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Abstract

The present research investigates the existence and numerical simulation of solutions for a class of Caputo-Fabrizio fractional

differential equations. At first we obtain a prior estimate for solutions of a functional integral equation that is related to the main

problem. Then using a fixed point theorem, the existence of at least one smooth solution is proved. Furthermore, a new numerical

method based on B-spline is developed to approximate the solution. It is proved that a locally superconvergent approximation is

achieved via even-degree splines on the mid points of the uniform partition. The convergence of the proposed method is analyzed

using an operator-based approach, and the corresponding theoretical convergence orders are rigorously derived. Finally, several

illustrative examples are presented to demonstrate the efficiency and applicability of the method. The results of the numerical

experiments confirm the theoretical predictions concerning the convergence orders.

Keywords: Caputo-Fabrizio fractional differential equation, Existence of solution, Numerical simulation, B-spline interpolation,

Convergence analysis.
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1 Introduction
Fractional differential equations are used in modeling many physical phenomena. For example diffusion equations of fractional order

have been used to model the anomalous diffusion of particles in complex media such as fractal networks, porous materials and biological

tissues [1, 2]. In [3, 4], application of fractional calculus in complex physical systems and dynamics of viscoelastic can be found. In [4–6],

the capability of fractional differential equations in modeling complex physical systems, as well as in physical systems’ description and

control, are analysed. Recently Caputo and Fabrizio introduced a new fractional derivative with a smooth kernel [7]. Due to applications

of this type of fractional derivative in fractional calculus, control theory and viscoelasticity [8–14], it has been studied extensively in recent

years. For example in [15] the existence, uniqueness and the continuity property with respect to the derivative order of the mild solution

for the Kirchhoff parabolic equation involving the Caputo-Fabrizio fractional derivative are studied. In [16], Eiman and Baleanu studied the
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existence and uniqueness of solution for the following problem{
aDα

t u(t) = f (t,u(t),aDα
t u(t)) , t ∈ (a,b],

u(a) = u0,

where α ∈ (0,1] and f : [0,T ]×R×R → R is a continuous function. At first, they proved the existence and uniqueness of a continuous

solution using the Banach contraction principle when f is Lipschitz continuous. Then using the Krasnoselskii’s fixed point theorem, they

established the existence of at least one continuous solution under a sublinear condition combined with a contraction assumption on f . To

see some new research papers about existence of the solutions for differential equations with Caputo-Fabrizio fractional derivative, we refer

the reader to [17–22].

In this paper we study the existence and numerical simulation of solutions for the Caputo-Fabrizio fractional differential equation{
aDα

t u(t) = f
(

t,u(t),aDβ
t u(t))

)
, t ∈ (a,b],

u(a) = u0,
(1)

where [a,b] ⊂ R is a bounded interval, 0 < β < α < 1, Dα is the Caputo-Fabrizio fractional derivative and f : [a,b]×R×R → R is a

function of class C1 which f (a,u0,0) = 0. The main proposes of this paper are to prove the existence of Cm-solutions, m ∈ N and the

numerical simulation of solutions to problem (1). First we obtain a prior estimate for solutions of a functional equation related to (1). Next

using a nonlinear alternative of Leray-Schauder type, the existence of solutions for (1) is proved.

Due to the non-locality of fractional operators, solving such problems numerically or analytically is a challenge for researchers in the

filed. However major efforts have been done by researchers to study the numerical solutions of problems involving fractional operators.

In [23], a three-step fractional Adams-Bashforth scheme is formulated for solutions of linear and nonlinear systems of fractional differential

equations with Caputo-Fabrizio derivative. The method is shown to be conditionally stable. A fundamental solution using the Laplace

transform combining with Fourier transform method has been used to approximate the solution of an advection-diffusion equation with

time-fractional Caputo-Fabrizio derivative [24]. In the chapter book [25], a fundamental solution has been obtained for fractional Cauchy

and Dirichlet problems equipped with Caputo-Fabrizio derivative. In [26], the iterative Laplace transform method has been used to simulate

the solution of a three-dimensional fractional SIR epidemic model with Caputo-Fabrizio derivative. In [27], a fractional model based on the

Caputo-Fabrizio derivative is developed for simulating the epidemic effects of COVID-19 pandemic in India. Then the Genocchi operational

matrix method has been used to investigate various constant parameters’ effect in the concerned fractional model. The modified coupled

time-fractional Korteweg-de Vries equation with Caputo and Caputo-Fabrizio time-fractional derivatives has been considered in [28]. The

proposed model describes the nonlinear evolution of the waves suffered by the weak dispersion effects. The modified double Laplace

transform decomposition method has been analyzed successfully to approximate the solution. In [29], a numerical technique based on

spline has been developed for the numerical solution of the time fractional Cattaneo equation involving the Caputo-Fabrizio derivative. Its a

comparative study between cubic B-spline, trigonometric cubic B-spline and extended cubic B-spline methods to approximate the solution.

B-splines are powerful tools in numerical analysis for approximating and interpolating data. They offer a flexible and efficient way to

represent smooth curves and surfaces by breaking them down into smaller segments. One of the advantages of using B-splines in numerical

analysis is their ability to provide a smooth and continuous approximation to data. They can accurately represent complex curves and

surfaces with a relatively small number of control points. B-splines also offer local control, that is modifying one control point only affects

a small region of the curve or surface. The local support of the B-spline basis functions allows for efficient matrix computations, reducing

the computational cost compared to other existing methods.

Numerical methods based on B-splines have been successfully applied to a wide range of problems including ordinary, partial and

integro-differential equations. B-splines have also been used in conjunction with other numerical techniques, such as finite element, Galerkin

and collocation methods. Some researchers have presented numerical schemes based on B-spline for the solution of fractional differential

equations. The spline collocation method has been used by Pedas and Tamme [30,31], for linear multi-term fractional differential equations.

