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Abstract

In this paper, we investigate a nonlinear analytical model for estimating the overlap area between two circular sectors. The
overlap problem is formulated in a functionalanalytic framework by representing sector regions through indicator functions and
interpreting the overlap area as a nonlinear trace expression involving multiplication operators on L2(R?). This formulation allows
the application of classical nonlinear inequalities, including Youngs inequality and related operator bounds, to derive explicit
analytical estimates for the overlap area. The resulting bounds depend nonlinearly on the sector parameters, such as angular
widths and radii, and avoid direct geometric intersection computations. In addition, the proposed bounds are numerically tractable
and can be efficiently evaluated numerically for a wide range of sector configurations. An angularaveraged nonlinear bound is
introduced, providing a computable upper estimate that captures the combined angular and radial effects of the sectors. Several
illustrative examples demonstrate the effectiveness of the analytical bounds and confirm their numerical consistency. The proposed
approach establishes a connection between nonlinear analytical techniques, operator inequalities, and geometric modeling, offering
a flexible framework for nonlinear overlap estimation problems. This formulation presents an innovative conceptual reformulation
using operator theory for the circular overlap problem, providing a powerful tool for analysis and accurate estimation of the overlap

area using classical inequalities.
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Mathematics Subject Classification (2020): 47A63, 52A38, 26D15, 68U05, 65D18, 94A05

1 Introduction

The analysis of overlaps between circular sectors arises naturally in several mathematical and engineering contexts. While the overlap of
two disks has long been studied and closed-form results are available, the presence of angular constraints in sectors makes their intersection
significantly harder to describe. This difficulty becomes particularly important in applied settings: in wireless communications, sector
antennas define coverage regions whose overlaps directly affect network performance; in computational geometry and robotics, sectors
represent fields of view or sensing cones, where overlap detection is crucial for navigation and collision avoidance [1,2,6, 13, 16].

Despite these broad applications, the literature has primarily focused on complete circular intersections or approximate numerical
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schemes, such as polygonal discretization or Monte Carlo methods [7,9]. These approaches provide useful estimates but do not offer general
analytic characterizations when radial boundaries and angular parameters must be explicitly considered. Moreover, while measure-theoretic
frameworks in integral geometry establish a strong foundation for analyzing sets and their intersections, few works have adapted these ideas

specifically to circular sectors. This leaves an evident gap between geometric modeling and analytic tractability [3, 12].

Definition 1. A circular sector is a geometric region of the plane defined by a circle of radius r > 0 and two radii emanating from the circles
center. Geometrically, the sector is the portion of the disk enclosed between these radii and the corresponding arc of the circle. Formally,

in polar coordinates (v, @) with respect to the circles center O, the sector can be expressed as
s={(9)|0</<ra<¢<a+0},

where o denotes the starting direction and 0 > 0 is the central angle of the sector.

A circular sector is uniquely determined by three parameters:

* the radius r, which specifies the distance from the center to the arc boundary;
* the central angle 0, which defines the angular aperture of the sector;

o the orientation o, which fixes the position of the sector in the plane.

Two classical quantities associated with a sector are its area and the length of its arc. Since the area of a full circle is Tr2, the sectors area
is proportional to the ratio 8 /2w, giving
1
A=3 0r2. 1)

Similarly, the arc length is proportional to the same ratio of angles relative to the circumference 21xr, which yields
L=r6.

These fundamental relations show that both the area and the arc length of a sector depend linearly on the central angle and grow with
the radius, forming the geometric foundation for further analysis of overlaps between sectors.

The study of overlaps between geometric regions has a long history, primarily in the context of circle—circle intersections, where
closed-form lens formulas are well established [2]. These results, however, are not directly transferable to sector—sector intersections
because of angular boundaries and radial constraints. Research in computational geometry has introduced approximation-based methods
such as polygonal decomposition and grid sampling, but such approaches prioritize numerical convenience over analytic rigor and fail to
generalize across configurations [16, 17].

