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Abstract

This paper introduces a novel approach for solving two-dimensional time-fractional Navier-Stokes and Black-Scholes equations.

i
)
series method. This combined approach, termed the “generalized integral transform residual power series method,” utilizes the

The method integrates a new integral transform—based on a generalized power function of the form with the residual power
Katugampola fractional derivative in the Caputo sense. The convergence of the method is rigorously established, and its efficacy,
accuracy, and precision are demonstrated through illustrative examples. The results highlight the method’s potential for efficiently

solving complex fractional partial differential equations across various scientific and engineering disciplines.
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1 Introduction

Fractional calculus (FC) has emerged as a robust mathematical framework for modeling and analyzing complex phenomena, particularly
those described by fractional differential equations (FDEs) [1-3]. While classical integer-order models are widespread, they frequently fall
short in representing the memory effects and hereditary properties inherent in real-world systems. In contrast, FC has shown significant
applicability across diverse fields, including quantum physics, image recognition, circuit theory, and epidemiology. The foundational aspects
of FC have been thoroughly documented [4—7], emphasizing its theoretical richness.

FDE:s are increasingly recognized as fundamental tools for modeling irregular behaviors, such as nonlinear seismic vibrations and fractal
patterns within financial markets. Furthermore, these equations have demonstrated effectiveness in computational anatomy, biochemical
processes, and various natural systems [8—11]. Because nonlinear problems occur naturally in architecture, astronomy, and engineering,
they have garnered considerable attention despite their inherent complexity [12—14].

The quest for higher accuracy and computational efficiency continues to drive advancements in analytical methods. Various techniques
have been developed to solve nonlinear FDEs involving the Caputo derivative, such as the modified Homotopy Analysis Transform Method
(MHATM) and the Variational Iteration Method (VIM) [15]. Additionally, the residual power series method (RPSM) and the Sardar

COPYRIGHTS: ©2026, Analytical and Numerical Solutions for Nonlinear Equations published by Damghan University.

1of31
This is an open access article published under the CC BY 4 DEED license ©


https://ansne.du.ac.ir/
https://portal.issn.org/resource/ISSN/3060-785X
https://doi.org/10.22128/ansne.2026.3084.1159
https://creativecommons.org/licenses/by/4.0/

Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 1 20f31

sub-equation method have been successfully applied to shallow water and Schrodinger equations, respectively [16, 17].

These analytical techniques are frequently employed to solve the time-fractional Navier—Stokes and Black—Scholes equations [18]. The
Navier—Stokes equations, independently formulated by Louis Marie Henri Navier and George Gabriel Stokes, form the bedrock of fluid
mechanics. Despite their utility in aerodynamics, oceanography, and biomedical engineering [19,20], establishing the existence of global
solutions remains a formidable challenge in contemporary mathematics [21]. For an incompressible fluid, the classical Navier—Stokes
equations are mathematically expressed as:

aa—l: +(U-V)U= —%Vp—i-szU—O—F., V.-U=0.

In this formulation, U denotes the fluid velocity field, p represents the pressure distribution (Pa), ¢ is time, and F corresponds to the external
body force per unit volume. The parameters @ and p refer to the dynamic viscosity and density of the fluid, respectively. This governing
equation is derived from Newtons second law applied to fluid motion, and its inherently nonlinear structure reflects the intrinsic complexities
of fluid dynamics [16].

In the modern financial landscape, the classical Black—Scholes model remains a fundamental benchmark for pricing options; however,
standard integer-order equations often fail to account for the *'memory effects’ and long-range dependencies inherent in fractal market
systems. Recent literature suggests that fractional differential equations (FDEs) offer a more robust framework for capturing these irregular
dynamics [22-25]. While early studies utilized the Laplace homotopy perturbation method (LHPM) for integer-order assets [26], subsequent
research has successfully extended these models using the Liouville-Caputo fractional derivative [27,28]. Because financial markets exhibit
self-similar properties, replacing the ordinary derivative with the Caputo-type Katugampola fractional derivative allows for a more precise
representation of asset price evolution. This approach is particularly relevant for European options, where the payoff is determined by the
relationship between the strike price (E) and the asset price at expiration (S). By integrating the Katugampola framework, this study provides
a powerful analytical tool to navigate the complexities of fractal dynamics in both call and put option pricing.

The versatility of the Katugampola fractional derivative is rooted in its dual-parameter structure, characterized by the fractional order
r ¥ and the generalization parameter p. In the context of the proposed model, ¢ represents the anomalous diffusion or “memory effect” of
the system; in financial markets, this captures the long-range dependence of asset prices, whereas in fluid dynamics, it characterizes the
sub-diffusive nature of flow in complex media. Complementing this, the scaling parameter p adjusts the underlying temporal geometry
of the governing equations. By varying p, the operator generalizes several established frameworks, effectively transitioning toward the
Caputo derivative as p — 1 and toward the Hadamard derivative as p — 0T. This dual-parameter flexibility allows the generalized integral
transform residual power series method to more accurately map the fractal dynamics of the Black—Scholes and Navier—Stokes equations
compared to traditional single-parameter fractional operators.

The residual power series (RPS) method offers a robust alternative for constructing series solutions without the need for linearization or
discretization [29, 30]. This technique is particularly advantageous because it expresses solutions as Taylor series, provides flexibility in
point evaluation, and maintains structural consistency when transitioning between orders. Consequently, the RPS technique minimizes
computational overhead while maintaining high accuracy [31, 32]. Integral transforms, such as the Fourier, Laplace [33], and Shehu
transforms [34], are essential for simplifying differential problems. In this work, we introduce a novel %—generalized integral transform that
unifies the generalized Laplace family. By integrating this transform with the RPS method within the Katugampola fractional framework,
we solve complex models including the Black—Scholes and Navier—Stokes equations. To validate the proposed method, the study presents
comprehensive numerical simulations. Through 2D and 3D visualizations and detailed comparison tables generated in Mathematica, we

demonstrate the method’s high degree of precision, stability, and computational efficiency.

2 Elementary Concepts

In this section, we present several fundamental definitions and properties of fractional derivatives and integrals.

Definition 1. [15] The Riemann—Liouville fractional integral of a function f(t) of order y > 0 is defined as:

RLYY £(1) = ﬁ [-er e, ()
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Definition 2. [15] The Riemann—Liouville fractional derivatives of a function f(t) of order y > 0 defined as:

1 d rt
RLYY _ - —_e)7
D = de. 2
O e P AL @
Definition 3. [15] The Caputo fractional derivatives of a function f(t)of order y > 0 defined as:
1 d _,df(e)
Pt £ — _e) Y
D/ f(1) =y L (t—e) o de. 3)
Definition 4. [15] The Katugampola fractional integral in the Caputo sense of the function f(t) of order v > 0 defined as:
1 gt /P —egP\T! de
Y.p _
a0 = [(F5F) s @
Definition 5. [15] The Katugampola fractional derivative in the Caputo sense of the function f(t) with order y > 0 defined as:
1 (P —gp "L de
KCpV:P — VP rp(n=7) _ n
D20 =1 ) = o [T ) T e ®

where N :tI*P%.
Lemmal. [I16] Forp >0,0<v,n <1, we have

1. KeprPe—o.

ket (S _ T+x) (27
2 % (5) = mirey (5)

3. Kepy® (K[ f()) = KDI P £(1),

4. KPP (KD £(1)) = £() — £(0).

In this section, we introduce a new %- general integral transform which is cover most or even all type of integral transforms in the family

of generalized Laplace transform.

Definition 6. The new %-geneml integral transform defined as:

© () dr
Te {F0}6) = F(v(s) =) [ e 50 755 ®
where it is valid for s and w.
The inverse %-general integral transform defined by:
T EVE 0= 1) = g [ IE )0 a
2 2700 Ja—ioo 1(s) a

1P

[ [l
o exponential order e , if there exist non-negative constants M,d, T such that |f(t)| < Me®

Definition 7. Function f:[0,00) > Risa
fort>T.

#
Theorem 1. Let for all t > 0, the function f(t) be piecewise continuous function that convince | f(t)| < Me' 7, then To{f(2)}(s) be present
forall v(s) >d.