Also, some regularity conditions for the solution have been derived. Xinxiu [32], Generalized the wavelet collocation method based on

cubic B-spline for the solution of linear fractional differential equations in the Caputo sense. Akram et al., developed a collocation method

based on quintic polynomial spline for linear fractional boundary value problems [33]. Also a quadratic B-spline Galerkin method has

been developed and analyzed for the solution of time-fractional telegraph equations in [34]. There are many other researchers tried to solve

fractional differential equations using B-splines [35–39].
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In this paper we will develop a method based on m-th degree (m ≤ 6), B-spline interpolation to approximate the solution of problem

(1). After transforming the differential equation into its equivalent integral form, we will use spline approximation on a uniform partition

to discretize the problem. A q point Gauss-Legendre quadrature will be used to approximate the integrals arises in the process. We will

construct the method on the grid points of the partition for odd m and on the mid points for even m. For each case some extra relations will

be needed. For odd m, we will construct the extra relations on the near boundary mid points while for even m, near boundary grid points

can be used. It will be proved via an operator approach, that the global order of convergent is m+1. Also, it will be shown that the method

is locally superconvergent at collocation points for even values of m.

The rest of the paper is organized as follows: In Section 2, at first the main problem will be transformed into an equivalent integral

equation, then the existence of a solution will be proved. In Section 3, a method based on B-spline is developed to approximate the solution.

Section 4 is devoted to the convergence analysis and obtaining the error bounds for the method. In Section 5, the proposed numerical

technique will be used to solve some model problems to show the applicability of the method. Finally, Section 6 contains the conclusion.

2 Existence of Solutions
In this section, we prove the existence of at least one Cm-solution, m ∈ N for problem (1). First we need some preliminaries and auxiliary

results.

2.1 Preliminaries and Auxiliary Results

Let C[a,b] be the space of continuous real-valued functions on [a,b] with the norm

∥u∥C := sup
t∈[a,b]

|u(t)|,

and consider the space Cm[a,b] for m = 1,2, ... as the space of m times continuously differentiable real value functions on [a,b] with the

norm

∥u∥Cm :=
m

∑
k=0

∥u(k)∥C.

Let u ∈C1[a,b] and 0 < α < 1. The Caputo-Fabrizio fractional derivative of u is defined by

aDα
t u(t) =

ϒ (α)

1−α

∫ t

a
u′(τ)e

−α
1−α (t−τ)dτ,

where ϒ (α) is a normalization function such that ϒ (0) = (1) = 1. Henceforth, we will be taking into account ϒ (α) = 1.

Theorem 1. Let 0 < α < 1, m ∈ N and u ∈Cm[a,b]. Then aDα
t u ∈Cm[a,b].

Proof. Using integration by part we have

aDα
t u(t) =

1
1−α

∫ t

a
u′(τ)e

−α
1−α (t−τ)dτ

=
1

1−α

(
u(t)−u(a)e

−α
1−α (t−a)

)
− α

(1−α)2

∫ t

a
u(τ)e

−α
1−α (t−τ)dτ. (2)

Since u ∈Cm[a,b], the function t →
∫ t

a u(τ)e
−α

1−α (t−τ)dτ is in Cm[a,b]. Therefore, the conclusion follows from (1).

In the next theorem we recall a result from Bellman [40].

Theorem 2. Let u and f be continuous and nonnegative functions defined on J = [a,b], and let c be a nonnegative constant. Then the

inequality

u(t)≤ c+
∫ t

a
f (τ)u(τ)dτ, t ∈ J,

implies that

u(t)≤ cexp
(∫ t

a
f (τ)dτ

)
, t ∈ J.
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To study the existence of solution for problem (1) we need the following fixed point theorem [41].

Theorem 3. Let X be a normed linear space, K a convex subset of X, O an open subset of K and θ ∈ O ( θ is the zero element of X ).

Suppose that N : O → K is a continuous and compact operator where O is the closure of O. Then either

(i) T has a fixed point in O, or

(ii) there exists u ∈ ∂O such that u = λTu for some λ ∈ (0,1) where ∂O is the boundary of O.

2.2 Existence of Solutions

We define the operator Tγ on C1([a,b] as follows

Tγ u(t) :=
1

1− γ
u(a)e

−γ
1−γ (t−a)

+
γ

(1− γ)2

∫ t

a
u(τ)e

−γ
1−γ (t−τ)dτ, (3)

where 0 < γ < 1. Therefore,

d
dt

Tγ u(t) =
−γ

(1− γ)2 u(a)e
−γ
1−γ (t−a)− γ2

(1− γ)3

∫ t

a
u(τ)e

−γ
1−γ (t−τ)dτ +

γ
(1− γ)2 u(t). (4)

Also, using (2), we have

aDγ
t u(t) =

1
1− γ

u(t)−Tγ u(t).

Hence problem (1) is equivalent to the following integral equation:

u(t) = (1−α)

(
Tα u(t)+ f

(
t,u(t),

1
1−β

u(t)−Tβ u(t)
))

=: Ku(t). (5)

Therefore, we reduce problem (1) to the above fixed point problem.

In the sequel, we show that the operator K : C1[a,b]→C1[a,b] has a fixed point. To do this we consider the following assumptions:

(h1) f ∈C1([a,b]×R×R), f (a,u0,0) = 0 and there exist constants c1,c2 > 0 such that

| f (t,x,y)| ≤ c1|x|+ c2|y|,

and

p := (1−α)

[
c1 +

c2

1−β

]
< 1. (6)

(h2)

M := max
[a,b]×[−r0,r0]×[−r1,r1]

∣∣∣∣∂ f
∂x

(t,x,y)+
1

1−β
∂ f
∂y

(t,x,y)
∣∣∣∣< 1,

where

r0 :=
(1+ c2)|u0|

1− p
exp
(

1+ c2

1− p
e

α(b−a)
1−α

)
, (7)

r1 :=
r0 + |u0|

1−β
+

β (b−a)r0

(1−β )2 . (8)

In the next lemma we find a prior bound for the solutions of (5).