In applied contexts, particularly in wireless communications, the modeling of antenna beam patterns as circular sectors has made
overlap analysis a recurring problem. Antenna design and frequency planning often depend on the careful management of beam overlaps
to optimize coverage and reduce interference [1]. Yet, much of this literature approaches overlaps empirically or via simulation, rather
than providing analytic frameworks. On the analytic side, functional analysis and operator theory offer powerful tools for addressing
such geometric problems. The interpretation of sector indicator functions as multiplication operators in L? spaces connects geometry with
operator inequalities. Foundational results in operator theory establish key properties: projection operators are contractive and idempotent;
multiplication operators associated with non-negative functions are positive semidefinite, ensuring that analytic bounds align with geometric
intuition [4].

Furthermore, classical inequalities such as the Cauchy—Schwarz inequality [19] and Youngs inequality [10] provide rigorous bounds for
overlap measures without requiring explicit case-by-case integration. Recent extensions of Youngs inequality to matrix and operator contexts
strengthen this analytic foundation, while results on trace-class operators show that the trace of a multiplication operator corresponds
directly to geometric measure [10, 18]. These connections form the backbone of a functional-analytic approach to sector overlaps. From
a mathematical viewpoint, the overlap estimation considered in this work can be formulated as a nonlinear analytical problem, since the
derived bounds depend nonlinearly on the underlying geometric parameters of the sectors.

Contribution and novelty. In this work, we introduce a nonlinear analytical framework for estimating overlap quantities arising from

sectorbased geometric models. The overlap area is formulated as a nonlinear trace functional involving multiplication operators on L%(R?),
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which enables the systematic application of nonlinear operator inequalities. The proposed formulation leads to explicit analytical bounds
that depend nonlinearly on the geometric parameters of the sectors and can be efficiently evaluated in a numerical manner, without requiring
explicit computation of geometric intersection regions. In particular, an angularaveraged nonlinear bound is derived, providing a computable,
symmetric, and interpretable estimate for the overlap area. Unlike classical geometric approaches that rely on casedependent constructions,
the proposed framework offers a unified nonlinear analytical treatment suitable for both theoretical investigation and numerical evaluation.
This formulation places the overlap estimation problem within the broader class of nonlinear analytical models governed by functional

inequalities.

2 Preliminaries

This section establishes the foundational concepts and results that will be used in later developments. The relations are presented
progressively: starting with measurable sets and indicator functions, then multiplication operators and projections, and finally trace
properties, positivity, and classical inequalities.

We start with the most basic building block, the indicator function of a measurable sector. Let S; C R? be a measurable set. Its
characteristic (indicator) function is defined by

1, ifxes;,
Xi(x) = 2
0, otherwise,
which belongs to both L (R?) and L?(RR?) due to boundedness and finite measure [8].

Proposition 1. We now move to the functional-analytic framework by equipping L* (Rz) with its standard inner product
(.8 = [ F00)s0a G

which induces the Hilbert space norm ||f||2 = \/(f, f) [14]. As a basic consequence, Parsevals identity asserts that || f||3 = (f, f), ensuring
consistency between the inner product and the norm.

Having established the Hilbert space setting, we introduce the central class of multiplication operators. The first fundamental property
of these operators is linearity. If g € L(R?) and f,h € L*(R?), then [15]:

Mg (o f + Bh) = aMgf + BM,h,
with (Mg f)(x) = g(x)f (x).
Theorem 1. Beyond linearity, multiplication operators are also bounded. For g € L""(Rz), the operator norm of My satisfies
M ]| = [I8]les-

Indeed, for any f € L*(R?),
Mg = [ le P e < gl [ 17 ax= g2 1713

Equality is attained (in the limit) for functions supported near points where |g(x)| approaches ||g||co-
Lemma 1. Specializing to indicator functions, multiplication by x; restricts the support of a function:
supp(My f) C Si,
since (My, f)(x) = 0 whenever x ¢ S; . Consequently, if S; and S; are disjoint, their indicator functions are orthogonal [4,14,15]:
xi(x) xj(x) = 0.
Lemma 2. A crucial property of indicator functions is their idempotence:
20 =xix), VxeR2. @)

This observation generalizes to multiplication operators: if g* = g almost everywhere, then Mg = M.
The algebra of multiplication operators defined by pointwise products is straightforward: My oMg = My, and their adjoint is given by
M;,‘ = Mg. When g is real-valued, the operator My is therefore self-adjoint [8].
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Theorem 2. Trace properties also play an important role. If g is integrable, then

Te(M,) = /R s(x)dx. )

In particular, for indicator functions ), the trace reduces to the area A; of the sector S;. Furthermore, the trace enjoys the cyclic property
Tr(AB) = Tr(BA), whenever both products are trace-class [11].

