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Abstract

The inverse Fisher problem, which involves identifying unknown parameters or functions within the Fisher equation, poses a
significant challenge due to its ill-posed nature and sensitivity to data noise. In this study, we present an effective numerical
approach to solve this inverse problem by combining a fully implicit backward discretization scheme with a discretized version
of the Teaching-Learning-Based Optimization (TLBO) algorithm. The forward problem is discretized using a fully implicit finite
difference method to ensure stability, while the inverse problem is formulated as an optimization task. We adopt a modified and
discretized TLBO algorithm based on the framework developed for discrete problems, which has demonstrated strong capabilities
in handling discrete and complex optimization tasks. Numerical experiments confirm the proposed methods robustness and

accuracy in recovering unknown parameters.
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1 Introduction

The Fisher equation is a well-known nonlinear partial differential equation that appears in various scientific fields such as population

dynamics, chemical kinetics, and heat transfer [9, 10]. It typically takes the form:

2
%:D%—i—m(l—%)., )
where u(x,) denotes the population density (or concentration), D is the diffusion coefficient, r is the growth rate, and K is the carrying
capacity. In many practical situations, not all parameters of the equation or boundary condition are known in advance. Estimating these
unknown parameters based on partial observations of the solution leads to what is known as an inverse problem. This equation has been
extensively used in ecology, epidemiology, reaction-diffusion systems, and chemical kinetics. Several analytical and numerical studies have
been devoted to understanding its behavior and to estimating its parameters under various assumptions. For example, Murray [7] provides a
comprehensive discussion on the applications of the Fisher equation in biological systems, emphasizing the role of wave-front propagation

and stability. Inverse problems for nonlinear partial differential equations (PDEs), including the Fisher equation, are particularly challenging
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due to their inherent ill-posedness [12, 13]. Small perturbations in observed data can lead to large deviations in the estimated parameters,
which necessitates the use of stable and robust numerical methods. When it comes to inverse problems related to the Fisher equation, the goal
is often to determine unknown parameters such as the diffusion coefficient D, the growth rate r, or even the boundary condition, using sparse
or noisy measurements of the solution. In recent years, the application of metaheuristic algorithms to inverse problems in partial differential
equations (PDEs) has gained significant attention due to the complexity and ill-posed nature of these problems. Among these algorithms, the
Teaching-Learning-Based Optimization (TLBO) algorithm has emerged as a powerful and flexible tool for parameter estimation tasks [4,11].
TLBO mimics the pedagogical process occurring in a classroom, and its population-based nature allows it to effectively explore complex
search spaces without relying on gradient information. Several studies have applied TLBO or its improved versions to solve inverse
problems. For instance, Aliyari Boroujeni et al. [1] proposed an improved TLBO (ITLBO) to estimate unknown coefficients in nonlinear
inverse PDEs without assuming a known form of the target function. Their results showed significant improvements in terms of accuracy
and computational cost compared to traditional methods. In another work, Aliyari Boroujeni et al. (2024) applied TLBO in combination
with a fully implicit numerical discretization to solve inverse heat conduction problems, demonstrating the algorithms robustness even
in the presence of noise and uncertainty [2]. Furthermore, the capability of TLBO in solving real-world parameter estimation problems
was confirmed by Guleria [5], who used a variant of TLBO to estimate solute transport parameters in groundwater modeling using a
mobile-immobile model. The study revealed that TLBO offers better convergence behavior and greater accuracy than classical optimization
methods in modeling environmental transport phenomena. Likewise, Foong and Nguyen Le [6] hybridized TLBO with fuzzy logic for
heating load estimation in smart buildings, showcasing the algorithms adaptability and generalization capability. A key development in
the adaptation of TLBO to discrete domains was introduced in the study by Aliyari Boroujeni et al. [3] titled "Solving the Traveling
Salesman Problem Using a Modified Teaching-Learning Based Optimization Algorithm." This version of TLBO was reformulated to operate
effectively in discrete search spaces by incorporating problem-specific solution encoding and updating strategies. Motivated by the success
of this discretized TLBO in solving combinatorial optimization problems, we adopt a similar approach to address the inverse Fisher problem
in this study. To solve inverse problems, metaheuristic approaches such as genetic algorithms (GA), particle swarm optimization (PSO),
and TLBO and others have been explored [14-18]. Ma et al. [8] applied a hybrid GA-PSO method to identify nonlinear reaction terms
in Fisher-type equations, achieving improved accuracy in reconstructing the unknown parameters. Nevertheless, few studies have applied
discretized metaheuristic algorithms directly to the inverse Fisher problem, which is the gap this study aims to address.

