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Abstract

In this paper, we present a novel application of neural networks for solving nonlinear optimization problems subject to bipolar

max-min fuzzy relation equation constraints. The feasible solution set for these problems is generally non-convex, which makes

conventional nonlinear optimization methods less suitable for solving them. To address this challenge, we propose the use of

neural networks and some rules for simplification of the problem. To find an input vector x ∈ [0,1]n that satisfies the constraints

and minimizes (or maximizes) the objective function, n neural networks are trained simultaneously. Each neural network identifies

the corresponding variable of the vector x ∈ [0,1]n. The loss function integrates both the constraints and the objective function.

Our experiments demonstrate that the proposed method can solve these problems with high accuracy and reasonable computational

time. The proposed method is compared to the existing methods.

Keywords: Neural networks, Nonlinear optimization problems, Bipolar fuzzy relation equations, Novel architecture, Max-Min

composition
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1 Introduction
The fuzzy relation programming problem has attracted the attention of researchers due to its applications in the real world since Fuzzy

Relation Equations (FREs) were proposed by Sanchez in 1976 [1]. The linear programming problem with the max-min FRE constraints

was firstly appeared to minimize the costs in the textile industry by Fang and Li [2]. They decomposed the problem into two subproblems

and applied the branch and bound method to solve it. To reduce the computational complexity, researchers proposed some procedures or

rules to shrink the search space of the optimal solution [3–7]. However, we cannot formulate all of the real world problems by the linear

objective functions. Hence, some researchers focussed on the problem of nonlinear programming problem with the FRE constraints [8–24].

Different classes of nonlinear programming problem with FRE or FRI constraints were studied and researchers presented algorithms to solve

them. The linear fractional programming problem with FRE constraints was considered by Wu et al [11] with the max-Archimedean t-norm
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composition. This problem was converted to a traditional linear fractional programming problem using the special structure of FRE system.

Li and Fang [12] investigated the problem with Sup-T composition where T is a continuous Archimedean triangular norm. They converted

it to a 0-1 linear fractional programming problem in polynomial time and applied the parametrization techniques to solve it. The quadratic

programming problem with FRI constraints was converted to a separable programming problem using the properties of symmetric matrices,

cholesky’s decomposition, and least square technique [13]. A matrix-based algorithm was designed to solve the separable programming

problem with FRE constraints in [14]. Yang and her colleagues have extensively studied geometric fuzzy relation programming and other

classes of fuzzy relation programming from theoretical and practical perspectives [15–24]. Since the feasible domain of the nonlinear

programming problem is non-convex, in a general case, the traditional methods cannot be applied to solve the problem. Moreover, we cannot

design an exact algorithm to solve the problem, in a general case. Therefore, researchers used evolutionary algorithms to solve such problems.

Genetic Algorithms (GAs) are commonly used to generate the approximate optimal solutions for optimization problems by biologically

inspired operators such as selection, crossover, and mutation. Lu and Fang [8] applied a genetic algorithm to find the approximate optimal

solution for the nonlinear programming problem provided to the FRE constraints with the max-min operator. The individuals for the initial

population are selected from its feasible solution set. During the mutation and crossover process, the new generated populations are feasible.

The nonlinear optimization problem with FRE constraints was investigated by Khorram and Hassanzade [9] along with the max-average

composition. With regard to the special structure of its feasible domain, a modified GA was designed to find its approximate optimal

solution. A genetic algorithm was proposed for the problem with the max-product composition operator by Hassanzade et al [10] in two

cases of the convex and non-convex solution sets. Its efficiency was studied by some test problems. Also, a genetic algorithm was designed

to solve the problem with the max-Lukasiewicz composition [25] and the max-Dubois-Prade composition [26]. The linear objective function

optimization subject to the max-t FRE constraints was studied for a wide class of t-norms where t is an Archimedean-t-norm in [27]. The

authors [27] applied the concept of covering the problem to establish its equivalent 0-1 integer programming problem. Then, a binary-coded

genetic algorithm was designed to find its optimal solution. The linear programming problem provided to a generalized fuzzy relational

inequalities was investigated with an arbitrary continuous t-norm and fuzzy inequality replaces ordinary inequality in the constraints. The

authors in [28] applied a modified PSO to solve the problem. The used FREs and FRIs in the above problems are increasing with respect

to each of the variables. Some applications need to variables with bipolar characters. We can consider the importance of the variables

to model the product public awareness in revenue management problem [29]. The problem can be reformulated in terms of a system of

bipolar max-min FREs. Freson et al [29] first studied such systems and determined their complete solution set. They also investigated the

corresponding linear programming problem to it and presented an approach to trace its optimal solution using the structure of its feasible

domain. The problems of checking feasibility and finding the optimal solution are NP-complete [30] and NP-hard, respectively. Li and

Liu [31] studied the problem with the max-lukasiewicz t-norm and converted it into an 0-1 integer linear programming problem. They

presented a systematic approach to find its optimal solution. Liu et al [32] showed that each component of its optimal solution could either

be the corresponding component in the lower or upper bound vector of its feasible domain. Using the property, a simple value matrix

along with some rules was proposed to solve the problem without converting it into a 0-1 integer linear programming problem. Yang [33]

presented a bipolar path approach to solve the system of max-Lukasiewicz BPFRE. The linear optimization problem was also investigated

with the max-parametric Hamacher composition in [34]. Some simplification rules are given to reduce its dimensions and find some of

its optimal variables, directly. An algorithm was designed to solve the simplified problem with regard to a produced upper bound for the

optimal objective value. Some rules were presented to simplify the problem based on removing the redundancy constraints [35] and the

covering [36]. As it was mentioned previously, a number of phenomena have a nonlinear nature. Therefore, we have to study them. Some

researchers investigated the nonlinear programming problems provided to BFRE in terms of special classes such as quadratic [37] and

geometric [38, 39] functions.