The projection viewpoint yields additional inequalities. Any projection P satisfies

1Pl < lIfll2,  P*=P.

Projections corresponding to disjoint supports satisfy the orthogonality condition PQ = 0.

Moreover, if g > 0, then My is positive semidefinite since [8]:

Mef.f) = [l ®)Pdx =0, ifgx) 20,
Proposition 2. More generally, one has the operator inequality
0 < Mg < |lgll,

which follows from boundedness and positivity [20].

Finally, classical inequalities from analysis underlie later operator estimates. The Cauchy—Schwarz inequality ensures

I(f,01 < 112 llgll2-

Theorem 3. (Youngs Inequality). In scalar form, Youngs inequality states [19]:

Ppd 11
ab<C 42 ab>0, -—4-=1. (6)
p

q P 4

Youngs inequality extends to integrals, asserting that for f € LP and g € L1 one has [10]:
1 1
J1r@sldx <7l lglys o+ =1.
P q
The operator version of Youngs inequality generalizes the scalar case. For positive operators A,B and p,q > 1 with % + é =1, one has [10]
1 1
AB < —AP 4 —BY, (@)
p q

extending the classical bound to the noncommutative operator setting.

Theorem 4. (AM-HM Inequality). Closely related to Youngs inequality is the inequality between the arithmetic mean (AM) and the
harmonic mean (HM). For any a,b > 0 [5],

+b 2
‘ ) 21,1 ®
ath
with equality if and only if a = b.
In general, for positive real numbers ay,...,ay, the arithmetic and harmonic means are defined as
1 & n
AM(ah...,an):;Zai, HM(ay,...,an) = .
- igl “

and the inequality holds for all n > 2, with equality precisely when all a; are equal. This inequality follows directly from the convexity of

the reciprocal function f(x) = L and it may be established through Jensens inequality or as a corollary of the AMGM inequality. It is

x,
particularly useful when dealing with reciprocal structures, and in our context, its role in the next part is to transform expressions involving
sector parameters into more symmetric and tractable bounds, thereby aligning naturally with other classical inequalities such as AMGM

and CauchySchwarz.
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3 Main Results

In this section, we begin the development of our main contributions. The key object of study is the overlap of two measurable sectors S, S, C
R?, which we represent using multiplication operators, projections, and their traces. The analysis builds systematically upon the results
established in the preliminary concepts, which introduced indicator functions, properties of multiplication operators, the inner-product

structure in L2, and the relevant inequalities.

3.1 Overlap as Trace of Projection Product

Theorem 5. Let S1,S, C R? be measurable sectors, and let y1, x> denote their indicator functions as defined in 2. Let P = My, and
0 = My, denote the multiplication operators associated with these indicator functions, as introduced in 3. Then the measure of the overlap

of the two sectors satisfies
AOverlap = /]Rz X1 (x) X2 (x) dx = <%17X2>L2 = Tr(PQ)~ 9

Proof. By definition (2.1), the indicator functions satisfy x;(x) € {0,1} and are measurable. The overlap integral may be expressed as
(01 x2)r :./RZ 21(x) 22(x) dx.
Next, by 4, multiplication operators compose as
(POS)(x) = P(Qf)(x) = x1(x) (2 (x)f (%)) = (1 (x)22(x)).f (),

which shows that PQ = My, ,.
Finally, by 5, the trace is given by
T(PQ) = [ 21 12(6)dx = Aovera.
Thus, we conclude that

AOverlap = <X17%2>L2 = TI‘(PQ).