Proof. Due to definition 6, we can write

= v d
<ul) [ IR0l
- , ®)
<M (vo-a)5 dr
SMu(s) | e T
Mu(s)
~v(s)—d
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In this subsection, we establish the relationship between the %-generalized integral transform and other existing integral transforms.

1. If p(s) = 1 and v(s) = s then, the new generalized integral transform is generalized Laplace-transform [33, 35].
o _ P dr 1
Lo {10} = [ e 10755 = 2P0} o) ©)
2. If u(s) =1 and v(s) = ;; then, the new generalized integral transform is generalized Shehu-transform [16]:

s 1P dr

So {0} 6) = [0 1) 75 (10)

1
3. If u(s) =1 and v(s) = s» then, the new generalized integral transform is generalized n-Laplace transform:

o _ piP dr
Zo{(f0hsp) = [ T r0 an
P 0 ti=P
4. If pu(s) = % and v(s) = % then, the new generalized integral transform is generalized Sumudu transform:
S T 12
0¥ =1 [ 0 (12

5. Ifu(s) = % and v(s) = s then, the new generalized integral transform is generalized Aboodh transform:

b (F}6) =1 [0 13

6. If u(s) = s and v(s) = s* then, the new generalized integral transform is generalized Pourreza transform:

Pa (/)6 = [ €0 105 (14

7. Ifu(s) =sand v(s) = % then, the new generalized integral transform is generalized Elzaki transform:
Ea {f0}6)=s [ ¢ 7 1) (s)
I 0 t=p

8. If u(s) = s* and v(s) = s then, the new generalized integral transform is generalized Mohand transform:

Mo (0} = [ s 16)

9. If u(s) =1and v(s) = lv then, the new generalized integral transform is generalized Kamal transform:

1P dt

Ko FOH) = [ e 7 10) 15 (7
10. If p(s) = s% and v(s) = % then, the new generalized integral transform is generalized Sawi transform:

L= _1 dr
Lo (f0}6) =5 | e 75055 1s)

S

In this section, we derive and establish several key properties of the proposed generalized integral transform. These results are

fundamental to its mathematical foundation and demonstrate its efficacy in solving fractional differential equations.

Proposition 1. (Linearity) If the %—genemlized integral transform of functions u(t) and v(t) exists for s > c| and s > c; respectively, then

the %—generalized integral transform au(t) 4+ bv(t), for any constants a and b exists and

T%{au(t) +bv(t)}(s) = aT%{u(l)}(s) —O—bT% {v(t)}(s). (19)
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Proof. Linearity properties follows directly from Definition 6. O

Proposition 2. (Shifting property of %—generalized integral transform) Suppose T » {f(t)}(s) = Z (s) then, we have
P

Te {exp (a%) f(z)}(s):ﬁz(v(s)—a). (20)

Proof. According to definition 6, we have
To {exp (a%) f(t)} (s) = p(s) /Ow e*<v<f)*°‘>%f(z)t% = Z(v(s) - ). Q1)
O

2. T%{t”}(s) =u(s)p’

o
3 T%{(%) Fo) =r6) 5, paeRv(s) >0

P

4T, {elf } ()= 4 v(s) > A
P

Definition 8. Let u(t) and v(t) be two piecewise continuous functions, and let T p { f(¢)}(s) = F (v(s)). Then the %-convolution of u(t)
P
and v(t) is defined as follows:

't 1 d
(wrp )0 = [ u((?=22)7) ()55 (22)
Lemma 3. Let u(t) and v(t) be two piecewise continuous functions. If T o {f(¢)}(s) = F (v(s)), then we obtain
P
(wxw v)(t) = (v u)(t). (23)

Proof. By definition of %—generalized integral transform and substituting P — 7P = €P, we have

(e )0 = [ (=) ) o(0) 5

= —/tou(e)v<(tp —er)r)

: N (24)
= [Juten (0 -er)0) 5
= (vxw u)(1).
P
O
Theorem 2. If T p {u(t)}(s) = % (v(s)) and T » {v(t)}(s) = ¥ (v(s)) then, we have
P P
T, {(u*% v)(t)} - ﬁ’ﬂ% (W} Tz (). 25)
Proof. Based on Definition 6, and by reversing the order of integration, we obtain
© s 't 1 dt dr
T% {(u*% V)(l)} :,u(s)/o e V0% (/0 u((zf’ —‘CP)P>V(T)W> P 06

_ TS (P — 2Py & dr
=) [ (00 =07 ) vie) 5 1
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By substituting tP — 7P = &P, we have

Ty {0} =) [ 7 wiepo) 15 5

P P

_ (,u(s) /0 e V<S>%V(T)T%) (/O T OF (e T‘fi) 27)
_ ﬁr% (WO} T (4(0).
0

Theorem 3. (Derivative properties) Assume T p {f(t)}(s) = F(v(s)) be a %—genemlized integral transform, then we have the following
P

result
1. T§ {nf()}(s) = V(S)T% {£()}(s) — u(s)£(0).
2. Tg {n"f(0)}(s)= V"(S)T§ {£()} (s) = () Lp=g v(s)"* Tk £(0).

Proof. By applying equation (6) and integration by parts, we obtain

T (n70}6) =) [ e 5 00 = V)T {0} )~ n(s)7(0). e8)

To prove part (2) of Theorem 3, we proceed by induction. Assuming that equation (28) holds for n = k, then for n = k+ 1, we obtain

T (0 10} 6) =T { (n0'7@)) } () = v T {170} () = (505 (0)

p

=v(s) V()T {f(1)} — () i v(s)/! njf(O)} —u(s)n*£(0)
P j:O
]( . .
= V(S)k“T§ (£} (s) = n(s) ¥ v(s) 0/ £(0).
j=0
This implies that the second case of Theorem 3 holds forn =k+1. O

Theorem 4. Suppose T p {f(t)}(s) = F(s). then, we have the new %—generalized integral transform of Katugapola fractional integral of

Caputo sense as follows ’
1
KCyY:p _
T {“B2 10} ) = L T2 O 6)- 29

Proof. According to (6), we have

—uo) [0S [% [ (@23 i) 2 } KA

I-y 00 P
_aP v [ pir-1) dr
Ly L L O] P
1

_r " p(r-1) } (30)
T {7 0

©

B

Cae) % Py o)

_ pl=7 .
o T 1T o)
1

BECECIA R
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Theorem 5. Suppose T p {f(t)}(s) = F (s) then, we have the new %7generalized integral transform of Katugapola fractional derivatives

of Caputo sense as follovﬁs

s n—1
T% {KCDQ’va(z)} (s) = ‘:/((s))T%{f(t)}(S) *k;)"(s)y_k_lnkf(o).

Proof. According to definition (6), Theorem 3 and Theorem 4, we have

T% {KCDQ/’pf(l)} (S) = T% {I?i%p’r]nf(t)} (S) _ WTﬁ {rlnf(t)}
— 1 n k—1 k
= wve |V T2 {70 Z v(s £(0)
— V(S)y s 7’171 y—k—1 .k
= a0 Te {f(0)}(5) P () f(0)

Definition 9. [15] The Mittag-Leffler functions are defined as follows:
oS k
I Eq(2d) =X mrarny: <€ R.Re(@) >0
oo k
Ea.ﬁ(z) =¥Y"9 m, z€R,Re(ax) >0

Lemma 4. Suppose Re(Q)

()
g el -

2. T% {(%) Eaa<h <t;) )}(S): v(.lvl)(‘f)fl'

Proof. According to Definition (6) and Lemma 2, we have

Ty {Ea (/l <Z’)“)}(S)ZE)WT$ {tipa}
M (

(s
_us)i A "_/,Ls)vhvo‘*1
V) \v(9)®)  v(e)*—-4
The proof of the second part proceeds as follows:

[p o-l [P o > A«i tipa+pa7p
T% { (;) Faa (/l (;) ) } ()= ;') [(ia+ a)piata— 1T {t }

_ S Al ia+tx71r(a+ia)
=) [(io+ a)pio+a— THP v(s)xtie

3 Fractional Black-Scholes and Navier-Stokes Differential Equations

In this section, we introduce time-fractional Black-Scholes differential equations,

r (pa—ﬁ—gag}—rfb:O,

) ,0*® ) 2 0°® PR { o>  Id
()

