1, F (a1)))

)
+ · · ·

+ G̃
(
Tm−1((a1, F (a1))), Tm((a1, F (a1))), Tm((a1, F (a1)))

)
⪯

m−1∑
i=n

G̃
(
T i((a1, F (a1))), T i+1((a1, F (a1))), T i+1((a1, F (a1)))

)
⪯ φ(Tn((a1, F (a1))))− φ(Tn+1((a1, F (a1)))) + φ(Tn+1((a1, F (a1))))

− φ(Tn+2((a1, F (a1))) + · · ·+ φ(Tm−1((a1, F (a1))))

− φ(Tm((a1, F (a1))))

= φ(Tn((a1, F (a1))))− φ(Tm((a1, F (a1)))).

Thus,

lim
m.n−→∞

G̃
(
Tn((a1, F (a1))), Tm((a1, F (a1))), Tm((a1, F (a1)))

)
= (a2, 0)

(see Definition 2). So, {Tn((a1, F (a1)))} is a soft G-Cauchy sequence. Thus,
there is (x1, F (x1)) ∈ (F,A) such that

lim
n−→∞

Tn((a1, F (a1))) = (x1, F (x1)).

Definition 15 Suppose ((F,A), G̃) and ((S,B), G̃ ′) are soft G-metric spaces
on X and Y , respectively, and T : ((F,A), G̃) → ((S,B), G̃ ′) be a soft map-
ping. We call T is a closed (open) soft map, if for every closed (open) soft set
(F,A′) in (F,A) where A′ ⊆ A, T ((F,A′)) is a closed (open) soft set in (S,B).
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Some parts of the proof of the following theorem are similar to the proof of
theorem 6.1 [11].

Theorem 9 Let ((F,A), G̃) be a soft compact G-metric space on X, and
T : ((F,A), G̃) −→ ((F,A), G̃) be a soft closed mapping with the following
condition

G̃
(
T ((a1, F (a1))), T ((a2, F (a2))), T ((a3, F (a3)))

)
≺ G̃

(
(a1, F (a1)), (a2, F (a2)), (a3, F (a3))

)
, (22)

for every (a1, F (a1)), (a2, F (a2)), (a3, F (a3)) ∈ (F,A). If for any nonempty
soft set (a1, F (a1)), T ((a1, F (a1)) is a nonempty soft set, then T has a unique
fixed soft set in (F,A).

Proof Let {An}n∈N be a family of subsets of A, we put T ((F,A)) = (F,A1).
similarly, set T 2((F,A)) = T ((F,A1)) = (F,A2). By continuing this process
we have

T 3((F,A)) = T ((F,A2)) = (F,A3), · · · , Tn((F,A)) = T ((F,An−1))

= (F,An),

for n ∈ N. Clearly, (F,An+1)⊆̃(F,An) for n ∈ N. By Lemma 1 and Theorem
3.34 of [10], (F,A) is a soft closed set and so (F,A1) is a soft closed set. Then
for the same reason (F,An) is a soft closed set for n ∈ N. As a result, by
Proposition 6.1 of [11] we have ∩̃n∈N(F,An) ̸= ∅̃. By Theorem 3.6 of [5] or
Proposition 5.1 of [11] we have

T (
⋂̃

n∈N
(F,An)) = T (

⋂̃
n∈N

Tn((F,A)))

⊆̃
⋂̃

n∈N
Tn+1((F,A))

⊆̃
⋂̃

n∈N
Tn((F,A))

⊆̃
⋂̃

n∈N
(F,An).

Now we have to show that
⋂̃

n∈N(F,An)⊆̃ T (
⋂̃

n∈N(F,An)).
(reductio ad absurdum), Suppose there is a soft point B∈

⋂̃
n∈N(F,An) that is

not a soft point in T (
⋂̃

n∈N(F,An)).
Put (F,Bn) = T−1(B)∩̃(F,An). Then we have (F,Bn)⊆̃(F,Bn−1) for ev-
ery n ∈ N. Again using the proposition 6.1 of [11],

⋂
n∈N(F,Bn) ̸= ∅̃. Then

T (
⋂

n∈N(F,Bn))⊆̃B∩̃T (
⋂

n∈N(F,An)). On the other hand since B is a soft
point so B = T (

⋂
n∈N(F,Bn)). Thus, B ∈ T (

⋂
n∈N(F,An)). This completes

the proof.
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We put
⋂

n∈N(F,An) = C. Now we show that C is unique. Suppose there
is another member such as D in(F,A), such that T (D) = D and C ̸= D. Then

G̃(C,D,D) = G̃(T (C), T (D), T (D)) ≺ G̃(C,D,D).