In this paper, we focus on solving the inverse Fisher problem by estimating unknown boundary condition using observed data at specific
points in time and space. To ensure stability and accuracy in solving the forward problem, we discretize the Fisher equation using a fully
implicit backward finite difference scheme. The inverse problem is then reformulated as an optimization problem, where the goal is to
minimize the discrepancy between the observed data and the solution produced by the current estimate of the parameters. Metaheuristic
algorithms have gained considerable attention in recent years for solving complex optimization problems, including those arising from
inverse formulations of PDEs. Among these, the Teaching-Learning-Based Optimization (TLBO) algorithm has shown promising results
due to its simplicity and efficiency. However, traditional TLBO is designed for continuous optimization problems. To address discrete and
complex search spaces, we employ a modified and discretized version of TLBO [3]. This discretized TLBO algorithm has proven effective

in solving challenging combinatorial problems and is adapted here for inverse PDE parameter estimation.

1.1 Contribution of This Study

The novelty of this research lies in extending a discrete version of the Teaching-Learning Based Optimization (TLBO) algorithm, originally
designed for combinatorial optimization problems such as the Traveling Salesman Problem (TSP), to the context of parameter estimation in

partial differential equations (PDEs), specifically the inverse Fisher equation. This adaptation is nontrivial for several reasons:

1. Transition from discrete path optimization to continuous boundary estimation: While the discrete TLBO was originally intended
to optimize permutations in combinatorial spaces, applying it to an inverse PDE requires reformulating the algorithm to handle
continuous functional parameters (the unknown boundary condition). This necessitates modifications in solution representation,

mutation strategies, and evaluation metrics.

2. Coupling with PDE discretization: The forward Fisher equation is solved using a fully implicit finite difference scheme, which
generates a nonlinear algebraic system. Integrating the optimization process with this PDE solver introduces challenges in stability

and computational cost, which were addressed by carefully balancing discretization accuracy with optimization efficiency.
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3. Ill-posedness of inverse problems: Inverse PDE problems are inherently sensitive to perturbations and numerical errors. Unlike the
well-posed TSP, even small inaccuracies in the estimated boundary condition can lead to significant deviations in the solution u(x,7).

The proposed discrete TLBO framework was tailored to ensure robustness against such sensitivities.

4. Enhanced convergence through mutation: A discrete mutation phase, inspired by combinatorial applications, was adapted and
reformulated to improve exploration in the continuous inverse problem setting. This step helps the algorithm escape local minima

and achieve faster convergence compared to the standard TLBO.

In summary, this work does not merely apply an existing algorithm to a new equation. It introduces a systematic adaptation of discrete
TLBO for inverse PDEs, demonstrating its capability to accurately reconstruct unknown boundary conditions in the Fisher equation. This
study addresses the gap between combinatorial metaheuristic designs and their application to PDE-based inverse problems, providing a
novel and effective methodology with potential extensions to more complex reaction-diffusion systems. The rest of this paper is organized
as follows: Section 2 presents the mathematical formulation of the forward and inverse Fisher problems. Section 3 details the numerical
discretization of the forward problem. Section 4 describes the modified and discretized TLBO algorithm. Section 5 provides numerical

experiments and results. Finally, Section 6 concludes the paper and discusses future work.

2 Methodology

In this section, we present the mathematical formulation of the Fisher partial differential equation. The Fisher equation in one spatial

dimension is given by:

ur (x,1) = e (x,1) + ru(x,t) (1 —u(x,1)), O0<x<l, O<r<l, (2a)
u(x,0) = h(x), 0<x<I, (2b)
u(0,1) = p(t), 0<r<1, (2¢)
u(l,1) =q(1), 0<r<1, (2d)

where: u(x,t) is the population density (or concentration) at position x and time 7, r the growth rate, and Equation 2b is an initial condition
and 2c, 2d are the boundary conditions of the problem.

In the inverse problem considered in this study, the objective is to identify an unknown time-dependent Dirichlet boundary condition,
denoted by ¢(r), imposed at the right boundary of the spatial domain. That is, rather than internal coefficients or source terms, we seek to
recover the boundary input that best explains the observed evolution of the system governed by the Fisher equation.

The forward problem is assumed to obey the boundary conditions:
u(0,1) = p(t) u(l,t)=q(1), €[0T}, (©)

where ¢(r) is an unknown function to be determined, and p(¢) is a known function (e.g., a fixed or time-dependent value) prescribed at the
left boundary x = 0. The initial condition u(x,0) = ug(x) is also known.

Let ii(x;,;) represent the observed or measured values of the state variable u at selected space-time grid points. The goal is to find a
function ¢(r) such that the solution u(x,#;q) of the forward Fisher equation with boundary condition u(1,7) = ¢(r) fits the observations as
accurately as possible.