Some sufficient conditions were proposed for the quadratic optimization with BFRE constraints to detect some of its optimal components

or one of its optimal solutions in [37]. Then, the reduced problem can be converted to a 0-1 mixed integer programming problem and solved

by the traditional techniques. The problem was discussed with a geometric function along with some simplification rules and a modified

branch-and-bound method was extended on a value matrix to solve the problem in [38, 39]. Zhou et al [40] considered the nonlinear

programming problem with the max-Lukasiewicz triangular norm. Since the system of BFRE can be reformulated in terms of a system

of 0-1 mixed integer programming, they converted the original problem to an 0-1 mixed integer nonlinear programming problem. The

classic integer programming techniques have a high computational complexity. Hence, we are motivated to look for efficient and less

expensive computational methods. Nowadays, metaheuristic algorithms are the best candidates to solve problems with a high computational
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complexity. Since the nonlinear programming problem with the max-min BFRE constraints is an NP-hard problem, we need to select an

efficient algorithm to solve the problem. Recently, researchers applied some of the algorithms to solve fuzzy relation programming problems.

As it was mentioned previously, they applied some genetic algorithms [8–10, 25, 26] to find the approximate optimal objective value of the

nonlinear programming problem with FRE constraints using the operators of the max-min, max-product, max-average, max-Dubois-Prade,

max-Lukasiewicz composition. The objective function of the studied problem in [27, 28] is linear, and its constraints as FRIs and FREs.

A two-phase-ant colony algorithm was presented to solve nonlinear programming problems with the max-min FREs in [41]. The authors

in [42] extended the models to a nonlinear programming problem subject to a system of the max-min bipolar fuzzy relation equations. The

proposed GA in [42] covered the resolution of a more general case from the nonlinear programming problem with bipolar FRE constraints

with the desired accuracy. Now, we intend to improve the accuracy of the optimal solution in a desirable time. To do this, we design a neural

network to find the optimal objective value of the problem with better precision and execution time.

In recent years, neural networks have shown remarkable capability in solving complex scientific problems, positioning them as a

powerful alternative to traditional methods in various fields of science and engineering [43–47]. Investigating the capability of neural

networks for solving nonlinear optimization problems constrained by bipolar max-min fuzzy relation equations is essential due to the

intrinsic complexity and non-convexity of these problems. Traditional methods, such as branch-and-bound, integer programming, or

metaheuristic approaches like genetic algorithms, often suffer from high computational costs, limited scalability, and suboptimal accuracy

when dealing with such constraints. Neural networks, with their ability to model and approximate complex relationships, offer a promising

alternative by simultaneously addressing the objective function and constraints through a unified loss function. This exploration is critical for

advancing computational techniques in fields where BFRE constraints naturally arise, such as decision-making, engineering optimization,

and resource allocation, enabling more efficient and accurate solutions to these inherently challenging problems.

This paper introduces an innovative application of neural networks to solve nonlinear optimization problems constrained by bipolar

max-min fuzzy relation equations. The methodology integrates both constraints and objective function into a unified loss function. This

results in high accuracy and computational efficiency, surpassing traditional methods and metaheuristics like genetic algorithms, Particle

Swarm Optimization (PSO) algorithm, and Ant Colony algorithm. The integration of neural networks as optimization tools represents a

novel pattern which offers a powerful, scalable, and precise alternative for tackling complex BFRE-constrained problems.

The structure of this paper is as follows. Section 2 formulates the nonlinear programming problem subject to the BFRE constraints and

investigates the structure of its feasible domain. In Section 3, some rules are proposed to simplify the problem.An innovative approach based

on neural networks to solve the problem is detailed in Section 4. The experimental results obtained using neural networks are presented in

Section 5 and the results are compared to the existing methods. An analysis of these results is provided in Section 6. Finally, the conclusions

are summarized in the last section.

2 Formulation of The Nonlinear Programming Problem Subject to the
BFRE Constraints

In this section, the nonlinear programming problem is first formulated with the BFRE constraints using the max-min composition. Then, we

investigate the structure of its feasible domain and present some necessary and sufficient conditions to check the consistency of the BFRE

system. Suppose that A+ = [a+i j ] and A− = [a−i j ] be two m×n fuzzy relation matrices with a+i j ,a
−
i j ∈ [0,1], for each i ∈ I = {1, . . . ,m} and

j ∈ J = {1, . . . ,n}, and b = [bi]m×1 ∈ [0,1]m. We can formulate the nonlinear programming problem as follows:

min(or max) f (x), (1)

s.t. A+ ◦ x∨A− ◦¬x = b, (2)

x ∈ [0,1]n, (3)

where the function of f : Rn → R is a nonlinear function. The operators of "◦" and "
∨

" denote the max-min composition and the maximum

operation. The vector of x = (x1, . . . ,xn)
T ∈ [0,1]n is the vector of decision variables to be specified and ¬x = (1−x1, . . . ,1−xn)

T is defined.