Thus,
⋂

n∈N(F,An) is a unique fixed soft set.

Theorem 10 Let ((F,A), G̃) be a complete soft G-metric space on X, and
suppose there is α such that for every (a1, F (a1)) ∈ (F,A) soft mapping T :
(F,A) −→ (F,A) such that

T ((a1, F (a1)) = (T1(a
1), T2(F (a1)) = (T1(a

1), F (T1(a
1)))

for every (a1, F (a1)), (a2, F (a2)), (a3, F (a3)) ∈ (F,A) and it satisfies:

G̃
(
T ((a1, F (a1))),T ((a2, F (a2))), T ((a3, F (a3)))

)
⪯ α

[
G̃
(
(a1, F (a1)), (a2, F (a2)), (a3, F (a3))

)]
[
G̃
(
(a1, F (a1)), (a2, F (a2)), (a3, F (a3))

)]
, (23)

for every (a1, F (a1)), (a2, F (a2)), (a3, F (a3)) ∈ (F,A), where
α : (A,R+) → [0; 1) satisfy to the following condition:

α(a1, tn) → 1 ⇒ tn → 0.

Then T has a unique fixed soft set.

Proof Let fix (a1, F (a1)) ∈ (A,F ) and (a1n, F (a1n)) = Tn(a1, F (a1)), for n ∈ N.
We present the proof in two steps.

1: We claim

lim
n→∞

G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)
= 0.

Since T is contractive,

G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)
= G̃

(
Tn(a1, F (a1)), Tn+1(a1, F (a1)), Tn+1(a1, F (a1))

)
⪯ α

[
G̃
(
(Tn−1(a1, F (a1))), (Tn(a1, F (a1))), (Tn(a1, F (a1)))

)]
[
G̃
(
(Tn−1(a1, F (a1))), (Tn(a1, F (a1))), (Tn(a1, F (a1)))

)]
= α

[
G̃
(
(a1n−1, F (a1n−1)), (T (a

1
n, F (a1n))), (T (a

1
n, F (a1n)))

)]
[
G̃
(
(T (a1n−1, F (a1n−1))), (T (a

1
n, F (a1n)), (T (a

1
n, F (a1n))

)]
⪯

[
G̃
(
(a1n−1, F (a1n−1))), (a

1
n, F (a1n)), (a

1
n, F (a1n))

)]



126 Khelghat Amini Sefidab et al.

Thus

G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)
⪯ G̃

(
(a1n−1, F (a1n−1)), (a

1
n, F (a1n)), (a

1
n, F (a1n))

)
so the sequence

{
G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)}
is decreas-

ing. Then

lim
n→∞

G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)
= (a2, r).

Assume toward a contradiction that (a2, r) ̸= 0 or r ̸= 0. By (5.7) we have

G̃
(
(a1n+1,F (a1n+1)), (a

1
n+2, F (a1n+2)), (a

1
n+2, F (a1n+2))

)
⪯ α

[
G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)]
G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)
.

Then letting n −→ ∞, we have

(a2, r) ⪯

lim
n→∞

α
[
G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)]
(a2, r). (24)

Then

1

r
(a2, 1) ⪯

1

r

(
lim

n→∞
α
[
G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)]
(a2, 1)

)
. (25)

This follows

(a2, 1) ⪯ (a2, lim
n→∞

α
[
G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)]
.

Thus,

lim
n→∞

α
[
G̃
(
(a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1))

)]
≥ 1.

This is a contradiction and shows that our claim is true.
2. We claim {(a1n, F (a1n)} is a G-Cauchy soft sequence. By using reductio

ad absurdum, let

lim
m,n→∞

sup G̃
(
(a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)
≻ (a1, 0),
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for every a1 ∈ A. By the triangle inequality:

G̃((a1n, F (a1n)),(a
1
m, F (a1m)), (a1m, F (a1m)))

⪯ G̃((a1n, F (a1n)), (a
1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1)))

+ G̃((a1n+1, F (a1n+1)), (a
1
m+1, F (a1m+1)), (a

1
m+1, F (a1m+1)))

+ G̃((a1m+1, F (a1m+1)), (a
1
m, F (a1m)), (a1m, F (a1m)))

⪯ G̃((a1n, F (a1n)), (a
1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1)))

+ G̃((a1n+1, F (a1n+1)), (a
1
m+1, F (a1m+1)), (a

1
m+1, F (a1m+1)))

+ α
[
G̃
(
(a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
[
G̃
(
(a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
[
1− α

(
G̃((a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
[
G̃
(
(a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
⪯ G̃((a1n, F (a1n)), (a

1
n+1, F (a1n+1)), (a

1
n+1, F (a1n+1)))

+ G̃((a1m+1, F (a1m+1)), (a
1
m, F (a1m)), (a1m, F (a1m))).

from 1. we have

[
1− lim

n→∞
α
(
G̃((a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
[
G̃
(
(a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
⪯ (a1, 0).

for every a1 ∈ A. So, one of the following conditions be happen

(i) 1− limn→∞ α
(
G̃((a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
= 0.