To numerically approximate this problem, the time interval [0, 7] is divided into N; subintervals, and g() is discretized as a vector:

q=[611,5]27~~~7ql\/,]7 (4)
where g ~ ¢(t;) is the approximation of the boundary value at time level ¢;. Each value g; represents a parameter to be optimized.
The inverse problem is formulated as a minimization problem with the objective (cost) function:
N: N, )
Ja)=Y Y [ulxtj0) —a(x.;)] " ®)

i=1j=1

where u(x;,#;;q) is the numerical solution obtained using q as the boundary condition at x = 1.
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The task is to find the vector q that minimizes this cost function:

min J(q), 6

o (q) (©)

subject to any prior knowledge or constraints (e.g., ¢; € [¢min,dmax)) that reflect physical limits or boundary behavior. The optimization

is performed using a discretized Teaching-Learning-Based Optimization (TLBO) algorithm, adapted to handle discrete parameter spaces
efficiently.

To discretize, The finite difference method is used [12]. The spatial interval is divided into N, parts and the temporal interval into N;

parts. The spatial and temporal steps are respectively equal to:

Ax

In the fully implicit backward method all values at time n+1 are used which leads to a nonlinear algebraic system at each time step [12].

That is, we have:

At At
I+2%2  —&¢ o 0 0 iy
At At At
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Boundary values u8+l = p(t”“) and u;‘\,'H = ¢"*! are used in the left-hand side to modify the first and last equations in the system

appropriately which are unknown in the inverse problem.

In this study, we employ a discretized version of the Teaching-Learning-Based Optimization (TLBO) algorithm to solve the inverse
Fisher problem. The unknown parameter is the right boundary condition ¢(¢), which is estimated by minimizing the discrepancy between
the simulated and measured solution at certain observation points.

The TLBO algorithm, originally proposed by Rao et al. [11], mimics the teaching and learning process in a classroom. In our work, we
adopt a discrete variant of TLBO as introduced in the paper [3]:

We have adapted this discrete TLBO framework to optimize the vector of boundary values q = [ql G g | at the right edge of the
spatial domain, such that the solution of the forward Fisher problem approximates the measured or desired data.

Let u(x,t) be the solution to the Fisher equation with a right boundary condition g(¢). The inverse problem is formulated as the following

optimization:
Nobs ‘ ‘ 2
min J(q) = [uxb,t; —u ] ®)
qc2 (q) k;l ( obs» q) obs
u(xobs,tk ;q): numerical solution at observation point xops and time tk u’ébs: measured or reference data q: optimization variable, vector of

boundary values ¢f at each time step
We restrict q € 2, where 2 C R is a bounded discrete set, such as:

¢" €{0,Aq,2Aq,. .., qmax}
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This discretization is critical to make the search space finite and compatible with the discrete TLBO framework.

Each candidate solution (learner) is a vector:
q¥) = [q(j)-,l g2 7q(j)7NrL j=1,2,...,Np

where Np is the population size.
The algorithm proceeds through three main phases in each iteration: In Teaching phase, learners move towards the teacher (best solution).

For each learner j, and for each component i, a new value is generated as:

ql(J)meW — ql(l) +r- (qgeacher — T ql)
where, r: a random number, Tr: teaching factor (either 1 or 2), g;: mean value of the i-th boundary parameter across all learners. In learner

phase, each learner learns from a randomly selected peer. For a pair (i, j»), if learner j, has a better fitness, then:

qu])’new _ ql(jl) +r (ql(jz) 7ql('1'1))
Else, the movement is reversed.

To enhance the exploration capability of the TLBO algorithm in discrete search spaces, a discrete mutation phase is introduced after
the standard teaching and learning phases. This additional phase aims to prevent premature convergence and to improve solution diversity,
especially when dealing with combinatorial or discretized optimization problems like the inverse Fisher problem with discrete boundary
values. In Mutation Procedure: For each candidate solution (i.e., each student), apply mutation with a probability controlled by a mutation
rate parameter u € (0,1).

Let n denote the number of discrete values in the solution vector q (i.e., number of time steps).

Compute the number of elements to mutate:
Ny = [1-n]

Randomly select a starting index f, € {1,2,...,n— Ny + 1}.

Perform a reversal permutation of the selected subsequence:
[¢, g, g™ N1 reverse of itself
This process can be formally represented as:

For j=f,to fu+Ny—1: ) _ q(f"JrNM*l*(j*f"))

Imut =

The resulting mutated solution gy is accepted if it leads to a lower cost function J(qmut) < J(q). Otherwise, the original solution is
retained [2].
For example Suppose a solution vector:
q=10.1,0.2,0.3,0.4,0.5,0.6,0.7]

If u =0.4 and n =7, then Nyy = [0.4-7] = 3. Let the randomly chosen starting index be f;, = 3, then the subsequence [0.3,0.4,0.5] is

reversed, resulting in:
qmut = [0.1,0.2,0.5, 0.4, 0.3,0.6,0.7]

If the new solution improves the objective, it replaces the original.