The system (2)-(3) denotes the constraints of the problem (1)-(3) and it consists of the vectors x ∈ [0,1]n satisfying in the following relations:

max
j∈J

max
{

a+i j ∧ x j,a−i j ∧ (1− x j)
}
= bi, ∀i ∈ I. (4)
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The solution set of the system (2)-(3) (or system (4)) is denoted by S(A+,A−,b). The system (2)-(3) is said to be consistent if its solution

set, i.e., S(A+,A−,b), is not empty. Otherwise, it is called inconsistent. Now, we present some necessary and sufficient conditions to check

the consistency of system (2)-(3). First of all, we focus on the consistency of one of the equations (4) in the following lemma.

Lemma 1. The necessary and sufficient condition for consistency of the ith equation of the system (4) is as follows:

bi ∈
[

max
j=1,...,n

min
(

a+i j ,a
−
i j ,

1
2

)
, max

j=1,...,n
max

(
a+i j ,a

−
i j

)]
. (5)

Proof. See the Ref. [29].

Now, the above result is extended to the general case, i.e., system (4), in the following lemma.

Lemma 2. The necessary and sufficient condition for consistency of the system (4) is as follows:

∀ i ∈ I bi ∈
[

max
j=1,...,n

min
(

a+i j ,a
−
i j ,

1
2

)
, max

j=1,...,n
max

(
a+i j ,a

−
i j

)]
. (6)

Proof. See the Ref. [29].

Now, the structure of the complete solution set of the system (2)-(3) (or system (4)) is briefly reviewed from ref. [29] as follows.

Let gi+ =
((

gi+)
1, . . . ,

(
gi+)

n

)T be a vector with the following components:

(
gi+)

j =

{
1 i f a+i j ≤ bi,

bi i f a+i j > bi,
j = 1, . . . ,n .

The set Si+ =
{

si+
k = ((si+

k )1, . . . ,(si+
k )n)

∣∣a+ik ≥ bi
}

is introduced where (si+
k ) j = biδk j, j = 1, . . . ,n, and δk j is Kronecker’s delta. Also, let

gi∗ =
((

gi∗)
1, . . . ,

(
gi∗)

n

)T be a vector with the following components:

(
gi∗)

j =

{
1 i f a−i j ≤ bi,

bi i f a−i j > bi,
j = 1, . . . ,n ,

The vector of si− is constructed based on the vector of gi∗ as follows:

si− = gi∗ = (1− (gi∗)1, . . . ,1− (gi∗)n).

The set Si∗ =
{

si∗
k = ((si∗

k )1, . . . ,(si∗
k )n)

∣∣a−ik ≥ bi
}

is defined where (si∗
k ) j = biδk j, for j = 1, . . . ,n. Furthermore, let

Gi− = {g | ∃s ∈ Si∗ s.t. g = s}.

Based on the above notations, the complete solution set of the system (2)-(3) (or system (4)) is as follows.

D =
m⋂

i=1
[si−,gi+]∩

( ⋃
s∈Si+

[s∨ si−,gi+]

)
∪

 ⋃
g∈Gi−

[si−,g∧gi+]

 ,

where the notation of ∧ denotes the minimum operation.

If s− = sup
i=1,...,m

si− and g+ = inf
i=1,...,m

gi+, then vectors s− and g+ are lower and upper bound of the solution set of the system (2)-(3) (or

system (4)), respectively. Hence, the values LBi = s−i and UBi = g+i are the lower and upper bound for the optimal value of variable xi in

the problem (1)-(3). The above points provide the conditions to present an algorithm based on the neural network to find the approximate

optimal objective value of the problem (1)-(3).
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3 Some Procedures for Simplifying the Problem (1) to (3)
In this section, we present some rules to simplify the problem (1)-(3).

Rule 1. Suppose that S(A+,A−,b) ̸= /0. If for i ∈ I, bi = 0, then for any j ∈ J, we have a+i j = a−i j = 0.

Proof. Suppose that bi = 0, for i ∈ I. Then for any j ∈ J, max
j∈J

max
{

a+i j ∧ x j,a−i j ∧ (1− x j)
}

= 0. It results that for any j ∈ J,

max
{

a+i j ∧ x j,a−i j ∧ (1− x j)
}
≤ 0. Since a+i j ,a

−
i j ,x j,1− x j ∈ [0,1], therefore, we must have a+i j = a−i j = 0, for i ∈ I and for all j ∈ J.

In fact, Rule 1 says that if bi = 0, for an i ∈ I, then we can remove the ith constraint from system (2)-(3).

Rule 2. Suppose that S(A+,A−,b) ̸= /0. If for each j ∈ J, such that a+i j ,a
−
i j < bi, then we can remove max

{
a+i j ∧ x j,a−i j ∧ (1− x j)

}
from the

ith constraint of system (2).

Proof. Since a+i j ,a
−
i j < bi, then max

{
a+i j ∧ x j,a−i j ∧ (1− x j)

}
< max

{
a+i j ,a

−
i j

}
< bi. Therefore, the statement of

max
{

a+i j ∧ x j,a−i j ∧ (1− x j)
}

has no effect on the solution set of the system (2)-(3) and it can be removed from the ith constraint

of the system (2)-(3).

The next rule introduces components from two matrices A+ and A− that are ineffective in the process of finding the optimal solution of

the problem (1)-(3).

Rule 3. Suppose that S(A+,A−,b) ̸= /0. If for each j0 ∈ J, such that a+i j0 < bi and a−i j0 ≥ bi, then we can remove the statement a+i j0 ∧ x j0

from the ith constraint of system (2).