KCnyV:p
D" ®(¢,6,1)+ 5 51q> aq,z 2€ 3 2*“5152"’@9(,,39-

(€2Y)

(32

(33)

(34

(35)
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with the initial conditions

(I)((P7G7O) :maX(Bl(P+B2g_K/O)7 (36)

and time-fractional Navier-Stokes differential system

2 2
KCD“’(I)((pgt)+<I>a—q3+‘I‘8¢ p(a—q)Jra—q))Jrh, ¢,6,t >0,

2 2
y v @
D/PW(p,¢,1)+ d)a— +¥—— E =p (a—q)z—k ng) —h, @,6,t>0,
with subject to the initial conditions
(¢,6,0) = —sin(p +¢), 38)
¥(9,6,0) =sin(¢ +¢).
Next, we introduce some definitions of the fractional order power series with the parameter p, which is initially given by [16,36,37].
Definition 10. [16] A generalized fractional power series with respect to the variable t and parameterized by p is defined as follows:
o NG
‘P(fp,g,t):];)wk(%g) (;) ; (39)

where t > 0, o is the fractional order, and the coefficients W(@,G) are functions of ¢ and G. These coefficients determine the contribution

of each term in the infinite series, with the index i ranging over all non-negative integers. The series is constructed around t = 0.

Theorem 6. [16] (Taylor Expansion of Fractional Order a) Assume that y(Q,G,t) admits a generalized fractional Taylor series expansion
in terms of the parameter p, given by:
oo tp ky
Y(p,6,1) =Y wi(e,5) (7) : (40)
k=0 p
I w(,¢,t) and KDY Py (@, ¢, 1) are continuous functions on the interval [0, M), and KDy (@, 6, 1) is n-times differentiable on (0,M),
then the coefficients W;(@,g) of the fractional-order power series in terms of the parameter p are given by:
KCpkv:p
D

0)=

Theorem 7. Suppose that y(,G,t) is a power series of fractional-order with a parameter p around t = 0, and KCD,Y’p v(9,6,0) exists on
[0,a] x [0,b] x [0,M]. Then, ¥(@,¢,1(s),v(s)) =Tw» {y(@,6,t)} (s) can be represented by the following form
P

u(s)
P(o,6,u(s), Z o (9,6,0) V)T (42)
where, 9u(9,¢,0) = KD (9, ¢,0).
Proof. To prove this theorem, we apply Theorem 6 along with the properties of the proposed f-generalized integral transform. O

Theorem 8. Assume that ®(@,¢,t) and its second partial derivatives be continues on [0,a] x [0,b] x [0,M], also

_ e L 20292 _Ls2 20°® _
G(CI)((’LQJ))*'FCI) 261 a(Pz 62 a Ry wal&wgatpag

0% {aop aqa]
2

(P%“‘GTg

MP

Y
) ) < 1, then the fractional partial differential equation (35) has a unique

satisfies the Lipschitz condition with constant M. If v 1+y) (
solution of ®(py,p1,t) on [0,a] x [0,b] x [0,M].
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Proof. By applying the fractional integral KCIQ/’p to both sides of equation (35), we obtain:

(9,6,1)~D(9,6,0) = ﬁ/ot (zP pTP)Y—l

(43)
9°® 9°® 9°® 9P JP|] dt
YY) L) o= 0%
X[@ AT - 5% ag7 P00 G00c { Pog 3€”
Now, we define the new operator P : C([0,a] x [0,b] x [0,M]) — C([0,a] x [0,b] x [0,M]) as follow
pip.c0)=stpe o [ (T7)
) >t = ) +7/ -
19 8\9,¢ W) Jo ) w
1 p@® 1,02 9’ 9%  9%]] dr_
x[rcp 261(p 792 262 82 66]52(pga PYE r(paq)+gag T
For any ®,¥ € C([0,a] x [0,b] x [0,M], we have
o5 Pl = [ (727
) 7t - ) 7t = =N
P P b e
1, ,0%® 122ac1> *® o0  J®]] dr
x[rmgél Sor 3938 w8505 o —r (050 +s5| | 5
1P -\
“mh (57 “
,122‘927‘1',,22‘9 o 9%, o i
1/’(”’59)7—'@(@( )~ G(¥(9.6.0
=y ,6,0) — IR
I h \"p 7 ?
By applying the Lipschitz condition with the constant N, we obtain
P(® P(¥ LN e 7 dr
‘ ( ((P7G7t))_ ( ((P7g7t))‘7 F(Y)/O( P ) N[ ((P7§7t)_ ((P7G7t)]1_17,p
N tP>7
<||l®o-w — (46)
<oy (5
N MPN\7
<——— | — -V <||P-Y.
< () e < e
O

The proof of the uniqueness of the solution for equation (37) follows a similar argument. In this section, we propose a new technique
for solving linear and nonlinear fractional differential equations by employing the fractional Katugampola operator in the Caputo sense.

Specifically, we consider the following general fractional differential equation:

KEDIP £, 6.t) + RIf(9,6,0)] + NIf (9, 6.1)] = g(9,6,1), 47)

with subject to the initial condition
f(9:6,0)=h(9,), (48)

where KCDQ/‘P denotes the Katugampola operator in the Caputo sense of order ¥, R[f(¢,g,) denotes the linear part of equation (47),
N[f(o,¢,r) denotes the nonlinear part of equation (47) and g(¢@,g,) is a specified function.

In the proposed generalized %-transform residual power series method, we assume that the solution to the fractional differential equation

ou(p.5) (1P \M
flo.g,1)= Z 1+ k) (p), (49)

where the functions ¢ (¢, ¢) obtained using the following steps. Clearly f(¢,¢,0) = ¢o(@,3).

(47) takes the following form:



Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 1 100f 31

1. By applying the %-general integral transform to both sides of (47) with respect to #, we obtain

T 5D} f(0.6.0) } (5) = T {2(0.6.0) = RUF(9.6.0)] ~N1(9.6.0)])

vI(s)
u(s)

= T% {g(@,6,1) —R[f(®,6,1)] = N[f(9,6,1)]},

Ty {£(9:6:0}(5) —u"s)£(9,5.0) (50)

or

F(@,6,u(s),v(s)) = v—h(m)
(51

s B = - »
Tyt e {g((p,g,r) R {T% {F((p,g,r)}} N {T% {F(¢7g,,)}} }
where F (9,6, 1(5), v(s)) = T {£(9,6.0)} (5)

2. By applying the proposed %—generalized integral transform residual power series method, the function F (¢, g, i(s),Vv(s)) can be
expressed as follows:

F(,6,u(s), Z(Pk(pg lﬁiy)()

The infinite series (52), is called the new %—generalized series solution, and

1i(s) > 0,v(s) > 0. (52)

lim v(s)F(@,6,1(s),v(s)) = 9o(@,6)-

V(s)—ro0
Then the first k terms of the new %—generalized series solution, represented by Fi(@, ¢, 1(s), v(s)), and we have

Fi(@,6,1(s),v(s)) = do(9, 5 ”Tj i % u(s) >0,v(s) > 0. (53)

To calculate the coefficients ¢ (¢,g) in the fractional power series (53), we define the following %-general residual function
corresponding to Equation (51):

To Resp(@,6,1(5),v(5) = F(@,6,1(5), v(5)) - %h(% 9
(54)
5 ms {stosn - [T F 0.5 | - |15 (Flo.c)] |
and the k-th new %— general residual function as follow
T Resy (9. 6.(9)-¥(5) = F9..4(5).v(9) — & hto.5)
(55)

:‘y((?)qr% {g((p,g,z) -R [T,—Fp‘ {Fk(tp,g,t)}} -N {Tg {Fk(fp,g,t)}} }

3. Based on the properties of T » Resg (¢, ¢,t) and T p Resr, (¢, G,t) employed in this study, the following results hold:
P P

(@) To Resp(,6,1(s),v(5)) =0,
lim T » Resg, (9,6, 1(s),v(s)) =T,
1—>o0 P

(b) lim v(s)T,pResr(qDG#( V(s
V(s)—eo

);
implies V(Lim V(s )'JI‘,p Resg (9,6,

5)—ro0

Resp(9,6,1(s),v(s)),  p(s)>0,v(s) >0,
=0,
),v(s)) =0,

(© Lim vHK()T,p Resp(@,6,u(s),v(s)) = lim v'*¥¥(s)T » Resg, (¢,6,u(s),v(s)) =0, for 0<y<1, keN.
)

V(s)—ro0 P V(s)—roo

1R

N

)
p(s
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Therefore, the coefficient functions ¢ (¢, ) for all n € N can be recursively obtained by following equation:

lim (kay(s)T@ResF(q),g,/.t(s),v(s))):O, 0<y<1,k=1,23,.... (56)
P

V(s)—reo
4. To obtain the solution to the fractional differential equation (47), subject to the initial condition (48), the inverse %—general integral
transform is applied to the function F (@, g, t(s),v(s)).