Theorem 4. Assume (h1) and (h2) are satisfied. Let 0 < λ ≤ 1 and u ∈C1[a,b] be a solution of the equation

u(t) = λKu(t), t ∈ [a,b]. (9)

Then

|u(t)|< (1+ c2)|u0|
1− p

exp
(

1+ c2

1− p
e

α(t−a)
1−α

)
, (10)
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and

∥u∥C1 ≤ r0 +
(1−α)

1−M

(
r0α

(1−α)2

(
α(b−a)

1−α
+2
)
+M1

)
, (11)

where

M1 := max
[a,b]×[−r0,r0]×[−r1,r1]

(∣∣∣∣∂ f
∂ t

(t,x,y)
∣∣∣∣+ r2

∣∣∣∣∂ f
∂y

(t,x,y)
∣∣∣∣) , (12)

r2 :=
r0β

(1−β )2

(
β (b−a)

1−β
+2
)
. (13)

Proof. According the equation u(t) = λKu(t) and the assumption (h1) we have

|u(t)|=λ (1−α)

(
Tα u(t)+ f

(
t,u(t),

1
1−β

u(t)−Tβ u(t)]
))

≤λ (1−α)

[
|Tα u(t)|+(c1 +

c2

1−β
)|u(t)|+ c2|Tβ u(t)|

]
.

Using the above inequality, the assumption α > β and (6), we get

|u(t)| ≤λ (1−α)

1− p

[
(

1
1−α

+
c2

1−β
)|u0|+

α
(1−α)2

∫ t

a
|u(τ)|e(τ−a) α

1−α dτ +
c2β

(1−β )2

∫ t

a
|u(τ)|e(τ−a) β

1−β dτ
]

≤λ (1−α)

1− p

[
1+ c2

1−α
|u(a)|+ α(1+ c2)

(1−α)2

∫ t

a
|u(τ)|e(τ−a) α

1−α dτ
]
. (14)

Using Theorem 1 and inequality (14) we deduce

|u(t)| ≤ λ (1+ c2)|u(a)|
1− p

exp
(

λ (1+ c2)

1− p
e

α(t−a)
1−α

)
. (15)

Also (3) implies that for each 0 < γ < 1,

|Tγ u(t)| ≤ |u(a)|
1− γ

+
γ(b−a)∥u∥C

(1− γ)2 . (16)

Inequality (15) proves (10). Again using (15) and (16) we get

∥u∥C < r0,

∣∣∣∣ 1
1−β

u(t)−Tβ u(t)
∣∣∣∣≤ r1, (17)

where r0 and r1 are defined by (7) and (8). Also for 0 < γ < 1, by (4) we obtain

|(Tγ u
)′
(t)| ≤ γ

(1− γ)2

[
|u(a)|+

(
γ(b−a)

1− γ
+1
)
∥u∥C

]
(18)

≤ r0γ
(1− γ)2

(
γ(b−a)

1− γ
+2
)
. (19)

By differentiating both sides of (9) with respect to t, we have

u′(t) =λ (ku)′(t)

=λ (1−α)

((
Tα u

)′
(t)+

∂ f
∂ t

(
t,u(t),

1
1−β

u(t)−Tβ u(t)
)

(20)

+
∂ f
∂x

(
t,u(t),

1
1−β

u(t)−Tβ u(t)
)

u′(t)

+
∂ f
∂y

(
t,u(t),

1
1−β

u(t)−Tβ u(t)
)[

1
1−β

u′(t)−
(
Tβ u
)′
(t)
])

. (21)

Using the assumption (h2), (17)-(19) and the above equality we get

|u′(t)| ≤ (1−α)

1−M

(
r0α

(1−α)2

(
α(b−a)

1−α
+2
)
+M1

)
, t ∈ [a,b], (22)

where M1 and r2 are defined by (12)-(13). Inequalities (17) and (22) yield (11).
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Remark 1. By induction on m we can find a prior bound for solutions of equation (9) in Cm[a,b].

Set

r3 := r0 +
(1−α)

1−M

(
r0α

(1−α)2

(
α(b−a)

1−α
+2
)
+M1

)
+1, (23)

and let Br be the ball centered at 0 with radius r > 0 in C1[a,b].

Theorem 5. Let (h1)− (h2) be satisfied. Then problem (1) has at least one solution in the space C1[a,b].

Proof. According to (2), we only need to prove K : C1[a,b]→C1[a,b] has a fixed point. We do this in several steps.

Step 1. K(Br3) is a bounded subset of C1[a,b].

By assumption (h1), f is a function of class C1 and by (3), for each u ∈ C1[a,b], Tγ u ∈ C1[a,b]. Therefore by the definition of K, for for

each u ∈C1[a,b], Ku ∈C1[a,b]. Again using (h1) and (16), for any u ∈ Br3 , we have

|Ku(t)| ≤(1−α)

[
|Tα u(t)|+

(
c1 +

c2

1−β

)
|u(t)|+ c2|Tβ u(t)|

]
≤(1−α)

[(
1

1−α
+

c2

1−β

)
+

(
α

(1−α)2 +
c2β

(1−β )2

)
(b−a)+

(
c1 +

c2

1−β

)]
r3, (24)

for t ∈ [a,b]. Using (16) for any u ∈ Br3 , and 0 < γ < 1 we obtain∣∣∣∣ u(t)
1−β

−Tβ u(t)
∣∣∣∣≤ [ 2

1−β
+

β (b−a)
(1−β )2

]
r3 =: r4, (25)

|(Tγ u)′(t)| ≤ r3γ
(1− γ)2

[
2+

γ(b−a)
1− γ

]
. (26)

Put

M2 :=max
{∣∣∣∣∂ f

∂ t
(t,x,y)

∣∣∣∣+ r3

∣∣∣∣∂ f
∂x

(t,x,y)
∣∣∣∣ : (t,x,y) ∈ [a,b]× [−r3,r3]× [−r4,r4]

}
, (27)

M3 :=max
{∣∣∣∣∂ f

∂y
(t,x,y)

∣∣∣∣ : (t,x,y) ∈ [a,b]× [−r3,r3]× [−r4,r4]

}
. (28)

Similar to (21), by (18), (25) and (26) we deduce

|(Ku)′(t)| ≤ (1−α)

[
r3α

(1−α)2

(
2+

α(b−a)
1−α

)
+M2 +M3

(
r3

1−β
+

r3β
(1−β )2

(
2+

β (b−a)
1−β

))]
. (29)

Inequalities (24) and (29) prove our claim in Step 1.