This mutation phase is applied after the teaching and learning phases in each iteration of the TLBO algorithm. The key benefits
are: Introduces local diversification to escape local minima, Improves global convergence and Is simple to implement and computationally
efficient [2]. This mechanism, though originally developed for the TSP, is generalized here for the inverse Fisher problem where the solution
vector q is a time-discrete array of boundary values. At each iteration, each candidate’s fitness is evaluated by solving the forward Fisher
equation using the proposed q(j ), computing u(x,f), and evaluating the cost J (q(j )). The process continues until a maximum number of

iterations is reached or until the cost function reaches a threshold.
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Algorithm 1 Discrete TLBO for Solving the Inverse Fisher Problem

1: Input: Number of learners Np, maximum iterations MaxIter, mutation rate (

10: for iter = 1 to MaxIter do
11: Teaching Phase:
12: Identify best solution (teacher) 7 with minimum J

13: for each learner j # T do

14: for i =1to N; do

15: Compute mean value g; of component i across population
16: Randomly choose TF € {1,2}

17: qlm <—ql(~j)+rand()~(qiT—TF-q,~)

18: Project qu ) to nearest value in 2

19: end for

20: Evaluate J(q/)) and accept if improved

21: end for
22: Learning Phase:

23: for each learner j do

24: Randomly select k # j

25: for i =1to N; do

26: it J(q')) > J(q¥)) then

27: qgj) — ql(»j) +rand() - (ql(k) — qlw)
28: else

29: qu) — ql(j) +rand() - (q,(j) — qlm)
30: end if

31: Project qu ) to nearest value in 2

32: end for

33: Evaluate J(q/)) and accept if improved

34: end for
35: Mutation Phase:

36: for each learner j do
37: Ny [1-Ny|
38: Randomly choose start index f, € {1,2,...,N; — Ny + 1}
39: Reverse the subsequence:
[q}{), s 7‘]%)+NM71
40: Evaluate mutated solution q‘(]{l)n
41: if J(ql(r{l)lt) < J(q\)) then
42: q) « qgl)n
43: end if
44: end for
45: end for

46: Output: Best learner ¢* with minimum J

2: Discrete set of boundary values: 2 = {q1,4>2,...,9x}

3: Observation data ugps (Xops, "), left boundary p(r), initial condition u(x,0)
4: Time discretization with N; steps

5: Initialize population {qU)}yi , with random values from 2"

6: for each learner j do

7: Solve forward Fisher problem with boundary (/) (r)

8: Compute cost function J(q(/))

9: end for

] + reversed
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The pseudocode in Algorithm 1 presents the step-by-step implementation of the discrete Teaching-Learning-Based Optimization
(TLBO) algorithm, which has been adapted to solve the inverse Fisher problem with a discrete representation of the unknown boundary
function ¢(r). The algorithm maintains a population of candidate solutions (students), where each individual represents a time-discretized
version of the unknown boundary function using values selected from a finite discrete set 2.

The optimization process proceeds through three main stages:

1. Teaching Phase: The best-performing solution (teacher) is used to guide the rest of the population toward improved solutions by

adjusting their components based on the difference between the teacher and the population mean.

2. Learning Phase: Each learner updates their solution by interacting with another randomly chosen learner, promoting pairwise

knowledge exchange and exploration of the search space.

3. Discrete Mutation Phase: A mutation operation is performed on each solution by reversing a randomly selected subsequence of the
discrete boundary values. This mechanism introduces diversity and helps the algorithm escape local minima. The mutation rate y

determines how many components of the time-discretized vector are altered in each mutation operation.

4. After each phase, the updated candidate solution is accepted only if it leads to a lower objective function value, which ensures that

the optimization process proceeds toward minimizing the discrepancy between the model output and the observed data.

This discrete TLBO algorithm effectively balances exploration and exploitation, making it well-suited for inverse problems involving

time-dependent unknowns represented in discrete form.

3 Results

To evaluate the performance and accuracy of the proposed discrete TLBO algorithm in solving the inverse Fisher problem, a set of numerical
experiments is conducted. The objective of these experiments is to evaluate the algorithms effectiveness in reconstructing the unknown
time-dependent boundary condition ¢(¢) using synthetic observation data. The forward problem is discretized using a fully implicit finite
difference scheme to ensure numerical stability, while the inverse problem is formulated as an optimization task. The goal of the inverse
problem is to recover the original boundary function using the proposed optimization framework.

To evaluate the quality of the reconstructed boundary function, two commonly used error norms are considered: L, norm error (discrete

Euclidean norm):

i=1

N 12
L, = <Z (qexact(li) — qapprox (ti))2> 9

and L. norm error (maximum absolute error):

L. = gfgv ‘Qexact(ti) — qapprox (ti)‘ (10)

These error measures are used to evaluate the reconstruction performance across different test cases, considering various time step sizes and
noise levels. The following subsections present and analyze the results.