Proof. Since a+i j0 < bi and a−i j0 ≥ bi, then a+i j0 ∧ x j0 < bi. Hence, the solution set of max
j∈J

max
{

a+i j ∧ x j,a−i j ∧ (1− x j)
}
= bi is equivalent to

that of max
{

max
j∈J−{ j0}

max
{

a+i j ∧ x j,a−i j ∧ (1− x j)
}
,a−i j0 ∧ (1− x j0)

}
= bi and the statement a−i j ∧ (1− x j) cannot be removed because of

a−i j0 ≥ bi.

We can express a similar rule to Rule 3 as follows.

Rule 4. Suppose that S(A+,A−,b) ̸= /0. If for each j0 ∈ J, such that a+i j0 ≥ bi and a−i j0 < bi, then we can remove the statement a−i j0 ∧(1−x j0)

from the ith constraint of system (2).

Proof. It is similar to the proof of Rule 3.

The components a+i j0 and a−i j0 mentioned in Rules 2, 3, and 4 are called ineffective in the process of finding the optimal solution of the

problem (1)-(3) and the corresponding rules with them are simplification procedures. The above points provide the conditions to present an

algorithm based on the neural network to find the approximate optimal objective value of the problem (1)-(3).

4 An Innovative Approach Based on Neural Networks for Solving
Problems (1) to (3)

In this section, we present an innovative approach that utilizes neural networks to solve problem (1)-(3). In typical supervised learning tasks,

neural networks are used to approximate functions with regard to a given set of inputs and outputs. The goal is to find a model that best

generalizes the relationship between them [48]. However, in this research, the objective is to find the optimal input for the problem (1)-(3)

such that it constitutes a feasible solution while minimizing (or maximizing) the objective function. To achieve this, we employ neural

networks as search tools to explore the feasible solution space of the problem. Figure 1 illustrates the basic framework of using neural

networks for solving the problem (1)-(3).
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Figure 1. The main framework of the presented method for solving Problem (1)-(3).

In Figure 1, each multilayer neural network, denoted as NN j for j = 1, . . . ,n, is tasked with finding the optimal value for a specific entry

of the input vector X . Each network receives discrete input values with a step size of h within the interval [a,b]. The ith input of the jth

network NN j is given by:

xi
j = a+(i−1)×h, i = 1, . . . ,k,

where k = b−a
h . The output of each network NN j is a real number corresponding to an entry in the input vector X . The goal of each network

is to determine the optimal value, x∗j , for its respective entry in the optimal input vector, X∗ = [x∗1,x
∗
2,x

∗
3, . . . ,x

∗
n]. For example, Figure 2

illustrates the architecture of a fully-connected neural network with three hidden layers, containing 15, 20, and 15 nodes, respectively. This

corresponds to the networks NN j shown in Figure 1. Each element of the input vector X lies in the range [0,1] with a step size of h = 0.1.

More precisely, each network NN jvreceives a fixed vector of uniformly spaced values in [0,1], while the trainable parameters of the network

encode the optimization process. The output of the network represents the optimized value of the variable x j. This design transforms the

neural network into a function-based search mechanism over the feasible interval, rather than a direct parametrization of x j.

This representation has two advantages:

1. It provides stable gradients and avoids degeneracy associated with directly optimizing scalar latent variables.

2. It allows the incorporation of problem-dependent lower and upper bounds (derived analytically from BFRE structure) through output

mapping, which significantly improves convergence speed and feasibility satisfaction.

All activation functions are sigmoid by producing outputs in the range [0,1] [49] and making them well-suited for this research.

The loss function is constructed based on the outputs of the networks NN j, j = 1, . . . ,n, which correspond to x j, j = 1, . . . ,n in the vector

X = [x1,x2, . . . ,xn]. To achieve this, the objective function f (X) in the problem (1)-(3) and the constraints related to the problem, as shown

in Eq. (4), are first evaluated. The loss function is then defined as follows:

Loss = λ1 f (X)+λ2Cons.1(X)+ · · ·+λm+1Cons.m+1(X), (7)

where λk,k = 1, . . . ,m+1 are hyperparameters used for weights of the terms.

Minimizing the loss function in Eq. (7) yields the optimal solution X∗ = [x∗1,x
∗
2, . . . ,x

∗
n]. To achieve this, the parameters of the networks

NN j, j = 1, . . . ,n are optimized using the Adam optimization algorithm in the PyTorch package. The hyperparameters λk,k = 1, . . . ,m+1
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Figure 2. The architecture of a fully-connected neural network with three hidden layers corresponding to the networks NN j shown in

Figure 1.

regulate the penalty for constraint violations in Eq. (4). Based on our experiments, selecting appropriate values for these hyperparameters

ensures that all the constraints in Eq. (4) are satisfied.

To obtain the optimal solution X∗, careful tuning of the learning rate η and the hyperparameters λk,k = 1, . . . ,m+ 1, are essential. In

subsequent sections, we will present the best solutions obtained using the proposed method for several examples, along with the optimal

values for the learning rate and hyperparameters λk,k = 1, . . . ,m+1, for each case.

As it has been mentioned in Section 2, we can determine upper and lower bound for the optimal variables of the problem. This capability

is utilized to solve the examples presented in the next section. In the proposed method, the output activation function of each neural network

is a sigmoid function. Since the sigmoid function outputs are values within the range [0,1], the upper and lower bounds for the optimal

variables can be applied as follows:

x j = LB j +oNN j × (UB j −LB j),

where oNN j is the output of the neural network NN j , constrained to [0,1] by the sigmoid activation function, and LB j and UB j are the lower

and upper bounds of the j-th entry in X∗, respectively.

The main novel aspects of this research are as follows:

1. Variable-wise neural decomposition: Each decision variable is represented by an independent neural network with its own parameter

space, rather than using a single network to output the entire solution vector.