Step 2. K : Br3 →C1[a,b] is continuous.

For fixed ε > 0, take arbitrarily u,v ∈ Br3 with ∥u− v∥C1 ≤ ε . Also set

ω( f ,ε) :=sup
{
| f (t,x1,y1)− f (t,x2,y2)| : t ∈ [a,b], x1,x2 ∈ [−r3,r3],

y1,y2 ∈ [−r4,r4], |x1 − x2| ≤ ε, |y1 − y2| ≤ ε
(

2
1−β

+
β (b−a)
(1−β )2

)}
.

Since

|Ku(t)−Kv(t)| ≤|Tα u(t)−Tα v(t)|+
∣∣∣∣ f (t,u(t),

1
1−β

u(t)−Tβ u(t)
)
− f

(
t,v(t),

1
1−β

v(t)−Tβ v(t)
)∣∣∣∣

≤|u(a)− v(a)|
1−α

+
α(b−a)
(1−α)2 ∥u− v∥C +ω( f ,ε)

≤ε
(

1
1−α

+
α(b−a)
(1−α)2

)
+ω( f ,ε). (30)

Since f is uniformly continuous on [a,b]× [−r3,r3]× [−r4,r4], we have ω( f ,ε)→ 0 as ε → 0. Therefore, inequality (30) yields

∥Ku−Kv∥C → 0 as ε → 0. (31)
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Similarly,

|(Ku)′(t)− (Kv)′(t)| ≤|(Tα u)′(t)− (Tα v)′(t)|

+

∣∣∣∣∂ f
∂ t

(
t,u(t),

1
1−β

u(t)−Tβ u(t)
)
− ∂ f

∂ t

(
t,v(t),

1
1−β

v(t)−Tβ v(t)
)∣∣∣∣∣∣∣∣∂ f

∂x

(
t,u(t),

1
1−β

u(t)−Tβ u(t)
)
− ∂ f

∂x

(
t,v(t),

1
1−β

v(t)−Tβ v(t)
)
||u′(t)∥

+ ||u′(t)− v′(t)||∂ f
∂x

(
t,v(t),

1
1−β

v(t)−Tβ v(t)
)∣∣∣∣

+

∣∣∣∣∂ f
∂y

(
t,u(t),

1
1−β

u(t)−Tβ u(t)
)
− ∂ f

∂y

(
t,v(t),

1
1−β

v(t)−Tβ v(t)
)∣∣∣∣

×
∣∣∣∣ 1
1−β

u′(t)− (Tβ u)′(t)
∣∣∣∣

+

(
1

1−β
|u′(t)− v′(t)|+ |(Tβ u)′(t)− (Tβ v)′(t)|

)∣∣∣∣∂ f
∂y

(
t,v(t),

1
1−β

v(t)−Tβ v(t)
)∣∣∣∣

≤ εα
(1−α)2

[
2+

α(b−a)
1−α

]
+ω(

∂ f
∂ t

,ε)+ r3ω(
∂ f
∂x

,ε)+M4ε

+ r3

(
1

1−β
+

2β
(1−β )2 +

β 2(b−a)
(1−β )3

)
ω(

∂ f
∂x

,ε)

+M3

(
1

1−β
+

β
(1−β )2

[
2+

β (b−a)
(1−β )

])
ε,

where M3 is defined by (28) and

M4 := max
{∣∣∣∣∂ f

∂x
(t,x,y)

∣∣∣∣ : (t,x,y) ∈ [a,b]× [−r3,r3]× [−r4,r4]

}
.

Therefore, the preceding inequality, together with the uniform continuity of the first-order partial derivatives of f imply that

∥(Ku)′− (Kv)′∥C → 0 as ε → 0. (32)

From (31) and (32) we conclude the continuity of K on Br3 .

Step 3. K : Br3 →C1[a,b] is compact.

First we prove that K(Br3) and

K′(Br3) := {(Ku)′ : u ∈ Br3},

are equicontinuous subsets of C[a,b]. Let t1, t2 ∈ [a,b], u ∈ Br3 and 0 < γ < 1. Then by mean value theorem we have

|u(t1)−u(t2)| ≤||u′||C|t1 − t2| ≤ r3|t1 − t2|, (33)

|Tγ u(t1)−Tγ u(t2)| ≤
|u(a)|
1− γ

∣∣∣e −γ
1−γ (t1−a)− e

−γ
1−γ (t2−a)

∣∣∣+ γ
(1− γ)2

∣∣∣∣∫ t1

a

(
e

−γ
1−γ (t1−τ)− e

−γ
1−γ (t2−τ)

)
u(τ)dτ

∣∣∣∣
≤
[

1
1− γ

+
γ(b−a)
(1− γ)2

]
r3e

γ
1−γ (b−a)|t1 − t2|, (34)

and similarly,

|(Tγ u)′(t1)− (Tγ u)′(t2)| ≤
[

γ
(1− γ)2 +

γ2(b−a)
(1− γ)3

]
r3e

γ
1−γ (b−a)|t1 − t2|+ r3|t1 − t2|. (35)

According to (33)-(35), we see that Br3 , Tγ (Br3) and

T ′
γ (Br3) := {(Tγ u)′ : u ∈ Br3},

are equicontinuous subsets of C[a,b]. Since f and its first order partial derivatives are uniformly continuous on [a,b]× [−r3,r3]× [−r4,r4]

therefore K(Br3) and K′(Br3) are equicontinuous. Hence using the Arzela-Ascoli theorem, if {un} ⊂ Br3 then there exists a subsequence
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{unk} of {un} such that {Kunk} and {K′unk} are uniformly convergence. This implies the compactness of K : Br3 →C1[a,b].