In the following theorem, we analyze the convergence of the proposed —-generahzed residual power series method.

Theorem 9. (Convergent of new %—genemlized residual power series method) For any (¢,6,t) € [0,a] x [0,b] x [0,M], the solution of

ky
partial fractional differential equation (47) with initial condition (48) is convergent to the series Y ;7 Fél(i’kg;) (%) .

Proof. For any (¢,¢,t) € [0,a] x [0,b] x [0,M], we suppose that

i (7))
t)
f(@.¢, kzg) I(1+ky) \ p
Then

F(p,6,u(s), Z $(9;6) (“)(13/«7

for v(s) > 0 with

F((p,g,/.i(s),v(s)) = T% {f((P7G7Z)}

According to (55), we have

n

Y { i Rest (0.6, (5) V() ~ T R (.6, (9).v(5) | = T Resr (926461, V(6) ~ T Resiy (. o (5) V(). (57)
k=0

On the other hand, we have

T%Rest+1 (‘Pv Q,[.L(S), V(S)) - T%Rest ((P7 €7.u(s)7 V(S))
~Fie(0.6.14(5).v(5) ~ 5 h(.5)

v(s)Y

e R R L RO E L SR NTORTEN |
)

~Fi(gyg(s), <>>+&)h<<p,g>
s (58)
LIOF, { (@,6,1(5), ()%R[ﬂrz {Fk«p,g,u(s),v(s»}} fN[T,;‘ {Fk«p,g,z)}ﬂ

(5)7
=fr11(9, G)%

_RGs) T, {_R {']1‘,11 {MH -N {T,%l {Fk+1(<p,€,u(s)7V(s))}} }

v(s)V 5 5 v(s)H(k“)Y

-2 { [12 o s vo] |

v(s)? &
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Then, we have

n

Z{T»Respk“(«pgu() v(s) ~Te

k=0
:ng Resp, (@,6,1(s),v(s)) — TpRespo(fp G, 1(s),v(s))

Resry (9,6, 1(s ),v@)}

r

Ly {TPReSFM((P 6,1 (s), Vi ))—Meem«p,g,u(s),v(s))}
k=1 P

_T%RESF] ((P, ga“(s)v V(S)) - T%Resﬁ)((pv gv:u(s)v V(S))
4 P2(0.9)uls)

v(s)1+2r
g [ ) oo
(g {2 A)] ol s o]

N Pnr1 (@, 5)1(s)
v(s)1+(n+l)y

K(s) {—R {T,—%,‘ {w H -N [T’_%’l {Fut1 (o, g,t)}} +N {T,‘g‘ {Fn(<p7€,t)}} } :

V)T 5 V() Ft DY

or
i { o Resp,, (9.6,11(5).v(s)) — T%Resa(w,g,umv(s))}
n+1 s
=g Ry (9.6, (9) V() =Ty Ry (9.0, v(9) + 3, O
s n+1
- ‘lf(g))},T% {R T P] { Z L ‘(/(é)s g1+k,y } -N |:T;_£] {Fk+1 ((Pvgvt)}:| +N |:Tr_£l {Fl((vaat)}:| }
Using (57), we obtain:

T%ReSFHI (q)v Q,M(S),V(S)) - T%ResFo((Pv g,[.L(S),V(S))

=T p Resr, (9,6, 1(s),v(s)) — ']I‘pResFo((p G u(s LG 1+ky
u(s) "l g (0, ¢
_ V(S)yTrg{ —R ? {];2 kv(s o }:|}((p’g,u(s),v(s))
4—&?1T§{N[Tm{&+N¢€lﬂ}}@xgu@%vhn
B 5(:))7% {N {T {Fi(os, t)}} } (0,6, 1(5),v(s)),

(59)

(60)

(61)
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or

Tf" Resp, ., (9,6,1(s),v(s)) = Fl(‘Pva#@)a" s

s),v(s))+
n+1 k( 0,C
VSHky

_ K(s) -1
PO {st0.s0 kTS (Al0.g,

f ¢k <p Q)u(s)  pls) Tp{

s ol oo

1+k}’ v(s)’}’ £

§ s (62)
M(())VjT { {T"’ i1 (0:6.0} | 1 (9.6, 1().v(5)) = 5(&))7% {N {Tg {Fl(w,snt)}ﬂ,
WOk, 6)mls)  p(s) 1 [ 09, 9)us)
k;) S +k7 (S) h((P g) ( {g(([hgﬂ‘) —R |:T,pl {k_OIW}] }
s _ n+1 (P
s {E e )
By utilizing the properties of T%ResFM (¢,6,1(s),v(s)) as n — oo, we obtain
g 1+ky o Z%h(wwrf((;))y 5{ (9.6, =R T {kg‘b" o )H}
© = ul9.9n( ©9
HAs - (P, 6)1
_ v(s)YT% {N 11‘%1 {];) V()Y H }
O

These results demonstrate that the infinite series Y.;” %ﬁg;s) is the solution to the equivalent form of (53). Therefore, by applying

the inverse proposed —-generalized transform to both sides of (63), we obtain the solution to the nonlinear fractional differential equation
(47) subject to the initial condition (48).

4 Analytical Solution of Time-Fractional Black-Scholes and
Navier-Stokes Equations

In this section, we apply our proposed method to the time-fractional Black—Scholes and Navier—Stokes equations.

Example 1. Consider the following time-fractional Black—Scholes equation with two assets

a q: 9*°d 0d I
KCnY.p o822 52 2 _
D" ®(¢,6.1) =r® 5 37 62 w5152¢ga odc [ (9<p+g<9g} (64)
with the following initial condition
q>(¢7g70):¢0((P7g):max(ﬁl(p+B2g7K70)7 ®,6 € [O,W),IG [OvM} (65)

We assume that the following series is the solution to equation (64) about the point # = 0:

tP
D(,6.1) = Zm(l)) ; (66)

where ¢, = ¢;(9,¢), is coefficient function with respect to ¢ and 6.

1. By applying new %- general transform on both sides of equation (64), we have

9°® 9°® 9°® 0P 0P
T, {KCDZ=PcI>(<p,g,t)} = Tp {rcb— 152222 152020°® ~Ba5065 5 [fpfﬂs*”
p p

a9 2 d¢? do 7 dg
1 2“0 1 PRC)
=005 u06) - 0.0 - B {10 L5t d 9 - 1209 )

220 00 00
05162(P€8(Pag {‘Pa(erGag}} 0,
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where ©(@, ¢, u(s),v(s)) = T% {@(9.6.1)} (9,6, u(s), v(s)) for u(s) >0,v(s) > 0.