3.2 Convex Young Inequality Bound

Theorem 6. Define p > 1 and g = -5 to be Hélder conjugates. Let P = My, and Q = M., be the multiplication operators corresponding
9= 51 7 X X2

to the indicator functions of sectors S| and S,. Then the overlap satisfies the convex inequality bound:
1 1
AOverlup < A+ -Az,
p q

where A; = Tr(My,) is the area of sector S;.

Proof. By 6, for a,b > 0 we have the Young inequality

Applying this pointwise to a = ¥ (x) and b = y,(x) yields

n(¥)xax) <

Since xip = y; for indicator functions by 4, integrating both sides over R? and using 5 gives

| @ d < %/szl (x)dx—i—;/Rz 2 (x)dx.

Hence,

1 1
AOverlap < ;Al + gAZ-

This establishes the desired inequality. O
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Note: Throughout this paper, we have used the term nonlinear analytical model to describe our framework. It is important to note that the
overlap functional in question is, mathematically, bilinear. However, we have employed this term to refer to the complex and unpredictable
behavior of the system under study, rather than in its strict mathematical sense. The interaction between the overlap functional and other

components of the model can lead to nonlinear behavior at a macro level.

3.3 Angular-Radial Geometric Bound (Restricted Domain Interpretation)
Theorem 7. Let the restricted domain:

Q'Overlap = {’7 Q1 <TImin, @ € [(Pstarh Ostart + 601)6}'1[1[)}}7 (10)

and let R be the restriction operator given by multiplication with the indicator function of Qoyeriap. The overlap satisfies:

1.2
AOverlap < <R761 7RX2> < jrmin90verlup~

Proof. From 9 the overlap can be written as:
Aoverlap = (X1, 22)-
Restricting to the smaller domain Qoyeiap gives:
Aoverlap < (RX1,RX2)-

Since outside Qoyerlap the overlap is zero. Applying 1, the overlap is bounded above by the area of a sector of radius 7y, and angle Ooyeriap,
which yields:

1.2
AOverlap < 2 "min GOVerlap-

3.4 AngularAveraged Bound

Before stating the main theorem, we briefly explain the geometric and analytic intuition underlying the angular—averaged estimate. For
circular sectors of equal radius, the overlap region is constrained primarily by the intersection of their angular supports, while the radial
contribution is uniform across angles. From this perspective, it is natural to view each sector as distributing its area along its angular span,
with an effective angular density given by the ratio A;/6;, representing the area contributed per unit angle. When two sectors overlap over
an angular interval of length Ooyer1ap, the maximal possible contribution to the overlap area is governed by how much area each sector can
supply within this common angular window. Rather than tracking exact geometric intersections, we average these angular densities and scale
them by the size of the shared angular support. This averaging mechanism captures the idea that the overlap cannot exceed what is jointly
available from both sectors per unit angle. The resulting bound therefore reflects a balance between angular extent and area distribution.
The imposed monotonicity condition ensures that sectors with higher angular density are not paired with disproportionately smaller angular
spans, preventing pathological configurations and allowing a symmetric and interpretable upper estimate. This viewpoint explains why the

overlap area can be controlled by the average angular density multiplied by the common angular support.

Theorem 8. Let S| and Sy be two circular sectors of equal radius r > 0, having angular widths 01,0, € (0, ). The corresponding areas of

the sectors are given by:

1 1
A] :Er2917 A2:§r292

Let Qoyeriap C [0,min(6y,6,)] represent the angular overlap, i.e., the angular length of the region common to both sectors in the polar
coordinate system. We impose the following monotonicity matching condition:

A Ay
— ——=1(6; —6,) >0.
(91 92)(1 h) >

This ensures that the angular density A;/6; and the angular span 8; vary in the same direction: if S| is denser (i.e., larger area per angle),
then it must also have a wider angular spread, or vice versa. This condition avoids imbalanced configurations that could invalidate the

inequality. Under this assumption, the area of the overlapping region satisfies the following bound:

Al +A;
AOverlap < 60verlap . m . (1)
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Proof. Recall from 10 that R is the multiplication operator corresponding to the restricted domain

QOverlap ={(n9) 1 r < rmin, ¢ € [Pstart, Pstart + 6Overlap}}

R acts as a projection that “cuts down” both the radial and angular ranges of the sectors to the maximal region where overlap can occur. The
trace of the composition is expressed as:
Tr(RP) = / (R dx.
R
Itis observed that Ry is nonzero only on the set Qoyerlap NS1. Since the radial restriction r < 7y, has already been enforced, the remaining
restriction is purely angular. Consequently, the effect is determined by the fraction of the angular overlap:

GOverlap

) (12)

Furthermore, according to 5 in Section 2 (trace of a multiplication operator), the trace of My, is given by the full area of the sector Sy:
TI‘(M X ) = A] .