Step 4. The equation u = λKu doesn’t have any solution in ∂Br3 for λ ∈ (0,1).

Let u ∈ ∂Br3 and u = λKu. Hence by Theorem 4, u satisfies inequality (11) and consequently by (23) ||u||C1 < r3. Then u ̸∈ ∂Br3 and this

is a contradiction. Therefore, our claim is proved.

By the steps 1-4 and Theorem 3, K has a fixed point in Br which implies equation (1) has a solution in Br.

We can generalize Theorem 5 as follows:

Theorem 6. Let f ∈Cm([a,b]×R×R) and (h1)-(h2) be satisfied. Then problem (1) has at least one solution in the space Cm[a,b].

Proof. To prove the above theorem, one can show that if Br ⊂ Cm[a,b] then K(Br), K′(Br), . . . , K(m)(Br) are equicontinuous subsets of

C[a,b] where K( j)(Br) := {(Ku)( j) : u ∈ Br} for j = 1,2, . . . ,m. Then similar to the proof of Theorem 5, by Remark 1 and the Arzela-Ascoli

theorem, the existence of solutions for problem (1) is proved.

3 Numerical Framework
Spline functions are the linear combination of cardinal B-splines that form a local basis for the spline space. There are different ways for

constructing the cardinal splines. We will used the notation introduced in [42]. For the knot set χ = {t1, t2, . . . , tm} with t1 < t2 < · · · < tm,

we define the collocation matrix associated with the function system µ = {u1(t),u2(t), . . . ,um(t)} as follows

M

(
u1(t) u2(t) . . . um(t)

t1 t2 . . . tm

)
:=


u1(t1) u2(t1) . . . um(t1)

u1(t2) u2(t2) . . . um(t2)
...

...
...

...

u1(tm) u2(tm) . . . um(tm)

 .

If we denote by D, the determinant of the collocation matrix M, then the divided difference operator for a function f over the knot set χ is

defined as

[t1, t2, . . . , tm] f =

D

(
1 t t2 · · · tm−2 f (t)

t1 t2 t3 · · · tm−1 tm

)

D

(
1 t t2 · · · tm−2 tm−1

t1 t2 t3 · · · tm−1 tm

) . (36)

Then using the divided difference operator (36), the cardinal B-splines, the polynomial B-splines having break points on integer knots, can

be defined as

Bm(t) := (m+1)[0,1, . . . ,m+1](y− t)m
+ =

1
m!

∆m+1tm
+, (37)

where tm
+ is the truncated power function

tm
+ :=

 tm, t ≥ 0,

0, t < 0,

and ∆m is the finite difference operator

∆m f (t) :=
m

∑
k=0

(−1)k
(

m
k

)
f (t − k). (38)

The basis function Bm has compact support on [0,m + 1], is positive on (0,m + 1) and belongs to Cm−1(R). Also, the set of integer

translates of cardinal B-splines {Bm(t − k), k ∈ Z}, forms a basis for spline space. With ξ > 0, it can be generalized to a basis on grid points

{xk = kξ , k ∈ Z} as follows

B
ξ
m =

{
Bm(

t − xk

ξ
), k ∈ Z

}
.

For problems with bounded domain we can restrict the above set to a valid basis in the interval [a,b]. Let ∆ ≡ {a = t0 < t1 < .. . < tn = b} be

a uniform partition of the interval [a,b] with step size h = b−a
n and ∆′ ≡

{
zk = xk − h

2

}n

k=1
be the set of mid points of the partition. Based

on the above notations we define

Bh
m =

{
Bm, j(t)≡ Bm(

t − t j

h
), j =−m, · · · ,n−1

}
,
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which is a basis for splines of degree m with support on ∆. The basis functions Bm, j(t) belong to Cm−1[a,b], has local support on [ jk, t j+m+1]

and Bh
m is a partition of unity. Also let us denote by S h

m = span
(
Bh

m
)
, the space of B-splines of degree m on the partition ∆. To approximate

the solution of (1), we can use a spline s ∈ Bh
m in the following form

sn(t) =
n−1

∑
j=−m

c jBm, j(t), t ∈ [a,b]. (39)

Rewriting Tγ u(t) form (3)

Tγ u(t) :=
u0

1− γ
e

−γ
1−γ (t−a)

+
γ

(1− γ)2

∫ t

a
u(τ)e

−γ
1−γ (t−τ)dτ,

and replacing u by sn we have

Tγ sn(t) :=
u0

1− γ
e

−γ
1−γ (t−a)

+
γ

(1− γ)2

∫ t

a
s(τ)e

−γ
1−γ (t−τ)dτ

=
u0

1− γ
e

−γ
1−γ (t−a)

+
γ

(1− γ)2

n−1

∑
j=−m

c j

(∫ t

a
Bm, j(τ)e

−γ
1−γ (t−τ)dτ

)
. (40)

Substituting (39) and (40) into (5) it results

sn(t) = (1−α)

(
Tα sn(t)+ f

(
t,sn(t),

1
1−β

sn(t)−Tβ sn(t)
))

. (41)

In the following we will construct the numerical method for odd and even values of m ≤ 6 separately. The difference between two cases is

in the choice of collocation points.

3.1 Odd Degree Splines

Let m be odd, collocating equation (41) at the points tk ∈ ∆, we obtain

sn(tk) = (1−α)

(
Tα sn(tk)+ f

(
tk,sn(tk),

1
1−β

sn(tk)−Tβ sn(tk)
))

, k = 0,1, · · · ,n. (42)

Also, from initial condition we have

sn(t0) = u0. (43)

Obviously relation (42) together with (43), form a system with n+2 equations and n+m unknowns c j, j = −m, · · · ,n−1, to be obtained.