2. Suppose the solution of equation (67) be the following form

o

k
O, 6, u(s ZO ") HM- (68)

Therefore, the first n-th terms of series (68) will be written as follow

Ou(p..(0) v(9) = max(Bro + Fog ~ K 0) (0 + 32 ©9)

Hence, according to (54), we have

=

T%RBS@)(([), g,u(s),v(s)) :®((p7g7:u'(s)7 V(S)) 7maX(Bl(P+ﬁ2g 7K70)&

V(s
[l(s) 1 28 @ 1 2(9 @
VV(s){r®776 o (70)

2919 597 T 2%25 522
0 00
mlmg&pag { 95 " 7}

and the n-th of equation (70) will be obtained as follow

T%RES@,’((P,Q,M(S),V(S)) :®n((p,g,u(s),v(s))fmax(ﬁ](erﬁzng,O)l:Lg
K(s) 2 2‘9 O, 1, 232®n
T V()7 {9”"5 Jp? 2% 52 @D
0, 00, 00,
~onsosfol oy v )
3. forn =1, we have
01(9,6.(5), V() = max(Bro -+ Bog — K,0) A02) 4 Q1) )

v(s)  v(s)IH7’

Therefore, we have

T%Res@x(p,g,u(s),v(s)):®1<<p,g,u<s>,v<s>>—max(ﬁlp+ﬁzg—1<,o>&§
u(s) 920 a 90, 90
e 5 Gt 55 { s 1]}
uis)  oru(s )

=max(B1p + g — KO)—+ —max(Bip + Pag — Ko)ﬁ

v(s)  v(s)!
s 1 0 s
BTN N T SO R TR

V(s)7 )
1) (10 2% uls) 229, uls)

V) { R AT ™ s )1”}

s ) o us) ) ae ()

v{"’ﬁ‘()*"’mpv() “ﬁz()“‘agv(w}

After multiplying v(s)'*7 on both sides of equation (73) and taking (li)m , we have
V(§)—roo

+
(73)
(s

o VIFY ()T p Reso, (9,6, 14(s), v(5)) = i(s) {91 — rmax(B19 + Bag — K,0) +r (9P +6B2)} =
V(§)—ro0 P (74)

¢1 = rmax(B1¢ + g —K,0) —r(¢P1 +cp2),
Therefore, the first approximate can be written as follows

01(0.6.(6).(s)) —max(Bro-+ fog  K.0) 51+ {rmax(Bro-+ fag —K.0) (9B 4B} T 9
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for n = 2, we have

02(0,¢,1(5), V(5)) :max<ﬁ1<p+ﬁzg—z<,o>%+ q’(";fﬁy + jzgﬁ(jly, 76)

Therefore, we have

T Reso, (9.6.4(5),V(5) = ©2(0,5. (), v(5)) ~ max(Byp-+ fog ~ K.0) )

u(s) 1 2?20, 1 220, 020, 00, 00,
‘v7<s>{’® R TR LR E R TP ’{"’a«p“ag”
=max(B1p + P — KO)“8+ (”)‘1()7+ ‘%ggy*maxwlpﬁzgf&o)%

s s s 1 02 s
—5<£>)Y{rmax(ﬁ s K OB L B R gt )L
9%,

$) J 1o 20%1 u(s) 1o 0% u(s) %91 p(s)
y{zalg e v(s)1+y+26g 3c v(s)1+2y+‘35182"’ga<pagv(s)w 152<pga(pagv()
)

K (s) K (s) a0 u(s) Iy u(s) p(s) a0 u(s) a¢  u(s
{”Pﬁ 1 +roSo 5B : P9 Vi y}’

v 7P T30 v T 9 v T W“ag V()

u(s) } an

(5)1+2
<>}

+

After multiplying v(s)' 727 on both sides of equation (77) and taking limy, () 0, We have

lim v(s) ‘“YT%R&“@I (@.6.1(5),v(s)) = p(s) {¢z —r*max(Bip + B2 — K,0) + 7> (¢B1 + gﬁz)} =

V(S)*}oo (78)
92 = P max(Bi¢ + o —K,0) — r* (9P + B2)
Therefore, the second approximate can be written as follows
02 —max(pro+ fas K.
{rmax(Bro+ fos ~K.0) ~ (01 +5Bo)) T 19
+ {rz max (19 + Bag —K,0) —r* (91 + gﬁz)} Vis )(ﬁzy
Finally, the n-th approximate can be written as follows
©, =max(Bi ¢+ P2g —K70)%
u(s)
+{rmax (B9 +B26 — K,0) —r(¢P1 +6p2)} )T
+{rzmax(ﬁl(p—i-ﬁzg—K,O)_rz((pﬁl+gﬁ2)}% (80)

+{r" max(Bi1g+ B2g — K, 0) =" (9B1 +¢Pa)} %



Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 1 16 0f 31

If n — oo, then we have

u(s
V(s

+ {rmax(B1¢ + B2 — K,0) —r (@B +6B2)} %1)”

=

09,6, u(s),v(s)) =max(B1 @+ rg — k020

\_/

+{r2max(ﬁ1(p+ﬁ2g—K,0)—1’2(([)[31+gﬁ2)}% -
+{r"max (19 + g — K,0) — (<pﬁ1+e‘ﬁz)}%
4. By imposing the inverse new %—generalized transform, the solution of fractional differential equation (64) obtained as follows
(I)((pvg>t):max(ﬁl(p+ﬁ2g_K70)
(5)
+{rmax(B1¢ + P2 =K, 0) —r(@f1 +¢p2)} mp+ 7
ﬁ)”
2 —K,O _ 2 pi
+{r max (B¢ + frg — K,0) —r (¢B1+€Bz)}r(1+2y) &2
(5)"
P max(Br9 -+ Pag —K,0) = (9B +¢B)} L
or
A 2 (1t 2 3 3
} (7) () ()
D(¢,6,1) = max(Brg + B2 — K,0) Y ity Trazey Ttasap T
AN 2 (2N ()T
—(¢B1 +¢B2) F((l‘ig + (p> + (p) T
v T(1+2y) T(1+3y) 83)
p\7 P\ N\ K
- () ()
=max (B¢ + P25 — K,0) kgom (9B +5B2) l;) Mtk
P Y tP Y
=max(B1¢ + B¢ — K,0)Ey (r(;) )—(¢ﬁ1+gﬁz) {Ey (r(;) )—1}-
For y =1, then, we have
p P
®(9,5.0) = max(Bro+ fas K. Opexp (5 ) ) = (o1 +o)[exn (5 ) ) 1], 54

Based on the data presented in Table 1, we will generate several 3D plots corresponding to equation (83), as illustrated in Figures 1-6.
The desired Black-Scholes equation has been solved considering the proposed method, and its 2D graphs have been plotted based on various
derivative orders p = 1,7 =0.5,0.7,0.9,1,p =0.5,7=0.5,0.7,0.9,1 and Y= 0.5,p = 0.5,0.7,0.9, 1. Additionally, 3D graphs have been
created considering the derivative orders y=p = 1,0.5,0.7,0.9.
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Table 1. Values of parameters in Black-Scholes equations

Parameters value
Strike price (dollars), K 70
Risk-free interest rate (per year),r  0.05
The volatility of ¢ and ¢ 0.5
Risk parameters f; 2

Risk parameters 3,

Figure 1. Values of the options for p =1 and y =0.5. Figure 2. Values of the options for p = 0.5 and y=0.5.

Figure 3. Values of the options for p = 0.2 and y=0.5. Figure 4. Values of the options for p = 0.7 and y = 0.5.

Example 2. Consider the following two dimensional Naiver-Stokes time fractional differential equations

0D oD 2 9%
KCD?"’<1>(¢,§J)+<I>*+‘I‘*—p<—+—>+h, ®,6,1 >0,

dp dg T \dg> g2 35)
0¥ o¥ PR R
KCpyt-P _ _
D; ‘P(</>,g,t)+ﬂl>a(p+‘P(9€ p<a¢2+ag2) h, @.6,1>0,
with subject to the initial conditions
d(¢,6,0) = —sin(@+¢),
(9,6,0) (p+9) (36)

¥(9,6,0) =sin(¢ +¢).



180f31

Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 1

-70

-80

P(1,1,t)

-90

O(1,1,4)

-100

-110

P(1,1,t)

O(1,1,1)

Figure 9. 2D plot of example (1) for y = 0.5. Figure 10. 2D plot of example (1) for y=0.8.