2. Analytically guided output constraints: Lower and upper bounds derived from the BFRE solution structure are embedded directly

into the network output mapping.

3. Unified but decoupled optimization: While a single global loss function enforces objective minimization and constraint satisfaction,

parameter updates occur independently within each network, improving stability and interpretability.

These features distinguish our approach from standard penalty-based neural optimization methods, which typically rely on a single

multi-output network without exploiting analytical properties of the feasible domain.
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5 Experimental Results
In this paper, we employ j neural networks to address a problem involving j unknown variables, denoted as X = [x1,x2, . . . ,x j]. Each neural

network NN j, responsible for estimating x j, comprises two hidden layers. The first hidden layer contains 20 nodes, while the second has 40

nodes. The output layer produces a value approximating x j, and the input layer consists of 11 nodes.

As illustrated in Figure 2, the input layer receives discrete values defined by

xi
j = a+(i−1) ·h, i = 1, . . . ,k,

where h = 0.1. For all problems considered in this paper, the input values are restricted to the range [0,1]. Consequently, the input layer

receives 11 equally spaced values:

xi
j = (i−1) ·h, i = 1, . . . ,11.

All activation functions used in this work are Sigmoid functions ensuring that their output values lie within the interval [0,1]. When it

is necessary, the output value of the final activation function, denoted as o j, is mapped to a different interval [α,β ] using the following

transformation:

x j = α +o j ·β . (8)

In all examples, training is terminated when one of the following conditions is met:

1. The relative improvement of the loss function over a fixed window of epochs (typically 500 epochs) falls below a predefined threshold.

2. The objective value and constraint violation terms remain unchanged (up to numerical precision) for a sufficiently long sequence of

epochs.

3. A predefined maximum number of epochs is reached.

In the reported examples, convergence was effectively detected by condition (2), where increasing the number of epochs did not yield

further improvement in either the objective value or constraint satisfaction. Furthermore, all results were obtained on a personal computer

equipped with an Intelő Core i7 CPU, 12 GB of RAM, using PyTorch version 2.5.0 (CPU-only).

Now, we are ready to illustrate the processes by the following examples.

Example 1. Consider the problem (1)-(3) using the following data.

min
X

f (x1,x2,x3) = 3000x1 +1000x3
1 +2000x2 +666.667x3

2, (9)

A+ =

0.44 0.24 0.44

0.22 0.98 0.46

0.55 0.21 0.42

 ,

A− =

0.22 0.05 0.44

0.22 0.44 0.66

0.11 0.64 0.20

 ,b = (0.44,0.66,0.5)T ,

x ∈ [0,1]3.

Since in this example there are three constraints, the loss function associated with this problem is as follows:

Loss = λ1 f (X)+λ2Cons.1(X)+λ3Cons.2(X)+λ4Cons.3(X). (10)

Table 1 presents the results obtained using the proposed method for various numbers of epochs. Based on our experiments, the values for

the penalty coefficients λ1, λ2, λ3, and λ4, in Eq. (10) can be considered as 1, 103, 103, and 1017, respectively, to satisfy the constraints of

the problem (1)-(3).
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Table 1. The performance of the proposed method for Example 1.

Epochs x1 x2 x3 f (X) Time (S)

2000 1.2738107216136996e-05 0.5 0.07130065560340881 1083.37158203125 11.89

4000 2.7765538561652647e-06 0.5 0.07130065560340881 1083.3416748046875 28.26

6000 8.678634344505554e-07 0.5 0.07130065560340881 1083.3359375 36.28

8000 2.9791172551085765e-07 0.5 0.07130065560340881 1083.334228515625 48.25

10000 1.0648702897242401e-07 0.5 0.07130065560340881 1083.333740234375 59.60

12000 3.8740228802680576e-08 0.5 0.07130065560340881 1083.33349609375 73.67

14000 1.4118270108554043e-08 0.5 0.07130065560340881 1083.33349609375 86.17

14648 1.0162978014705004e-08 0.5 0.07130064070224762 1083.3333740234375 94.93

As shown in Table 1, the lowest value for f (x) of Example 1 is as: 1083.3333740234375 at 14648 epochs. The results didn’t improve

by increasing the number of epochs beyond 14648. Moreover, all constraints specified in Eq. (9) are satisfied with the values reported in

the last row of Table 1.

Figure 3 illustrates the loss values obtained for different epochs using the proposed method. As it is evident, the loss values generally

exhibit a decreasing trend. Although the values fluctuate significantly during the initial epochs, they eventually converge to the minimum

value of 1083.3333740234375 around epoch 14648.
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Figure 3. The loss values for epochs from 1 to 14648 for Example 1.

The problem defined by Example 1 was previously addressed using a genetic algorithm in [42]. The study in [42] achieved the

lowest value for f (x) with the genetic algorithm as 1083.333375. In comparison, the method proposed in this paper demonstrates a slight

improvement over the genetic algorithm.
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Example 2. Consider the problem (1)-(3) using the following data.

min
X

f (x1,x2,x3,x4) = (x1 +10x2)
2 +5(x3 − x4)

2 +(x2 −2x3)
4 +10(x1 − x4)

4, (11)

A+ =

0.5176 0.2278 0.8993 0.9858

0.1370 0.4585 0.6334 0.2790

0.4093 0.7399 0.0313 0.3039

 ,

A− =


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

 ,b = (0.7208,0.6334,0.4725)T ,

x ∈ [0,1]4.