To assess the accuracy and efficiency of the proposed discrete TLBO algorithm in solving the inverse Fisher problem, we consider a
benchmark example with an exact analytical solution. The governing equation is the one-dimensional Fisher reaction-diffusion equation
with nonlinear source term: 5

au((;;’t) = J gg’t) +au(x,t)(1—u(x,t), 0<x<l1,0<t<l1. (11)

The initial and boundary conditions are defined as follows:

1
u(x,0)= —————— 0<x<1,

<1 +e\/mx>2’
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where ¢() is an unknown continuous boundary function to be identified. In addition, overspecified measurement data are provided at an
interior location x = 0.4:
u(0.4,4)=s(t), =02, i=1,2,...,5.

The exact form of the unknown boundary function is:

1

q(t) = W7

0<r<1,
and the exact solution of the problem is given by:

1
<1 Jre\/ﬁxfsms)z '

u(x,t) =

The problem domain [0,1] x [0, 1] is discretized using uniform step sizes of Ax = 0.2 and Ar = 0.2, resulting in 6 spatial nodes and 6 time
levels. The fully implicit backward difference method is employed for the time discretization, producing a nonlinear algebraic system at each
time step. It is worth noting that in this study only five time data points at a single spatial location (x = 0.4) were employed for the inverse
estimation. This choice was intentional and is motivated by both numerical and practical considerations. From a computational perspective,
reducing the step size in time or space to increase the number of data points considerably enlarges the size of the resulting nonlinear algebraic
system due to the fully implicit discretization. For the nonlinear Fisher equation, such refinement not only increases the execution time but
also amplifies the sensitivity of the inverse problem: even small perturbations or discretization errors in the early data points can be severely
magnified during backward propagation, which is a hallmark of the ill-posedness of inverse PDEs. Therefore, employing a moderate number
of time points ensures a balance between data availability, numerical stability, and computational feasibility. Although only sparse data were
used, the proposed method successfully reconstructed the unknown boundary condition with high accuracy, indicating its robustness. Future
work may consider systematically analyzing the trade-off between data density and reconstruction accuracy.

The inverse problem is solved using the proposed discrete TLBO algorithm with the following parameters: Population size: 40,
Maximum iterations: 100, Search bounds for solution vector: [10, 10] and Mutation rate (for improved TLBO): u = 0.4,0.6.

To evaluate the performance of the proposed discrete TLBO algorithm and its modified versions (MTLBO with different mutation rates),
a comparative analysis of their convergence behaviors is presented. The cost function values are plotted against the number of iterations for
the following three cases: Standard TLBO algorithm, Modified TLBO (MTLBO) with mutation rate ¢ = 0.4 and Modified TLBO (MTLBO)
with mutation rate ¢t = 0.6. Each algorithm was executed under the same experimental conditions.

As evident in Figure 1 and 2 After applying the Genetic Algorithm (GA), it was observed that the method tends to become trapped in
local minima. This behavior is clearly reflected in its convergence curve: from iteration 40 to iteration 200, the cost function decreases by
only about one order of magnitude (from 10~* to 10~3). Such stagnation indicates premature convergence, where the GA fails to effectively
explore the solution space beyond a certain point. In contrast, the proposed NITLBO algorithm maintains a more consistent reduction
of the cost function, demonstrating its stronger global search ability and robustness in avoiding local minima. Also the convergence
curve of the standard TLBO shows a relatively slower decline in the cost function. The algorithm gradually reduces the error, but after
approximately 80 iterations, it shows a slower rate of reaching the optimal response than the MTLBO algorithm. This is expected, as the
basic TLBO algorithm does not include any mutation or diversity-enhancing mechanism, which is essential for escaping local optima in
complex nonlinear problems like the inverse Fisher equation. In Figure 2 the modified algorithm with a moderate mutation rate (14 = 0.4)
demonstrates significantly improved convergence characteristics. The added discrete mutation phase introduces controlled randomness,
enabling the algorithm to better explore the solution space and avoid early convergence. Among the three, the MTLBO with a higher
mutation rate (14 = 0.6) achieves the best performance. The cost function decreases more rapidly during the initial 6080 iterations compared
to the standard TLBO, and the final error level is notably lower. The convergence curve shows a sharp initial drop in the cost function and
stabilizes at a much lower error level than the other two algorithms. The more aggressive mutation rate promotes greater exploration and
diversity, allowing the algorithm to bypass poor local solutions and converge closer to the global optimum.