To be able to uniquely determine the coefficients for m ≥ 3, we need m−2 extra relations. Let us define σ1 =
[m−1

2
]

and σ2 =
[m−4

2
]
, then

we can collocate the problem at m−2 near boundary mid points as follows

sn(zk) = (1−α)

(
Tα sn(zk)+ f

(
zk,sn(zk),

1
1−β

sn(zk)−Tβ sn(zk)
))

, (44)

where k ∈ {1, · · · ,σ1}∪{n−σ2, · · · ,n} . It should be noted that, in the relation above if σ1 < 0 or σ2 < 0, its corresponding set of indexes

is empty. Now the system is uniquely solvable and it could be solved to obtain the unknowns c j, j = −m, · · · ,n− 1. To approximate the

integrals in (40) we rewrite the integral in the following form

Ik =
∫ tk

a
Bm, j(τ)e

−γ
1−γ (tk−τ)dτ =

k−1

∑
r=0

∫ tr+1

tr
Bm, j(τ)e

−γ
1−γ (tk−τ)dτ,

which, by a change of variable, can be approximated as

Ik =
k−1

∑
r=0

tr+1 − tr
2

q

∑
p=0

ωpφ(λp),
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where ωp and λp are respectively the weights and points of the q-point Gauss-Legender quadrature and

φ(λp) = Bm, j

(
tr+1 − tr

2
λp +

tr+1 + tr
2

)
exp
(

−γ
1− γ

(
tk −

tr+1 − tr
2

λp +
tr+1 + tr

2

))
.

Also, the integrals (44) can be written as

Īk =
∫ zk

a
Bm, j(τ)e

−γ
1−γ (zk−τ)dτ =

∫ z1

0
Bm, j(τ)e

−γ
1−γ (z0−τ)dτ +

k−1

∑
r=1

∫ zr+1

zr

Bm, j(τ)e
−γ

1−γ (zk−τ)dτ.

which can be approximate similarly by a q-point Gauss-Legender quadrature.

3.2 Even Degree Splines

It should be noted that for m even, we will collocate (41) at the mid points of the partition zk ∈ ∆′, so we will need m−1 extra relations. To

have a uniquely solvable system we will collocate the problem at m−1 near boundary grid points. In this case the system is as follows

sn(zk) = (1−α)

(
Tα sn(zk)+ f

(
zk,sn(zk),

1
1−β

sn(zk)−Tβ sn(zk)

))
, k = 1, · · · ,n, (45)

sn(tk) = (1−α)

(
Tα sn(tk)+ f

(
tk,sn(tk),

1
1−β

sn(tk)−Tβ sn(tk)
))

, k ∈ {0, · · · ,δ}∪{n−δ , · · · ,n} , (46)

where δ =
[m

2
]
−1.

In the following we will find some error bounds for the proposed spline interpolation. It will be used in the error analysis of the method.

Let for even m, the interpolation conditions along with the end conditions be defined as follows

sn(zk) = u(zk), k ∈ ∆′,

sn(tk) = u(tk), k ∈ {0, · · · ,δ}∪{n−δ , · · · ,n} , (47)

while for odd m, the conditions are

sn(tk) = u(tk), k ∈ ∆,

sn(zk) = u(zk), k ∈ {1, · · · ,σ1}∪{n−σ2, · · · ,n} . (48)

Theorem 7. Let sn ∈ S h
m be the mth degree unique spline interpolating to u(t) ∈Cm+1[a,b] on ∆ satisfying the conditions (47) for even m

and (48) for odd m, then we have ∥∥∥u(r)(t)− s(r)n (t)
∥∥∥

∞
= O(hm+1−r), r = 0, · · · ,m−1. (49)

Also if m is even, then for u ∈Cm+2[a,b] we have the following local error estimate

|u(t)− sn(t)|tk = O(hm+2), k = 0, · · · ,n. (50)

Proof. The proof of (49) is in a standard way similar to [43]. To prove the latter relation let sn(t) satisfies the interpolatory conditions

sn(zi) = u(zi), 1 ≤ i ≤ n, (51)

along with the end conditions

sn(tk) = u(tk), k ∈ {0,1, · · · ,δ}∪{n−δ , · · · ,n}. (52)

Let m be even and consider the following consistency relation connect sn(t) at the midpoints and grid points of the partition [44]:

δ+1

∑
j=−δ−1

ξ jsn(ti+ j) =
δ+1

∑
j=−δ

ζ jsn(zi+ j), δ < i < n−δ , (53)
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where

ξ j = Bm+1

(
m+

1
2
− j
)
, ζ j = Bm+1 (m− j) . (54)

Let denote by e(t) = sn(t)−u(t) the interpolation error. Subtracting ∑δ+1
j=−δ−1 ξ ju(ti+ j) from both sides of (53) and using the interpolatory

conditions sn(zi) = u(zi), i = 1(1)n, we have

δ+1

∑
j=−δ−1

ξ je(ti+ j) =
δ+1

∑
j=−δ

ζ ju(zi+ j)−
δ+1

∑
j=−δ−1

ξ ju(ti+ j), δ < i < n−δ .

Since u ∈Cm+2[a,b], by expanding the right hand side using Taylor series expansion about ti, we obtain the linear system

δ+1

∑
j=−δ−1

ξ je(ti+ j) = O(hm+2), δ < i < n−δ , (55)

which by the help of (52), it can be written in the following matrix form

Am E = O(hm+2), (56)

where

E = [e(tδ+1),e(tσ+2), · · · ,e(tn−δ−1)]
T ,

and

Am =



ξδ ξδ+1 · · · ξm

ξδ−1 ξδ · · · ξm−1 ξm

. . .
. . .

ξ0 ξ1 · · · ξδ ξδ+1

ξ0 ξ1 · · · ξδ


. (57)

Obviously for m ≤ 6, the coefficients matrix is strictly diagonally dominant so it is invertible. Also, it can be easily seen that
∥∥A−1

m
∥∥

∞ ≤Ci,

where [C2,C4,C6] = [2,5,46]. Thus we have

∥E∥∞ =
∥∥∥A−1

m

∥∥∥
∞
.O(hm+2) = O(hm+2), (58)

and the proof is complete.