By an identical line of reasoning, one has _
T(RO) = [ (Ri2) (),
where the support of Ry, lies only in Qoyerlap N S2. The sector S; spans an angular interval of length 6,, which is then cut down to Ogyerlap

under the restriction. As a consequence, it is obtained that:

)
Tr(RQ) < %Az.

2

From 7, the following inequality is satisfied:

Tr(PQ) < %Tr(RP) + éTr(RQ)7

where p,q > 1 are Holder conjugates. By substituting the bounds obtained in 11 and 12, the result becomes:

TI‘(PQ) < l GOverlapA1 EBOVerlapA
p 9 6

Since 1/p+1/g = 1, the common factor B0verlap can be factored out, and the inequality is rewritten as:

AL A
Tr(PQ) < 6 —+— ). 13
( Q)_ Overlap (Pel +q92> (13)
To prepare the ground for a more interpretable and symmetric estimate, we simplify the expression by selecting the arithmetic mean case of
Holder’s inequality, namely p = g = 2, which eliminates the need for asymmetric weighting and leads to:

1 6Overlap OOverlap
AOverlap < E ( 0, A+ 6, Ay ).

The intermediate inequality can equivalently be expressed as:

1 /A Ay
AOverlap < 6Overlap . E (9711 + ?2) . (14)

Here, each term A;/6; represents the angular density of the sector S, i.e., its area per unit angle. To further symmetrize the expression, we

invoke the arithmetic—harmonic mean inequality. Under the monotonicity condition

A A
— ——=1(6,—-61)>0
(91 62)(2 1) >0,

we have:

LA A Ay
2\ 6; 6, 791‘#92.

Consequently, we arrive at the bound
Al +A2
A <6 C—
Overlap = YOverlap 8, + 6

which completes the proof. O
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For clarity , we explicitly state the following:
* Young’s inequality version: The operator version of Youngs inequality (Equation (7)) is used (See [10]).
* No commutativity assumption: The present analysis does not require the assumption of operator commutativity.

* Operator properties: All operators used in this analysis are positive and trace-class, and these properties are fully explained in the
relevant sections.

The result established in Theorem 8 differs fundamentally from classical geometric formulas that aim at computing the exact area
of intersection. In the existing literature, the overlap of circular or sectorial regions is typically analyzed through explicit geometric
constructions, involving the determination of intersection points, arc equations, and case—dependent configurations. As a consequence,
such methods are highly sensitive to the relative positions and orientations of the sectors and do not readily yield uniform analytic estimates.
In contrast, the angular—averaged bound derived in Theorem 8 provides a configuration—independent analytic upper bound that depends only
on global sector parameters, namely the sector areas and their angular widths. By avoiding explicit computation of geometric intersections,
the proposed bound offers a simpler and more robust alternative when exact formulas are either unavailable or unnecessary. It should be
emphasized that, unlike classical geometric approaches, the result of Theorem 8§ is not intended to produce the exact overlap area and may be
loose for certain configurations. Its main advantage lies in delivering a guaranteed and interpretable analytic estimate, which complements
previous geometric methods and is particularly useful for theoretical analysis and algorithmic applications.

The following example illustrates the applicability of the angular—averaged bound derived in Theorem 8.

Example 1. (Angular Overlap of Two Circular Sectors:) Consider two circular sectors S and S with equal radii » = 2. The angular
span of S} is 6; = m/2 (90F), and that of S is 6, = /3 (60F). The centers of the sectors are located at (0,0) and (1.5,0), respectively. The
initial direction of Sy is 30°, while S, begins at 60°.