Table 1 presents a comparative analysis of the Genetic and, standard TLBO algorithm and its modified versions (MTLBO) with
mutation rates it = 0.4 and u = 0.6 for solving the inverse Fisher equation. The comparison is based on three key performance indicators:

the final cost value, the iteration number at which the best solution is found, and the computational time in seconds. Moreover, the Genetic
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Figure 2. Best Cost changes for MTLBO algorithm

Algorithm (GA) achieved a cost accuracy of 1.6744 x 107>, which is notably less precise compared to both the TLBO and MTLBO
algorithms. While GA demonstrated significantly faster execution times than the TLBO variants, its lower accuracy highlights a trade-off
between computational efficiency and solution quality. In particular, the higher computational cost of TLBO-based methods is justified by
their superior precision and ability to avoid local minima, making them more reliable for solving this class of nonlinear inverse problems.
All TLBO-based algorithms successfully minimized the cost function to an extremely small value of 3.0815 x 1033, which indicates a high
level of accuracy in estimating the unknown boundary function ¢(7). From a numerical standpoint, this value essentially reflects convergence
to the exact solution within machine precision. Therefore, in terms of final accuracy, all methods are equally effective. However, the number
of iterations required to reach this optimal value differs among the methods. The standard TLBO achieved convergence in 174 iterations,
while MTLBO with g = 0.4 and p = 0.6 required only 160 and 156 iterations, respectively. This improvement suggests that the inclusion
of a discrete mutation phase enhances convergence speed. The higher mutation rate further improves performance by promoting diversity
in the population and helping the algorithm escape local optima more effectively. In terms of computational time, TLBO was the fastest
with a runtime of 1817.92 seconds. MTLBO variants required more time 2502.48 seconds for i = 0.4 and 2481.87 seconds for u = 0.6
due to the added complexity of the mutation phase. In our implementation, the relatively high CPU times (about 18002500 seconds for 100
iterations) arise mainly from the repeated solution of the nonlinear algebraic system generated by the fully and implicit discretization of the

Fisher equation at each iteration of the optimization process. Since the Fisher equation is nonlinear, solving the implicit scheme requires
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iterative updates at each time step, which increases the computational burden even for a coarse discretization (6 spatial and 6 temporal
nodes). Moreover, the metaheuristic optimization framework necessitates multiple evaluations of the forward solver for different candidate
solutions, further amplifying the computational cost. To address this, we adopted a MATLAB implementation with matrix-based operations;
however, more advanced strategies such as vectorization, parallelization, and the use of more efficient linear algebra solvers could reduce
the runtime substantially. The current focus of this work was to demonstrate the feasibility and accuracy of the discrete MTLBO approach,
while improving computational efficiency will be pursued in future work. Nevertheless, the additional computation time is justified by
the benefits of faster convergence and better robustness, especially in sensitive inverse problems where stability and precision are crucial.
In conclusion, while the standard TLBO is computationally lighter, the MTLBO algorithm with a mutation rate of u = 0.6 demonstrates
superior overall performance by combining high accuracy with faster convergence, making it a more reliable approach for solving this class

of inverse problems.

Table 1. Results from implementing TLBO and MTLBO algorithms

Parameters/algorithm Genetic TLBO MTLBO (u =0.4) MTLBO (u =0.6)
Cost 1.6744e-05  3.0815e-33 3.0815e-33 3.0815e-33
Iteration to Best Cost - 174 160 156
Time (s) 949.95 1817.92 2502.48 2481.87

To further verify the accuracy of the reconstructed boundary function ¢(¢), a comparison was made in Figure 2. between the exact
solution and the solution obtained using the TLBO and MTLBO algorithms. Since all three variants of the algorithm (standard TLBO and
MTLBO with y = 0.4 and u = 0.6) converged to the same cost value of 3.0815 x 10733, the estimated boundary function ¢(¢) was found
to be virtually identical across all methods. To illustrate this, a plot was generated showing both the exact function ¢(¢) and the recovered
function obtained from the optimization algorithms. The curves in Figure 2.a are visually indistinguishable, indicating that the inverse
approach successfully reconstructs the unknown boundary condition with very high accuracy.

To further validate the estimated boundary function, the solution u(x,) obtained from the numerical solver with the reconstructed g(t)
(Figure 2c) was compared against the exact analytical solution (Figure 2b). A second plot was used to show both the exact and reconstructed
values of u(x,?) at different spatial and temporal points. Once again, the plots demonstrate excellent agreement, confirming the stability and
accuracy of the proposed method. These graphical results reinforce the quantitative findings: the proposed approach not only converges
to the correct cost value but also yields physically meaningful and accurate solutions that closely match the exact behavior of the Fisher

equation. This validates both the correctness of the inverse model and the effectiveness of the optimization algorithm used.
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Figure 3. q(t) and The answer of the Fisher problem u(x,1)

Table 2 presents a comparison between the exact and estimated values of the unknown boundary function g(¢) at five equally spaced
time points in the interval ¢ € [0, 1]. The estimated values were obtained using TLBO and MTLBO, while the exact values are derived from
the known analytical solution. The L, (Euclidean) and L. (maximum) norms of the error between the estimated and exact ¢(r) values are

computed to assess the accuracy of the proposed method. The L, error norm is found to be approximately 0.00746, and the L. norm is
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approximately 0.00433. These values indicate that the estimation of the unknown boundary condition is highly accurate. Moreover, the close
agreement between the exact and estimated values demonstrates the robustness and effectiveness of the proposed discrete MTLBO algorithm
in accurately reconstructing the unknown function in the inverse Fisher problem. Such a low level of error is particularly noteworthy given
the ill-posed nature of inverse problems and the fact that no artificial noise was added to the data. This high level of accuracy ensures that
the solution u(x,7), when computed using the estimated boundary condition g(r), closely approximates the true solution obtained using the

exact g(¢), which is further confirmed by the overlapping of the corresponding graphs.