(ii)
[
G̃
(
(a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
= (a1, 0), for all a1 ∈ A.

According to the assumption, the case (ii) does not happen, that is

lim
n→∞

α
(
G̃((a1n, F (a1n)), (a

1
m, F (a1m)), (a1m, F (a1m))

)]
= 1.

Definition of α implies that

G̃((a1n, F (a1n)), (a
1
m, F (a1m)), (a1m, F (a1m))

)]
−→ (a1, 0)

for all a1 ∈ A.
Let (a1, F (a1)) ∈ (F,A). Since (F,A) is a complete soft G-metric space and

{Tn(a1, F (a1))} is a G-Cauchy sequence, so, there exist a (x3, F (x3)) ∈ (A,F )
such that limn→∞ Tn(a1, F (a1)) = (x3, F (x3)) and since T is continuous,
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T (x3, F (x3)) = (x3, F (x3)).
For niqueness, suppose that (a2, F (a2)) another soft fixed point of T , that is
T (a2, F (a2)) = (a2, F (a2) from the contractive condition on T we have:

G̃
(
T ((a1, F (a1))),T ((a2, F (a2))), T ((a2, F (a2)))

)
= G̃

(
(a1, F (a1)), (a2, F (a2)), (a2, F (a2))

)
⪯ α

(
G̃
(
(a1, F (a1)), (a2, F (a2)), (a2, F (a2))

))
G̃
(
(a1, F (a1)), (a2, F (a2)), (a2, F (a2))

)
, (26)

Thus

G̃
(
(a1, F (a1)), (a2, F (a2)), (a2, F (a2))

)
(1− α

(
G̃
(
(a1, F (a1)), (a2, F (a2)), (a2, F (a2))

))
) ⪯ 0.

Therefore
G̃
(
(a1, F (a1)), (a2, F (a2)), (a2, F (a2))

)
= 0

or
(1− α

(
G̃
(
(a1, F (a1)), (a2, F (a2)), (a2, F (a2))

))
) = 0,

From the definition of soft G-metric and property α, it follows that T (a2, F (a2)) =
(a2, F (a2) = (a1, F (a1))

Example 3 As in Example 1, let X = [0,∞], d(x1, x2) = |x1 − x2|, A =
Q+ = {x1 ∈ Q : x1 > 0} and let (F,A) be a soft set on X such that every
(a1, F (a1)) ∈ (F,A) defined as (a1, F (a1)) = [0, a1]. Consider the mapping
G̃ : (F,A)× (F,A)× (F,A) −→ (A,R+ ∪ {0}) defined by

G̃((a1, F (a1)),(a2, F (a2)), (a′3, F (a′3)))

= max{|a1 − a2|, |a2 − a′3|, |a′3 − a1|).

Let T : ((F,A), G̃) −→ ((F,A), G̃) be a soft function defined by

T ((a1, F (a1))) = (
1

4
a1, F (

1

4
a1)) = [0,

1

4
a1].

and

G̃
(
T ((a1,F (a1))), T ((a2, F (a2))), T ((a′3, F (a′3)))

)
= G̃

(
(
1

4
a1, F (

1

4
a1)), (

1

4
a2, F (

1

4
a2)), (

1

4
a′3, F (

1

4
a′3))

)
= max{|1

4
a1 − 1

4
a2|, |1

4
a2 − 1

4
a′3|, |1

4
a′3 − 1

4
a1|)

⪯ 1

4
max{|a1 − a2|, |a2 − a′3|, |a′3 − a1|)

=
1

4
G̃
(
(a1, F (a1)), (a2, F (a2)), (a′3, F (a′3))

)
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Now define α : (A,R+) → [0, 1) with

α(a1, x1) =

{
1− 1

16x+4 x1 ≥ 1

1− 1
20x

1 0 ≤ x1 < 1.

Clearly, α(a1, x1) ≥ 1
4 , for every x1 > 0 and a1 ∈ A. Now, by using

Theorem 10, It results in that T has a unique fixed soft set.
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