4 Convergence Analysis
In this section an operator based convergence analysis and error bound will be presented for the proposed method. For odd and even m, the

analysis is the same, so suppose that m is even. Let Ω ≡ ∆′∪{tk}δ
0 ∪{tk}n

n−δ , and define the operators ϕn and θn in the following form

θn : Cm+1[a,b]→ Rn+m, (θn f )i = f (µi), µi ∈ Ω,

ϕn : Rn+m → S h
m, spline interpolation at points µi ∈ Ω.

(59)

By defining the operator Pn ≡ ϕnθn : Cm+1[a,b]→ S h
m, based on theorem 7, for f ∈Cm+2[a,b] we have the following local error bounds

at collocation points

|Pn f − f |ti = |ϕnθn f − f |ti = O(hm+2), ti ∈ ∆. (60)

As we already note, the problem can be written in the following operator form

u = Ku. (61)
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On the other hand using (59), the collocation equation (42)-(43) can be written as

ϕnθnsn = ϕnθnKsn,

which using Pnsn = sn, results

sn = PnKsn. (62)

We will show that (62) has a unique solution that converges to the solution of (1) and finally we will obtain the rate of convergence. Let us

restate the following Theorem from [45].

Theorem 8. Suppose that the operators T and Tn defined on the Banach space B admit the following representations:

T = PK, Tn = PnK,

where K is a nonlinear, completely continuous operator mapping B into another Banach space B′ and P and Pn are continues linear

operators taking B′ into B.

Suppose that the operator equation

w = PKw, (63)

has a solution υ . A sufficient condition that υ be an isolated solution of (63) in some sphere ∥ω−υ∥≤ µ , (µ > 0) is that K be differentiable

at the point υ , and the homogeneous equation

w−PK′(υ)w = 0, (64)

has only the trivial solution w = 0. Suppose further that the sequence of operators Pn converges strongly to the operator P , then the

equation

w = Tnw, (65)

has a solution υn satisfying ∥υn −υ∥ ≤ µ for all sufficiently large n, υn → υ as n → ∞, and for constant M′, the rate of convergence is

bounded by

∥υn −υ∥ ≤ M′ ∥(Pn −P)Kυ∥ . (66)

Lemma 1. The sequence of operators Pn are uniformly bounded in Ck[0,T ].

Proof. Using [42], Theorem 6.22, for every f ∈C[a,b], we have

∥Pn f∥C[a,b] ≤ (2m)m∥ f∥C[a,b] ,

so Pn is uniformly bounded.

Lemma 2. Let ∆ be a uniform partition in [a,b] as defined before. The sequence of operators Pn uniformly converges to the identity

operator I.

Proof. Let f ∈C[a,b], then according to Lebesgue lemma we have

∥Pn f − f∥ ≤ (1+∥Pn∥) inf
u∈Πm

∥ f −u∥, (67)

where the last term is the best approximation of f in Πm, the space of polynomials of degree at most m. Let u∗ be the best approximation

for f , then using Jackson’s theorem in each subinterval [ti, ti+1] we have

sup
ti≤t≤ti+1

| f (t)−u∗(t)| ≤ 6 ω
(

f ,
h

2m

)
, (68)

where ω is the modulus of continuity of f with the bound h
2m . Since f is continues and Pn is bounded, using (68) in (67), as h → 0 we have

∥Pn f − f∥ ≤ 6(1+∥Pn∥) ω
(

f ,
h

2m

)
→ 0,

which completes the proof.
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Theorem 9. Let m be even, and let u ∈ Cm+1[a,b] and sn ∈ S h
m denote the exact and spline solutions of problem (1) respectively. If sn is

obtained by (45)-(46) then sn converges to u and there exists a constant C such that

∥sn −u∥ ≤C hm+1.

Also, if u ∈Cm+2[a,b], the following local error bound holds

|sn −u|ti = O
(

hm+2
)
, ti ∈ ∆.

Proof. Consider the operator equations (61) and (62). K is a nonlinear, completely continuous operator and we already proved in section 2,

that the operator equation u = Ku has a unique solution. Now based on lemma 2, Pn is a continues linear operator converges to the identity

operator, thus using theorem 4, the collocation equation sn = PnKsn has a unique solution sn converges to u and for some constant M′ the

error is bounded by

∥sn −u∥ ≤ M′ ∥(Pn − I)Ku∥ . (69)

On the other hand based on (49) we have

∥Pn f − f∥= O(hm+1),

which, when combined with the complete continuity of operator K, gives

∥sn −u∥ ≤C hm+1.

Also using (60) in (69) we obtain the local error bound

|sn −u|ti = O
(

hm+2
)
, ti ∈ ∆.

Theorem 10. Let for odd m, u ∈Cm+1[a,b] and sn ∈ S h
m be the exact and spline solutions of problem (1) respectively. If sn is obtained by

(42)-(44) then sn converges to u and for some constant C̃ we have

∥sn −u∥ ≤ C̃ hm+1.

Proof. The proof is in a simillar manner with Theorem 9.

5 Numerical Experiments
In this section, we will examine our obtained results on some model problems to show the applicability and efficiency of the proposed

method. The maximum absolute errors En in numerical solution and the experimental orders of convergence for various values of m and n

have been tabulated in tables 1-3. For problems 1 and 2 the exact solutions are not available, so we run the program for a large value of n

and use it as exact solution. The experimental orders of convergence have been obtained as follows

Order = log2
|En|
|E2n|

.

All programs run in Mathematica 12 on a system with Corei7 2.4 GHz CPU and 8 GB of RAM.

Example 1. Consider the following problem 0D
2
3
t u(t) = t

8 ln

(
1+u2(t)+

(
0D

1
2
t u(t)

)2
)
, t ∈ (0,1],

u(0) = 1.