Table 2. Comparison of estimated and exact values of ¢(r) and corresponding errors

t Exact ¢(r) Estimated ¢(f)  Absolute Error

0.2 0.1935090374  0.1978420879  0.0043330505

0.4 0.2316304528  0.2351821822  0.0035517293

0.6 0.2734472604  0.2767513312  0.0033040708
0.8 0.3183751893  0.3212109523  0.0028357630
1.0 0.3656613805  0.3678613933  0.0022000127
L2 Error 0.0074623605
Leo Error 0.0043330505

To further evaluate the robustness of the proposed algorithms, we extended the experiments by incorporating noise into both the initial
and boundary conditions. Specifically, random perturbations of order 10~3 were applied at each iteration to the data, simultaneously
affecting the boundary and initial values. This setting creates a significantly more challenging scenario, as the ill-posed nature of the
inverse Fisher problem tends to amplify even small disturbances. By introducing such random noise, we aim to demonstrate the algorithms

capability to maintain stable and accurate performance under realistic and adverse conditions, thereby highlighting its practical applicability.
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Figure 4. Best Cost changes fot TLBO and Genetic algorithms

Figures 4 and 5 illustrate the cost convergence histories of the algorithms TLBO, GA, and the modified TLBO (MTLBO) with mutation
rates L = 0.4 and u = 0.6, respectively. All algorithms were executed for 100 iterations under the noisy setting described previously. The
best cost values achieved in these experiments were:GA: 8.2654 x 1075, TLBO: 1.1181 x 10_6, MTLBO (1 =0.4): 6.895 x 10~7, MTLBO
(1 =0.6): 4.816x 1077, These results clearly indicate that the proposed MTLBO outperforms both the standard TLBO and GA, achieving
cost function values one to two orders of magnitude lower. Moreover, the convergence behavior of the MTLBO is significantly smoother
and faster, showing a consistent downward trend with fewer stagnation phases compared to the other algorithms. In contrast, the standard

TLBO exhibits slower progress and tends to plateau prematurely, highlighting the advantage of the mutation-based enhancement. The GA,
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Figure 5. Best Cost changes for MTLBO algorithm

while able to escape local minima to some extent, does not reach the same level of accuracy as the MTLBO. Between the two variants of
MTLBO, the higher mutation rate it = 0.6 demonstrates superior performance, achieving the lowest cost value among all tested algorithms.
This suggests that a stronger mutation component helps the algorithm to better explore the search space and avoid local entrapment, while
still maintaining efficient exploitation. Overall, these findings confirm the robustness and effectiveness of the MTLBO in solving the inverse
Fisher problem under noisy and challenging conditions.

Table 3. Results from implementing TLBO and MTLBO algorithms (Noisy)

Parameters/algorithm Genetic TLBO MTLBO (u =0.4) MTLBO (u =0.6)
Cost 8.265e-05 1.1181e-6 6.895e-7 4.816 e-7
Time (s) 452.96 818.34 1266.88 1270.54

Table 3 summarizes the best cost values and CPU times for the four algorithms under noisy conditions. The results demonstrate a clear
trade-off between accuracy and computational cost. The Genetic Algorithm (GA) achieved the lowest runtime (452.96 s), but its final cost
value (8.265¢ x 107°) was inferior compared to both variants of the TLBO and MTLBO. The standard TLBO required a longer runtime
(818.34 s) while yielding a best cost of 1.118 x 107>, The modified TLBO algorithms with mutation rates g = 0.4 and g = 0.6 achieved
the best accuracies, reaching cost values of 6.895 x 10~7 and 4.816 x 10~7, respectively. However, this improvement comes with a higher
computational burden, as their runtimes exceeded 1200 seconds. Notably, the difference in runtime between the two MTLBO variants was
negligible, but the higher mutation rate (4 = 0.6) provided superior accuracy. Overall, these findings suggest that GA is advantageous
when computational efficiency is prioritized, but its accuracy is limited. On the other hand, the MTLBO algorithms, despite their higher

runtime, offer substantially improved accuracy and stability, making them more suitable for solving inverse Fisher problems where precision
is critical.

Table 4. Exact and estimated ¢(¢) values and error for each method.