To determine the angular overlap 6oyer1ap, We consider the angular intervals:
Spc (ot o) = [r/6,2m/3], Sy :[65%,05"] = [r/3,27/3).
The intersection interval is:
O0verlap = [max(/6,7/3),min(27/3,27/3)] = [x/3,27 /3] = Ooyerlap = /3.

The area of each sector is computed via the standard formula:

1, 1 T 1, 1 T 2n
A= -0 =--4-Z =1 Ay = —1r?@) = - - 4.2 =2,
M R R R R B
Applying the angular overlap bound (Equation (50)):
Ai+Ay ©m wn+2n/3 2¢;
A < 6, . =—- = — x2.0944.
Overlap = YOverlap 6, + 6 3 7'C/2—|— 71'/3 3

To verify the validity of the angular overlap bound stated in Theorem 4 for the constructed example, we proceed by carefully examining the
geometric configuration and checking that all necessary assumptions for the theorem are satisfied. In this scenario, the two circular sectors
are characterized by angular spans 6; = 7/2 and 6, = 7/3, corresponding to sectors S1 and S, respectively.

Both sectors are constructed with radius » = 2 and have angular spans 6; = /2 and 6, = /3, respectively. The area of each sector is:

1 1 2
A :Erzel =T, Azzirzezz?ﬂ.

The angular densities of the two sectors, defined as A;/6;, quantify the area per unit angle for each sector. Substituting the expressions

above, we see that both sectors have equal angular densities:

Ay 7r_2 A72_27r/3_

6 w2 7 6 wn/3
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This equality directly satisfies the monotonicity matching condition required for the bound to hold:

A Ay
A _22) 9 ) >
(91 92) (61 —62) >0,

which evaluates to zero in this case. Hence, the condition is satisfied trivially, ensuring the validity of the bound.
In addition to the theoretical verification, Figure 1 provides a visual representation of the sectors S; and S, placed with partial angular

overlap.

Overlap Between Circular Sectors

PZ73 S ]
) M ANNN AP ]

KX S:nS, ]
2_ 4
| -:
o -:
—1F ]

As. ~3.142
As, =2.094
onerlap =0.701

-3 -2 -1 0 1 2 3 4

Figure 1. Consider the overlap between two circular sectors S; and S, with angular spans 6; = % and 6, = %, sharing an intersection
angle Ooyerlap = % The numerically computed overlap area is Agyerlap &~ 0.701, which satisfies the theoretical upper bound given by
Al +Ar . 21

— ~2.0944.

Aoverlap < B0verlap * 0,+6, 3

The configuration clearly shows the overlapping region, shaded in gray. A numerical simulation using polygonal approximation
confirms that the actual intersection area is
Aoverlap ~ 0.701,

while the theoretical bound predicted by the inequality is

Ai+Ay ©m mn+2n/3 2¢m
A ap < O . =—- = — ~2.0944.
Overlap > YOverlap 6, + 6, 3 71,'/2+ 7'[,’/3 3

This demonstrates that the observed value lies strictly below the theoretical upper limit. It confirms that the derived inequality is not only
mathematically valid under the assumed conditions, but also practically sharp, with the simulated data falling well within the predicted

bound.

4 Conclusion

In this work, we presented an operator—theoretic framework for analyzing the overlap of circular sectors, reformulating the overlap area

as a trace of multiplication operators on LZ(RZ). This perspective allowed us to move beyond purely geometric constructions and to
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systematically derive explicit upper bounds using classical functional inequalities. A key outcome of the proposed approach is the
angular—averaged bound, which controls the overlap area in terms of the common angular support and the average angular densities of
the sectors. This bound is symmetric, interpretable, and computable, and does not require explicit determination of geometric intersection
points. As such, it provides a robust alternative to exact but configuration—dependent geometric formulas. Beyond the specific results
obtained, the operator-based viewpoint introduced in this paper establishes a conceptual bridge between planar geometry and functional
analysis. This framework opens several directions for future research, including extensions to higher—dimensional settings, randomized

angular configurations, and efficient computational schemes for real-time overlap estimation in applied problems.
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