Since this example involves three constraints, the loss function associated with the problem is defined as:

Loss = λ1 f (X)+λ2Cons.1(X)+λ3Cons.2(X)+λ4Cons.3(X). (12)

Table 2 summarizes the results obtained using the proposed method for different numbers of epochs. From our experiments, the values of

the penalty coefficients λ1, λ2, λ3, and λ4, in Eq. (12) can be considered as 1, 1010, 102, and 1018, respectively, to satisfy the constraints of

the problem (1)-(3) in this example.

Table 2. The performance of the proposed method for Example 2.

Epochs x1 x2 x3 x4 f (X) Time (S)

5000 0.8374998569488525 0.4724999964237213 0.72079944610596 0.5143082141876221 32.1457138061523438 23.43

10000 0.8364351391792297 0.4724999964237213 0.72079926729202 0.5165360569953918 32.1249122619628906 48.51

15000 0.8232926130294800 0.4724999964237213 0.72080171108246 0.5387480258941650 31.8968467712402344 72.63

20000 0.6890978217124939 0.4724999964237213 0.72077339887619 0.6313853263854980 30.2343349456787109 97.68

25000 0.0331224314868450 0.4724999964237213 0.72083407640457 0.4448863565921783 24.1901931762695313 121.75

28477 0.0073700868524611 0.4724999964237213 0.72079998254776 0.4264936149120331 24.0189971923828125 141.69

As shown in Table 2, the lowest value of f (x), as defined in the problem shown in Eq. (11), was found to be 24.0189971923828125

at 28,477 epochs. Increasing the number of epochs beyond 28,477 did not yield further improvements. Moreover, all constraints of this

example were satisfied with the values reported in the last row of Table 2.

Figure 4 illustrates the loss values obtained over different epochs using the proposed method. As it is evident, the loss values exhibit a

generally decreasing trend. Although significant fluctuations occur during the initial epochs, the loss eventually converges to the minimum

value of 24.0189971923828125 around epoch 28,477.

The problem (1)-(3) of this example was previously addressed using a genetic algorithm and a modified imperialist competitive

algorithm in [50]. The lowest values of f (x) achieved in that study using the genetic algorithm and the modified imperialist competitive

algorithm were reported as 24.0898 and 24.0200, respectively. In comparison, the method proposed in this paper demonstrates a clear and

important improvement over both the genetic algorithm and the modified imperialist competitive algorithm.
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Figure 4. The loss values for epochs from 1 to 28477 for Example 2.

Example 3. Consider the problem (1)-(3) with the following data.

min
X

f (x1,x2,x3,x4,x5) = x1x2x3x4x5, (13)

A+ =


0.33 0.41 0.44 0.56 0.43

0.43 0.37 0.50 0.56 0.13

0.67 0.99 0.78 0.41 0.74

0.81 0.57 0.37 0.01 0.77

 ,

A− =


0.32 0.50 0.43 0.64 0.12

0.24 0.87 0.24 0.02 0.01

0.56 0.13 0.89 0.91 0.08

0.11 0.23 0.45 0.33 0.02

 ,b = (0.64,0.69,0.88,0.45)T ,

x ∈ [0,1]5.

In this example, we further restrict the range of variations of each variable of the problem (1)-(3) of this example by the rules outlined

in Section 2. To accelerate the search for optimal values using neural networks, we first compute the lower and upper bounds for each x j,

j = 1,2,3,4,5, as follows. The upper bound of the solution set of each constraint in this example ia as follows:

g1+ = (1,1,1,1,1)T , g2+ = (1,1,1,1,1)T , g3+ = (1,0.88,1,1,1)T , g4+ = (0.45,0.45,1,1,0.45)T .

The overall upper bound of the solution set of the constraints of the problem (1)-(3) is computed as:

g+ = inf
i=1,...,4

gi+ = (0.45,0.45,1,1,0.45)T .

Furthermore, the lower bound of the solution set of each constraint for the problem (1)-(3) in this example is as follows:

s1− = (0,0,0,0,0)T , s2− = (0,0.31,0,0,0)T , s3− = (0,0,0.12,0.12,0)T , s4− = (0,0,0,0,0)T .

The overall lower bound of the solution set of the constraints of the problem (1)-(3) in this example is computed as:

s− = sup
i=1,...,4

si− = (0,0.31,0.12,0.12,0)T .

Based on s− and g+, we can consider the following intervals for each x j j = 1,2,3,4,5 as follows:

x1 ∈ [0,0.45], x2 ∈ [0.31,0.45], x3 ∈ [0.12,1], x4 ∈ [0.12,1], x5 ∈ [0,0.45].
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The output values of the neural networks are then mapped to these corresponding intervals using the formula described in Eq. (8).

Since this example involves four constraints, the loss function for the problem is defined as:

Loss = λ1 f (X)+λ2Cons.1(X)+λ3Cons.2(X)+λ4Cons.3(X)+λ5Cons.4(X). (14)

Table 3 summarizes the results obtained using the proposed method for different numbers of epochs. From the experiments, the values of

the penalty coefficients λ1, λ2, λ3, λ4, and λ5 in Eq. (14) are determined to be 20, 1, 1, 1, and 1, respectively, to satisfy the constraints of

the problem (1)-(3) in this example.

Table 3. The performance of the proposed method for Example 3.