Method q(0.2) ¢(0.4) ¢(0.6) ¢(0.8) ¢(1.0) L Lo

Exact ¢(r) 0.1935 0.2316 0.2734 0.3184 0.3657 0.0000  0.0000
GA 0.2018 0.2273  0.3044 0.2894 0.4110 0.0628 0.0454
TLBO 0.1798 0.2393  0.2772 03207 0.3673 0.0164 0.0137

MTLBO (u =04) 0.1827 0.2310 0.2707 0.3201 0.3626 0.0117 0.0108
MTLBO (u =0.6) 0.2191 0.2362 0.2834 0.3255 0.3726 0.0296 0.0256
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Table 4 summarizes the reconstructed boundary values at five time points (rounded to four decimal places) together with two error
norms for each method. The L, norm reports the Euclidean discrepancy between the estimated g(r) vector and the exact vector, while the
L., norm indicates the maximum pointwise absolute error. MTLBO (u = 0.4) yields the best overall accuracy. This variant achieves the
smallest L, error (0.0117) and the smallest Lo, error (0.0108), indicating both low average deviation and low maximum pointwise deviation.
The reconstructed values are uniformly close to the exact values across the time interval. Standard TLBO performs reasonably well but
is outperformed by MTLBO(0.4). TLBO attains L ~ 0.0164 and L., ~ 0.0137. These errors are modest but noticeably larger than those
of MTLBO(0.4), reflecting the benefit of the discrete mutation phase for this inverse-PDE task. Although mutation increases exploration,
an overly aggressive mutation rate (1 = 0.6) appears to introduce larger pointwise perturbations, yielding Ly ~ 0.0296 and L. ~ 0.0256.
This suggests a trade-off: stronger mutation helps escape local minima but can harm fine-scale parameter fitting unless compensated by
additional exploitation or local refinement. GA shows the largest errors. The Genetic Algorithm attains Ly ~ 0.0628 and L., ~ 0.0454,
substantially worse than TLBO-based methods. This confirms earlier observations of GAs tendency to stagnate in suboptimal regions for
this problem setup and indicates that GA, in the current configuration, is less suitable for precise reconstruction of smooth time-dependent
boundary functions in this inverse Fisher setting. Overall, these findings corroborate that the modified TLBO with a moderate mutation
rate (U = 0.4) provides the best balance between exploration and exploitation for accurate boundary recovery in the tested scenarios. We
recommend tuning the mutation strength empirically (or employing an adaptive schedule) in future applications to preserve exploration

benefits while avoiding excessive perturbation of candidate solutions.
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The comparison plot of the reconstructed boundary condition g(r) against the exact values (Figure 6) provides a clear visual confirmation
of the numerical accuracy reported in Table 4. It is evident that the curves obtained from the TLBO-based methods closely follow the exact
trajectory, with MTLBO at u = 0.4 showing the best agreement. In contrast, the GA exhibits noticeable deviations, particularly at later
times, confirming its larger global error metrics. The visual overlap of the MTLBO(0.4) curve with the reference strongly supports the

robustness of this variant in accurately reconstructing the boundary condition under noisy settings.

4 Conclusion

In this study, we addressed an inverse problem for the one-dimensional Fisher equation, in which an unknown time-dependent boundary
condition was estimated using a modified discrete version of the Teaching-Learning Based Optimization (TLBO) algorithm. The Fisher
equation was discretized using a fully implicit backward finite difference method, leading to a nonlinear system of algebraic equations.

The inverse problem was then solved by minimizing the discrepancy between the numerical and overspecified measurements using both the
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standard TLBO and a modified TLBO (MTLBO) algorithm with mutation. The results clearly demonstrate the effectiveness of incorporating
a discrete mutation phase into the TLBO algorithm for solving inverse problems involving nonlinear partial differential equations. While
the standard TLBO provides a baseline level of convergence, the MTLBO variants particularly with higher mutation rates exhibit superior
performance in terms of both convergence speed and final accuracy. This supports the idea that carefully tuned mutation strategies can
significantly enhance metaheuristic algorithms in the context of inverse analysis. The numerical results demonstrated that the modified
TLBO algorithm, especially with a mutation rate of 0.6, converged faster than the standard TLBO while maintaining the same level of
accuracy in estimating the unknown boundary function g(z). The reconstructed g(¢) closely matched the exact solution, as confirmed by low
L, and L., norm errors. Moreover, the recovered solution u(x,) showed excellent agreement with the exact solution of the direct problem.
The noisy experiments, where random perturbations of order 10~ were applied simultaneously to both initial and boundary conditions,
demonstrate the resilience of TLBO-based approaches. In particular, MTLBO with pt = 0.4 consistently outperformed the standard TLBO
and GA in terms of reconstruction accuracy. These findings indicate that the proposed method maintains strong stability and robustness
even under adverse, noise-contaminated scenarios, highlighting its potential for practical applications where measurement uncertainties
are unavoidable. Overall, the proposed MTLBO approach proved to be an efficient and reliable method for solving this class of inverse
problems. The methodology can be extended to more complex reaction-diffusion models and higher-dimensional inverse problems in future

work.
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