We suppose that the following series be solutions of equations (85), around 0,

v % (W)M
QJ EA-2] - /1 -\~ )
(0.5 k:Zz)F(HkY) p

) ky
Vi fp)
\P 9 7t = - 9
(#:6:) kgz,F(HkY)(p

87

where ¢ = ¢x(9,¢) and W, = Y (@, 6) is coefficients functions with respect to ¢ and ¢,
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1. By applying new %-general transform on both sides of equation (85), we have

e 9’ oo 0P
KCnY:P _ Dl \ / el
Ty {“D®(p.c0} =Ty {p(8¢2+8g> T +h}’ (88)
1Y ¥ 0¥ 0¥
KCnY:P Z - i \ / i
T%{ D’ ‘I‘((pgz)} ’H‘g{ (aw +8g2) *5, Vs h},
or
(s B0 BE) [ (PO R0\ e e | _
G)((p.,g,,u(s),v(s))+sm((p+g) V(S) v7(s) p a(Pz + ag2 a(P ‘—‘a +h *07 (89)
~(‘P7€7.u(s)"’(5)) Sln((p+g) V(S) VY(S) p a(Pz + agz G)a(P ‘—’ag h _07
where
0(¢.6.1(9).v() = T {*DIPP(9.¢.0) } (9.6 11(5). V().
and
2(9.6.1(5).v(5)) = T {KDI*W(9.6.0) | (9.6.1(). V(). 1(s) >0, V(s) > 0.
2. Suppose the solution of equations (89) be the following form
v Hul(s)
®((P7gmu'(s)7 V(S)) - k;() v(s)1+kfy7 %
(90
- v &uls)
"’((p7 G7u(s)7v(s)) - k;o V(S)1+k7
Now, the first n-th terms of series (90) will be written as follow
0 (9..(s)v(9) = —sinlp + )3+ M,
© & &) oy
= o uis kS
=(0:6,1(5),v(s)) =sin(o +6) s + ¥ SrSTery
Thus, according to (54), we have
B ,u(s) u(s) 2’0  J%0 876_ 20
T§Rese(</>,g,u(s),V(s))f®(<p,g,u(s)7 (5)) +sin(@+¢)—= Vo) v P 8<p2+892 ®a<p 3¢ +h )
W) w0 (PE P\ 02 oz
vy P\ 992 T a2 do ac [’

T%Resz(qx G 1(s),v(s)) = E(@, 6, u(s),v(s)) —sin(p + ;)—)

and the n-th of equations (92) will be obtained as follows

82®n+82®n 6 8@,17_: a®n+h
p a(pz ag na(P —-n ag )

V
= 5),v(s ) —sin i) R(s) 0°Z, 82“" _0, %% g 9%
T Resz, (9,661, V(6) = (9.6, (5) ¥(5) —sin(p +6) 55 VW{P( +552) e, o5, S ).

V(s 29?
93)
3. forn =1, we have
01(9,6.1(6).v(s) = —sin(p )+ A
4

E1(p,6,1(s),v(s)) =sin(¢ + c)% + (g(ISI(Jr)y
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Therefore, we have

T%Re‘vel (0,6, 1(s),v(s)) = O1(@,6,1(s),v(s)) +sin(p + g)&;

Vs
BO) [ (70, P00 o a0, 0y
+v<s>V{p(a<p2 o ) TOIg, TR,

Sy ) (v we Doy pts P _ue) )

v v(s)Y

H(s) pis) | ¢1u(s) u(s) 9
e (~onto+ 55 + ) (emto+ 055+ 55

v(s) 9% v(s)ITT © g2 v(s)!HY

)

v( V)
i (nto+ 55+ 5 ) (eostor 04 55 5000 ) st
T Resz, (9,6,4(5), (5) :31<<p7g7u<s>,v<s>>—sin(«p+g)%
e E)a
=)
T o 2
+ 5((5))V (m(w@% 5(1#;1(37) (cos(<p+g)%+ ‘?fg‘ v(‘igf)ﬂ> +hvg§f)+y.

After multiplying v(s)'*7 on both sides of equation (95) and taking V(s)—se0> W€ have

lim V(s)'”T%ReSa (0,6, 1(s),v(s)) = u(s) (¢1 —2psin(@ +¢) — 1) =0,

V(s)—ro0

¢ =2psin(@+¢)+h.

lim V(S)HYT%ReSEl (@,6,1(s),v(s)) = u(s) (& +2psin(@ +g) +1),

V(s)—ro0

§1=—2psin(¢+¢)—h

Now, the first approximate can be written as follows

u(s)

O2(9,6,1(s), V(s)) = —sin(p + g)m +(2psin(¢ +¢) +h)

p(s)

E2(9,6,1(s), v(s)) = sin(p + Q)m +(—2psin(¢ +¢) —

for n = 2, we have

u(s) | giu(s)

u(s)
vIHr(s)’
e K (s)

H(s)’

dr1u(s)

@2((p,g,/.l(5),V( )) 781n(¢+€)@+ ( )1+7 +

v(s)T+2r’

uls) | Euls) | Euls)

32((P7€7“(s) ( )) _SIH((P'FQ)*S,)"_ ( )1+7+ V(S)1+2y7

95)

(96)

)

98)
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Therefore, we have

(s

‘:

T%Res(')z((pv g,[J,(S),V(S)) = ®z((P,<;,ll(S), V(S)) +Sin((P+ Q)

v(s)
(s) 0’0,  0°0, 00, 00, P1p(s)  dopls)
’v<s>y{”<a<p2 * ag2>*®2W“ZTg h} vt Ty

1(s) u(s)  d*¢1 u(s) [ 9% u(s)
‘v<s>7{p (2““(“’+g)<>+a<p21 V(5T 397 (s

Po uls) ¢ uls) )}

/\

+

92 v(s) 1T T 9¢? v(s) 2
+fiy (oo 5+ %)
X (_C05(¢+G)%+%vé‘§ﬂy %v(ﬁ:)(ﬂzy)
i (smto ok B B )

uis) 961 _pls) 99 nu(s) K(s)
X (—COS((P+€)ﬁ+aTP]v(S)1+y+%v(s)“fzy) 7hV(S)1+Y’
99

)

)
=

~ . u
6 K(5),v(5)) = Ba(9:6, 1(5), V(5)) —sin(9+6) TS

3232+9252 _e, 98 g 9% L\ _ GKG) | Guls)
092 ' d¢? 299  “o¢ v(s)Ity T v(s)1H2Y

<2sin((p+g)”(s) %6 u(s) +82§2 u(s)

vis) T a92 v(e)itr T 992 vis

d2¢ s 02¢ s
+ agzl Vé§1)+y+ 8g22 (#)(132)/)}
u(s

v(s)

+ u(s) ( Sln((P‘f“g)Q 91 () + ¢2:u(s) >

Yoy V(o) TV v
¢ s

< (eosto+ 0+ 5o st + 5o v )

e (

1

uis) | &uls) | Suls)
0L (S‘”("’”) v(s) TV v(iﬂm)
u
G

+
w(s
v(s)!

(cos(<p+ S) Es; + %—% .

(
)
1
s
5 9% w6 . w0

T S gt ) gt

After multiplying v(s) 1427 on both sides of equation (99) and taking li)m , we have
V(s)—ro0

lim V()" 27T, Rese (9,6,1(5),v(s)) = 1(s) (92— p 2 —p 201} =0
V(s) oo 58T 5 AR 27 592 d¢? ’
92 = —4p?sin(p+¢). 00,
lim v(s) F21T Resz, (9,6, 1(5), v(s)) = p(s) (6 p2h 7Pﬂ)
V(s)—eo ooy 29> " ag?
& =4p?sin(¢+¢).
Therefore, the second approximate can be written as follows

(s

N

=

+ (2psin(Q +¢)+h) étg) —4p §1n((p+g)%7

vggl)ﬂ +4p sin(<p+G))$,

©2(9,6,1(s),v(s)) = —sin(@+¢)

£5(0,¢.11(s),V(s)) = sin(@ +¢) E

=

(101)
+(=2psin(¢ +¢) — 1)

©”
\/\/ <
—~



Analytical and Numerical Solutions for Nonlinear Equations | 2026, Volume 11, Issue 1

220f31

Finally, the n-th approximate can be written as follows

Ou(P. 6.1 (s), V(s)) = —sin<<p+g>% + (psin(p+¢) +5)

f4p2sin(<p+€)%

u(s)
v(s)T+7

p(s)

Foet (=) (2p)n sin((p+g)m, n=0,1,2---.