Epochs x1 x2 x3 x4 x5 f (X) Time (S)

10 3.3874243047e-15 0.3100000024 0.1199999973 0.1199999973 9.2464379688e-17 1.3981966229e-33 1.16

20 6.6535027373e-19 0.3100000024 0.1199999973 0.1199999973 7.0353512477e-21 2.0896162700e-41 1.51

30 2.5227932702e-20 0.3100000024 0.1199999973 0.1199999973 1.8544149623e-22 2.1019476965e-44 2.11

40 6.9627031411e-21 0.3100000024 0.1199999973 0.1199999973 4.4359340018e-23 1.4012984643e-45 2.43

50 4.2146920161e-21 0.3100000024 0.1199999973 0.1199999973 2.5395226409e-23 0.0 2.54

As shown in Table 3, the lowest value of f (x) in Eq. (13) is 0.0, at 50 epochs. All constraints of Example 3 are satisfied with values

reported in the last row of Table 3.

Figure 5 illustrates the loss values for different epochs using the proposed method. The loss values exhibit a steady decreasing trend,

highlighting the method’s effectiveness.

Figure 5. The loss values for epochs from 1 to 50 for Example 3.

The problem (1)-(3) in this example was previously addressed using a Genetic Algorithm (GA) and a Modified Imperialist Competitive

Algorithm (MICA) in [50]. The lowest values of f (x) achieved in the study were as 2.5043× 10−21 using the genetic algorithm and

0.0 using the modified imperialist competitive algorithm, respectively. Compared to these, the proposed method demonstrates improved

accuracy over the genetic algorithm and significantly better execution time than both meta-heuristic algorithms. Specifically, the execution

times for the genetic algorithm and the modified imperialist competitive algorithm were 162.71 seconds and 101.577 seconds, respectively,

while the proposed neural network method finds the optimal solution in just 2.54 seconds. These points highlight the superior efficiency

and accuracy of the proposed method with respect to GA and MICA.



NNs for NOPs with bipolar fuzzy relation equations 249 of 254

Example 4. Consider the problem (1)-(3) with the following data.

max
X

f (x1,x2,x3,x4,x5,x6) = ex1+x3−x4 + sin(x2 + x5 + x6), (15)

A+ =


0.15 0.75 0.25 0.12 0.28 0.37

0.35 0.85 0.41 0.8 0.35 0.15

0.7 0.22 0.25 0.28 0.12 0.2

0.9 0.51 0.85 0.4 0.2 1

0.1 0.11 0.21 0.25 0.8 0.65

 ,

A− =


0.2 0.23 0.51 0.3 0.7 0.15

0.4 0.8 0.6 0.4 0.32 0.16

0.4 0.9 0.5 0.65 0.4 0.24

0.14 0.18 0.65 0.54 0.38 0.6

0.45 0.5 0.4 0.83 0.6 0.4

 ,b = (0.51,0.6,0.65,0.8,0.83)T ,

x ∈ [0,1]6.

In this example, we further restrict the range of variations of each variable of the problem (1)-(3) of this example by the rules outlined

in Section 2. To accelerate the search for optimal values using neural networks, we firstly compute the lower and upper bounds for each x j,

j = 1,2,3,4,5,6. To do this, the upper bound of the solution set of each constraint of this example is computed as follows:

g1+ = (1,0.51,1,1,1,1)T , g2+ = (1,0.6,1,0.6,1,1)T , g3+ = (0.65,1,1,1,1,1)T ,

g4+ = (0.8,1,0.8,1,1,0.8)T , g5+ = (1,1,1,1,1,1)T .

The overall upper bound g+ of the solution set of the feasible domain of the problem (1)-(3) is computed using the element-wise infimum

across all gi+, for i = 1,2,3,4,5, as follows:

g+ = inf
i=1,...,5

gi+ = (0.65,0.51,0.8,0.6,1,0.8)T .

Similarly, the lower bounds are defined as:

g1− = (0,0,0,0,0.49,0)T , g2− = (0,0.4,0,0,0,01)T , g3− = (0,0.35,0,0,0,0)T ,

g4− = (0,0,0,0,0,0)T , g5− = (0,0,0,0,0,0)T .

The overall lower bound s− is computed using the element-wise supremum across all si−, for (i = 1,2,3,4,5), as follows:

s− = sup
j=1,...,5

s j− = (0,0.4,0,0,0.49,0)T .

Based on the values of s− and g+, the intervals associated to each x j, for j = 1,2,3,4,5,6, are determined as follows:

x1 ∈ [0,0.65], x2 ∈ [0.4,0.51], x3 ∈ [0,0.8],

x4 ∈ [0,0.60], x5 ∈ [0.49,1.00], x6 ∈ [0,0.8].

The output values of the neural networks are then mapped to these corresponding intervals using the formula described in Eq. (8).

This example is a maximization problem subject to five constraints. Since the ADAM optimizer in the PyTorch package minimizes the

objective function, we must reformulate the original maximization problem as a minimization problem. Accordingly, the loss function is

defined as:

Loss =κ −
[
λ1 f (X)+λ2Cons.1(X)+λ3Cons.2(X)+λ4Cons.3(X)+λ5Cons.4(X)+λ6Cons.5(X)

]
. (16)

In Equation (16), κ ∈ R denotes the maximum value of f (X) when the constraints are not considered. In this example, κ ≈ 8.3891.
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Table 4. The performance of the proposed method for Example 4.