(s
v(s)

+4p2sin(@+¢))

=

u(s)

v(s)H7

=

En(0,6,1(s5),v(s)) —sm(¢>+€) +(—2psin(¢ +¢) — )

/—\

u(s)
V(s) 1+2y

u(s)

+.,.+(—1)n(2p)nsin(<p+g)iv(s)lmﬂ n=0,1,2,---.

If n — oo, we have

=

uis)

H(s) _H(s)
v(s)I+r

0(¢,¢,u(s),v(s)) = —sin(¢ +¢) e +(2psin(@+¢) +h)

~

—4p2sin(<p+€)%

p(s)

ot (—1) (2p)n sin(<P+€)W

_ hu(s) K(s) :
BTOLE —sm(<p+g)m +2psin(¢ +¢)

(9.6, (9).v(9) = sin(p-+) 2]+ (~2psinto-+.0) ~m) 5L

e, n=0,1,2--

K(s) K(s)

+4pzsin((p + g))%

n n.: s
e (1)) sin(p ) ST s =020

hp(s) 1(s)

:7W+Sin((p+g)mf2psin((p+g) His)

p(s)
v(s)t+

By imposing inverse new %—generalized transform on both sides of above equations, we obtained as follows

3y
. }

sy - () e (i ()
i (5) o5 S ()
i (5) - ()

h

¥080="Fi1y) (5)

— 2 1 —_— .
Vo) 4p~sin(Q+¢) Vi) +

+4p sin(g — g)mf

)

(KN

oo () i (5) i )

(T = (C1k2p)t (P \NY
=TTy (F) #in(9+9) X Ry (5)

k=0

=~ e (%)me% (-2 (%)y)

(102)

(103)

(104)
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For y =1 we have

@(9,¢,1) =h (%) —sin(@ +¢)exp <—2p (%)) ;

(105)
P . P
Y(p,c.1)=—h (;) +sin(@ +¢)exp (—2p (;)) :
Several 3D plots of the first equation (85) for varying values of ¥ = 0.25,0.5,0.75, and 1 are displayed in Figures 11-14.
Figure 11. Values of the options for p = p = 0.3, y=0.25, Figure 12. Values of the options for p = p =0.3, y=0.5,
Ai=0and ¢ =0. h=0and ¢ =0.
Figure 13. Values of the options for p = p = 0.3, y=0.75, Figure 14. Values of the options forp =p =0.3, y=1,

Ai=0and ¢ =0. h=0and ¢ =0.

Some 3D-plot of second equation (85) for diverse ¥y = 0.25,0.5,0.75 and 1 are shown in Figures 15-18.
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Figure 15. Values of the options for p = p = 0.3, y=0.25, Figure 16. Values of the options for p = p = 0.3, y=0.5,
A=0and ¢ =0. h=0and ¢ =0.

Figure 17. Values of the options for p = p = 0.3, y=0.75, Figure 18. Values of the options forp =p =0.3, y=1,
h=0and ¢ =0. h=0and ¢ =0.

Several 3D-plot of first equation (85) for diverse Y = 0.5 and 0.8 are shown in Figures 19-20. Several 3D-plot of first equation (85) for
diverse Y = 0.5 and 0.8 are shown in Figures 21-22.

In the aforementioned example, the system of 2D Navier-Stokes equations has been solved using the proposed method. 2D graphs for
the first equation have been plotted with parameters p =p =1, 7 =0, and Y= 0.4,0.6,0.8, 1; for the second equation, the same parameters
have been applied. Additionally, 3D graphs for the first equation have been created with parameters p = p = 0.3, =0, ¢ =0, and
¥=0.25,0.5,0.75, 1; and for the second equation with identical parameters. For the first equation under the conditions p = p =0.75, h =0,
t =2, and Y= 0.5,0.8; and for the second equation under the same conditions. Comparative tables have also been plotted based on the
values p =p =1, 7 =0, and ¥ = 0.25,0.5,0.75, 1. Finally, A comparative analysis of the approximate and exact solutions of ®(¢,¢,?)
and (¢, g, 1) for example 2, together with the absolute error, is performed for y=1, p = 0.3, p = 1, and r = 0.1, over various values of ¢
and ¢, using the multi-Laplace transform decomposition method (LTDM) and the triple Elzaki transform decomposition method (TETDM)
proposed by [38] and [39], respectively.
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Figure 19. Values of the options for p = p =0.75, y=0.5,
Ai=0and?r=2.

Figure 20. Values of the options for p = p =0.75, y=0.8,
h=0andt=2.

Figure 21. Values of the options for p = p =0.75, y=0.5,

A=0andr=2.
04— T
~
0.2
8
% 0.0 t
=3 , y=0.4
————— y=0.6
-0.2
———— y=0.8
O y=1
~0.4
0 2 4 6 8 10

Figure 23. 2D plot of first equation (2) according to
p=p=1lg¢=1t=2andr=0.

5 Conclusion

Figure 22. Values of the options for p = p =0.75, y=10.8,
p=03,r=0andt=2.

0.4 T
y=0.4
————— y=0.6
0.2 e ye08
q A
S 00 z t
Ed
-0.2
-0.4
0 2 4 6 8 10
¢

Figure 24. 2D plot of second equation (2) according to
p=p=1,¢c=1,tr=2and i=0.

This study successfully introduced a novel hybrid computational framework, the generalized integral transform residual power series method,

specifically designed to address nonlinear two-dimensional time-fractional partial differential equations. By utilizing the Katugampola



Analytical and Numerical Solutions for Nonlinear Equations

2026, Volume 11, Issue 1

260f31

Table 2. Solution of example 2 for the first equation according top =p =1, =0.

) S t y=0.25 Y=0.5 y=0.75 ry=1
1 1 | 0.00 | -0.9092974268 | -0.9092974268 | -0.9092974268 | -0.9092974268
0.20 | -0.3554686590 | -0.4166819294 | -0.5017853189 | -0.6095202930
0.40 | -0.3177800722 | -0.3316505416 | -0.3557835960 | -0.4085736709
0.60 | -0.2966250404 | -0.2852617879 | -0.2731382519 | -0.2738751219
0.80 | -0.2820720498 | -0.2545724791 | -0.2202091324 | -0.1835839843
1.00 | -0.2710837973 | -0.2322306313 | -0.1837494450 | -0.1230600248
1.5 | 1.5 | 0.00 | -0.1411200081 | -0.1411200081 | -0.1411200081 | -0.1411200081
0.20 | -0.0551675816 | -0.0646676824 | -0.0778754521 | -0.0945955703
0.40 | -0.0493184353 | -0.0514710871 | -0.0552164588 | -0.0634093070
0.60 | -0.0460352431 | -0.0442717032 | -0.0423901698 | -0.0425045296
0.80 | -0.0437766662 | -0.0395088221 | -0.0341757423 | -0.0284916382
1.00 | -0.0420713251 | -0.0360414399 | -0.0285173172 | -0.0190985163
2 2 | 0.00 | 0.7568024953 | 0.7568024953 | 0.7568024953 | 0.7568024953
0.20 | 0.2958543158 | 0.3468017335 | 0.4176327461 | 0.5072998835
0.40 | 0.2644863435 | 0.2760306474 | 0.2961164360 | 0.3400532813
0.60 | 0.2468791444 | 0.2374215812 | 0.2273312389 | 0.2279445311
0.80 | 0.2347667824 | 0.2118790637 | 0.1832786677 | 0.1527957886
1.00 | 0.2256213294 | 0.1932840851 | 0.1529335005 | 0.1024220801

Table 3. Solution of example 2 for the second equation accordingto p =p = 1,A=0.

) S t Y=0.25 v=0.5 v=0.75 y=1
1 1 | 0.00 | 0.9092974268 | 0.9092974268 | 0.9092974268 | 0.9092974268
0.20 | 0.3554686590 | 0.4166819294 | 0.5017853189 | 0.6095202930
0.40 | 0.3177800722 | 0.3316505416 | 0.3557835960 | 0.4085736709
0.60 | 0.2966250404 | 0.2852617879 | 0.2731382519 | 0.2738751219
0.80 | 0.2820720498 | 0.2545724791 | 0.2202091324 | 0.1835839843
1.00 | 0.2710837973 | 0.2322306313 | 0.1837494450 | 0.1230600248
1.5 | 1.5 | 0.00 | 0.1411200081 | 0.1411200081 | 0.1411200081 | 0.1411200081
0.20 | 0.0551675816 | 0.0646676824 | 0.0778754521 | 0.0945955703
0.40 | 0.0493184353 | 0.0514710871 | 0.0552164588 | 0.0634093070
0.60 | 0.0460352431 0.0442717032 0.0423901698 0.0425045296
0.80 | 0.0437766662 0.0395088221 0.0341757423 0.0284916382
1.00 | 0.0420713251 0.0360414399 0.0285173172 0.0190985163
2 2 | 0.00 | -0.7568024953 | -0.7568024953 | -0.7568024953 | -0.7568024953
0.20 | -0.2958543158 | -0.3468017335 | -0.4176327461 | -0.5072998835
0.40 | -0.2644863435 | -0.2760306474 | -0.2961164360 | -0.3400532813
0.60 | -0.2468791444 | -0.2374215812 | -0.2273312389 | -0.2279445311
0.80 | -0.2347667824 | -0.2118790637 | -0.1832786677 | -0.1527957886
1.00 | -0.2256213294 | -0.1932840851 | -0.1529335005 | -0.1024220801

fractional derivative and a generalized power function transform, we have bridged the gap between transform-based methods and series
solutions. The numerical results indicate that the proposed method provides high-order precision and rapid convergence rates for both
the Navier-Stokes and Black—Scholes models. The primary advantage of this approach lies in its ability to handle nonlinearities without

the need for linearization, discretization, or large computational fluctuations. However, the method is not without limitations; the symbolic
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Table 4. Compression between terms approximate solution 85 for the first equation accordingtop =p =1,y=1and 2 =0.

[0} S t 20 term 30 term 40 term
1 1 | 0.00 | -0.909297426826 | -0.909297426826 | -0.909297426826
0.20 | -0.416681908261 | -0.416681929378 | -0.416681929378
0.40 | -0.331630695081 | -0.331650540974 | -0.331650541581
0.60 | -0.284185362392 | -0.285261535675 | -0.285261787847
0.80 | -0.236370782757 | -0.254554398661 | -0.254572475708
1.00 | -0.069566663907 | -0.231735056834 | -0.232230346044
1.5 | 1.5 | 0.00 | -0.141120008060 | -0.141120008060 | -0.141120008060
0.20 | -0.064667683328 | -0.064667682430 | -0.064667682430
0.40 | -0.051472282916 | -0.051471087180 | -0.051471087150
0.60 | -0.044351214182 | -0.044271718545 | -0.044271703201
0.80 | -0.041062477851 | -0.039510093088 | -0.039508822342
1.00 | -0.051574478233 | -0.036080403114 | -0.036041459407

Table 5. Compression between terms approximate solution (85) for the second equation accordingtop =p =1,y=1and h=0.

0] S t 20 term 30 term 40 term
1 1 | 0.00 | 0.909297426826 | 0.909297426826 | 0.909297426826
0.20 | 0.416681908261 | 0.416681929378 | 0.416681929378
0.40 | 0.331630695081 | 0.331650540974 | 0.331650541581
0.60 | 0.284185362392 | 0.285261535675 | 0.285261787847
0.80 | 0.236370782757 | 0.254554398661 | 0.254572475708
1.00 | 0.069566663907 | 0.231735056834 | 0.232230346044
1.5 | 1.5 | 0.00 | 0.141120008060 | 0.141120008060 | 0.141120008060
0.20 | 0.064667683328 | 0.064667682430 | 0.064667682430
0.40 | 0.051472282916 | 0.051471087180 | 0.051471087150
0.60 | 0.044351214182 | 0.044271718545 | 0.044271703201
0.80 | 0.041062477851 | 0.039510093088 | 0.039508822342
1.00 | 0.051574478233 | 0.036080403114 | 0.036041459407

Table 6. Comparison of exact and approximate solutions with absolute errors

Data Points
Parameter 1 2 3 4 5 6 7
W 1.2 1.4 1.6 1.8 2.0 22 2.4
W) 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Exact solution 0.928061605333306  0.917135159876129  0.761413238647699  0.485480908995482  0.132901818569906  -0.240659546761904  -0.576226061283512
Triple Elzaki DM 0.928061605333849  0.917135159876666  0.761413238648144  0.485480908995766  0.132901818569984  0.240659546762045  0.576226061283849
Approximate solution  0.928061605333302  0.917135159876125  0.761413238647695  0.485480908995479  0.132901818569906  -0.240659546761903  -0.576226061283509
Absolute error 4.108 x 1071 4.000 x 10715 3.331x 10715 2.109 x 10715 5.829 x 10716 1.055x 10715 2.554x 10715
LTDM [31] 0.928061605333849  0.917135159876666  0.761413238648144  0.485480908995766  0.132901818569984  0.240659546762045  0.576226061283849

derivation of the residual functional can become computationally expensive for systems with high-dimensional spatial variables or high-order

nonlinearities, potentially increasing the demand on memory resources during execution. Future research should aim to extend this

framework to solve coupled systems of fractional equations and explore its integration with machine learning algorithms for parameter

estimation. Furthermore, investigating the method’s performance on irregular domains and boundary-layer problems remains a promising

direction for further development. This work not only advances the theoretical framework for solving fractional differential equations but

also provides a practical computational tool with significant potential for applications across various scientific and engineering domains.
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Table 7. A comparative analysis of the approximate and exact solutions of ®(¢, g,#) for example 2, together with the absolute error, is

performed for y=1, p = 0.3, p =1, and ¢t = 0.1, over various values of ¢ and ¢, using the multi-Laplace transform decomposition
method (LTDM) and the triple Elzaki transform decomposition method (TETDM) proposed by [38] and [39], respectively.

[0} S Exact solution Approximate solution Absolute error LTDM [38] TETDM [39]

12 02 -0.928061605333306 -0.928061605333302  4.107825191113079 x 10~15  -0.928061605333849  -0.928061605333849
14 04 -0917135159876129 -0.917135159876125  3.996802888650564 x 10~15  -0.917135159876666  -0.917135159876666
1.6 0.6 -0.761413238647699  -0.761413238647695  3.330669073875470 x 10~15  -0.761413238648144  -0.761413238648144
1.8 0.8 -0.485480908995482  -0.485480908995479  2.109423746787797 x 10~15  -0.485480908995766  -0.485480908995766
20 1.0 -0.132901818569906  -0.132901818569906  5.828670879282072 x 10716 -0.132901818569984  -0.132901818569984
22 12 0.240659546761904  0.240659546761903  1.054711873393899 x 10715 0.240659546762045  0.240659546762045
24 14 0.576226061283512  0.576226061283509  2.553512956637860 x 10715 0.576226061283849  0.576226061283849

Table 8. A comparative analysis of the approximate and exact solutions of ¥(¢, ¢, ) for example 2, together with the absolute error, is

performed for y=1, p = 0.3, p =1, and ¢t = 0.1, over various values of ¢ and ¢, using the multi-Laplace transform decomposition
method (LTDM) and the triple Elzaki transform decomposition method (TETDM) proposed by [38] and [39], respectively.

[0} S Exact solution Approximate solution Absolute error LTDM [38] TETDM [39]

12 02 0928061605333306  0.928061605333302  4.107825191113079 x 10715 0.928061605333849  0.928061605333849
14 04 0917135159876129  0.917135159876125  3.996802888650564 x 10~15  0.917135159876666  0.917135159876666
1.6 0.6 0.761413238647699  0.761413238647695  3.330669073875470 x 10713 0.761413238648144  0.761413238648144
1.8 0.8  0.485480908995482  0.485480908995479  2.109423746787797 x 10~15  0.485480908995766  0.485480908995766
20 1.0 0.132901818569906  0.132901818569906  5.828670879282072 x 10716 0.132901818569984  0.132901818569984
22 12 -0.240659546761904  -0.240659546761903  1.054711873393899 x 10715 -0.240659546762045  -0.240659546762045
24 14 -0.576226061283512  -0.576226061283509  2.553512956637860 x 10715 -0.576226061283849  -0.576226061283849
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