Epochs x1 x2 x3 x4 x5 x6 f (X) Time (S)

25 0.64999998 0.40000004 0.80000001 1.10140641e-09 0.49000001 0.76980329 5.25915622 1.34

50 0.64999998 0.40000001 0.80000001 2.40665071e-10 0.49000001 0.67097926 5.26306677 2.52

75 0.64999998 0.40000001 0.80000001 2.08984191e-10 0.49000001 0.67648107 5.26310539 3.07

100 0.64999998 0.40000001 0.80000001 2.06451370e-10 0.49000001 0.67968005 5.26311445 3.44

125 0.64999998 0.40000001 0.80000001 2.06240816e-10 0.49000001 0.68090981 5.26311493 4.05

Table 4 summarizes the results obtained using the proposed method for different numbers of epochs. Through experimentations, the

values of the penalty coefficients λ1, λ2, λ3, λ4, λ5, and λ6 in Eq. (16) are determined as 10, 1000, 100, 1, 1, and 1, respectively.

As shown in Table 4, the highest value of f (x), as defined in Eq. (15), is 5.26311493, at 125 epochs. All constraints specified in this

example are satisfied with the corresponding values reported in the last row of Table 4.

Figure 6 illustrates the loss values across different epochs using the proposed method. The loss exhibits a steady decreasing trend which

highlighting the effectiveness of the approach in converging to the optimal values. The problem (1)-(3) in this example was previously
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Figure 6. The loss values for epochs from 1 to 50 for Example 4.

addressed using a genetic algorithm in [42], where the highest reported value for f (x) was 4.116427. In comparison, the proposed method

in this paper achieved a significantly higher value of 5.26311493. This method suggests an very important improvement over the genetic

algorithm.

6 Discussion
According to the results reported in Section 5, the proposed neural network architecture shows a high capability for solving the problems

presented in Examples 1 to 4. By assigning a separate network to each variable x and employing a unified loss function with penalty

coefficients, each network maintained an independent parameter space. The Adam optimization algorithm updated these parameter spaces

individually, resulting in highly accurate solutions.

Our experiments revealed that the settings of various hyperparameters significantly impact on the accuracy of the solutions. The key

hyperparameters in this study included the penalty coefficients, learning rate, and activation functions.

Incorrect penalty values often led to the violation of constraints. To identify optimal penalty values for each example, we trained the

networks several times using different penalty configurations and reported the best performing values. Using separate networks for each

variable provided flexibility as follows. When a constraint was violated, we could focus on the corresponding network and fine-tune its
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hyperparameters, leading to accurate results.

The learning rate of the Adam optimization algorithm also played a crucial role in solution accuracy. Based on our experiments, the

optimal learning rates for Examples 1, 2, 3, and 4 were 0.01, 0.01, 0.1, and 0.1, respectively. In Examples 3 and 4, we further restricted

the search range of variables. This simplification allowed the Adam optimizer to converge to a solution more efficiently, even with a higher

learning rate. Conversely, for Examples 1 and 2, where the problems had lower dimensions, the networks converged to accurate solutions

without requiring search range restrictions.

Figures 3, 4, 5, and 6 show that reducing the dimensions and further restricting the search domain significantly accelerated the

convergence of the networks. Without these procedures, the Adam optimizer struggled to find accurate solutions for Examples 3 and 4.

However, for Examples 1 and 2, the problems with the lower dimensions ensured good convergence even without these adjustments.

Using n independent networks offers the following advantages over a single multi-output network:

1. Reduced interference between variables, particularly important in highly non-convex feasible domains induced by BFRE constraints.

2. Improved numerical stability, as each network adapts locally to constraint violations related to its corresponding variable.

3. Greater flexibility in hyperparameter tuning, allowing targeted adjustments when specific constraints are violated.

While a single multi-output network is feasible, our experiments indicate that the proposed decomposed architecture converges faster and

more reliably for BFRE-constrained problems.

Finally, the choice of activation functions significantly influenced the networks’ convergence speed. The best results were obtained

when sigmoid activation functions were used in all layers.

7 Conclusions
This study introduces a novel methodology employing neural networks to address nonlinear optimization problems constrained by bipolar

max-min fuzzy relation equations. The proposed approach effectively integrates the constraints and objective function into a unified loss

function, enabling simultaneous optimization. Compared to traditional methods and metaheuristic algorithms, such as genetic algorithms

and modified imperialist competitive algorithms, the neural network-based framework demonstrates superior accuracy and efficiency in

solving highly complex and non-convex problems.

Through extensive experimentations for various examples, this method consistently achieved high precision in satisfying constraints

and optimizing the objective function. The results highlight the scalability of the neural network architecture, which effectively adapts to

problems of varying dimensionality. By leveraging the independent parameter space of each neural network and optimizing via the Adam

algorithm, the approach ensures robust performance, even for problems with intricate solution domains. Additionally, the flexibility to

fine-tune hyperparameters, such as penalty coefficients and learning rates, enhances its practical applicability.

The findings suggest that neural networks hold significant potential as a computational tool for solving nonlinear optimization

problems with fuzzy constraints, particularly in domains where conventional techniques face limitations due to computational complexity

or suboptimal convergence. Future research could explore extensions to more generalized fuzzy relational systems or incorporate advanced

neural architectures to further enhance performance.

This paper establishes a solid foundation for employing neural networks in complex optimization scenarios, paving the way for their

application in diverse fields such as engineering design, decision-making, and resource allocation. The demonstrated benefits of precision,

efficiency, and scalability underscore the potential of neural network-based solutions to revolutionize the field of nonlinear programming

under fuzzy constraints. In future research directions, (1) we will use the combination of the SVM method and the colonialist competitive

algorithm to solve the problem (1)-(3) for linear and nonlinear cases. (2) we will focus on the extension of neural networks to solve the

optimization problems with fuzzy relation inequality constraints. (3) we will study some new applications of the problem (1)-(3) in the area

of digital data service.
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