(70)

In view of problem (1) we put

f (t,x,y) =
t

16
ln
(
1+ x2 + y2), [a,b] = [0,1], α =

2
3
, β =

1
2
.
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Then f ∈Cm([0,1]×R×R) for each m ∈ N. Also using the inequality ln(1+ |z|)≤ |z| for z ∈ R, we have

| f (t,x,y)|= t
8

ln
√

1+ x2 + y2 ≤1
8
(|x|+ |y|), (t,x,y) ∈ [0,1]×R×R,

p = (1−α)

[
c1 +

c2

1−β

]
=

1
8
,

sup
[0,1]×R×R

{∣∣∣∣∂ f
∂x

(t,x,y)
∣∣∣∣+ 1

1−β

∣∣∣∣∂ f
∂x

(t,x,y)
∣∣∣∣}= sup

[0,1]×R×R

{
t|x|

8(1+ x2 + y2)
+

t|y|
4(1+ x2 + y2)

}
≤ 3

8
.

Hence all conditions of Theorem 6 are satisfied and problem (71) has a solution in Cm[0,1] for each m ∈ N.

The problem has been solved for various values of m and n and the maximum absolute errors and the experimental orders of convergence

are presented in table 1. The experimental orders of convergence verify the theoretical results very well.

Table 1. Maximum absolute errors and experimental orders of convergence for problem 1.

m = 1 m = 2 m = 3 m = 4

n Error Order Error Order Error Order Error Order

8 1.6(−4) 1.9(−07) 1.5(−08) 7.5(−11)

16 4.5(−5) 1.87 1.2(−08) 3.90 1.1(−09) 3.79 1.3(−12) 5.82

32 1.1(−5) 1.93 8.2(−10) 3.95 7.5(−11) 3.90 2.2(−14) 5.85

64 3.0(−6) 1.96 5.2(−11) 3.97 4.8(−12) 3.95 3.8(−16) 5.90

Example 2. Consider the following problem −1D
4
5
t u(t) = 1+t

5+t2

(
u(t)+−1D

1
4
t u(t)

)
, t ∈ (−1,1],

u(−1) = 2.
(71)

Set

f (t,x,y) =
t +1
5+ t2

(
x+ y

)
, [a,b] = [−1,1], α =

4
5
, β =

1
4
,

then f ∈Cm([−1,1]×R×R) for each m ∈ N. For (t,x,y) ∈ [−1,1]×R×R we have

| f (t,x,y)| ≤ 2
5
(|x|+ |y|), p = (1−α)

[
c1 +

c2

1−β

]
=

14
75

,

sup
[0,1]×R×R

{∣∣∣∣∂ f
∂x

(t,x,y)
∣∣∣∣+ 1

1−β

∣∣∣∣∂ f
∂x

(t,x,y)
∣∣∣∣}≤ 14

15
.

Therefore using theorem 6, problem (71) has a solution of class Cm for each m ∈ N. We solved the problem for various values of m and n

and tabulated the maximum absolute errors as well as the practical orders of convergence in table 2. The practical orders of convergence are

in good agreement with theoretical results.

Example 3. Fractional order Malthusian growth model [46]

Consider the following fractional order problem {
0Dα

t u(t) = κu(t), t ∈ [0,1],

u(0) = 0,
(72)

where u(t) denotes the population at time t and κ is positive. We solved this problem with α = 0.1,0.5,0.9 for various values of m and n.

The maximum absolute errors and the orders of convergence are tabulated in tables 3-5. The rapid convergence and small errors show the

efficiency and applicability of the proposed method. The practical orders of convergence verify the theory as well.
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Table 2. Maximum absolute errors and experimental orders of convergence for problem 2.

m = 1 m = 2 m = 3 m = 4

n Error Order Error Order Error Order Error Order

8 8.5(−3) 4.6(−5) 5.5(−6) 3.3(−07)

16 2.1(−3) 1.99 3.0(−6) 3.96 3.6(−7) 3.92 5.1(−09) 6.00

32 5.3(−4) 2.00 1.9(−7) 3.98 2.3(−8) 3.93 8.0(−11) 6.02

64 1.3(−4) 2.00 1.2(−8) 3.99 1.5(−9) 3.96 1.2(−12) 6.00

Table 3. Maximum absolute errors and experimental orders of convergence with α = 0.1 for problem 3.

m = 1 m = 2 m = 3 m = 4

n Error Order Error Order Error Order Error Order

8 6.1(−4) 3.9(−5) 7.6(−6) 5.8(−8)

16 2.1(−3) 2.00 2.5(−6) 3.94 5.6(−7) 3.77 1.06(−9) 5.77

32 9.8(−3) 2.00 1.6(−7) 3.97 3.7(−8) 3.90 1.7(−11) 5.88

64 3.9(−2) 2.00 1.02(−8) 3.98 2.4(−9) 3.95 3.0(−13) 5.89

Table 4. Maximum absolute errors and experimental orders of convergence α = 0.5 for problem 3.

m = 1 m = 2 m = 3 m = 4

n Error Order Error Order Error Order Error Order

8 1.4(−2) 3.0(−5) 2.7(−6) 1.5(−8)

16 3.5(−3) 2.00 2.0(−6) 3.87 2.0(−7) 3.77 2.9(−10) 5.73

32 8.8(−4) 2.00 1.3(−7) 3.93 1.3(−8) 3.89 4.9(−12) 5.86

64 2.2(−4) 2.00 8.6(−9) 3.96 8.7(−10) 3.95 8.3(−14) 5.90

Table 5. Maximum absolute errors and experimental orders of convergence α = 0.9 for problem 3.

m = 1 m = 2 m = 3 m = 4

n Error Order Error Order Error Order Error Order

8 3.9(−2) 1.1(−4) 7.3(−6) 4.4(−8)

16 9.8(−3) 2.00 8.0(−6) 3.78 5.5(−7) 3.72 8.5(−10) 5.69

32 2.4(−3) 2.00 5.3(−7) 3.90 3.7(−8) 3.88 1.5(−11) 5.80

64 6.1(−4) 2.00 3.4(−8) 3.95 2.4(−9) 3.94 2.6(−13) 5.86

6 Conclusion
We proved that the Caputo-Fabrizio fractional differential equation (1) has at least one solution and the regularity of solutions is depended

on the regularity of f . Indeed, we established that the solutions of problem (1) are of class Cm for m ∈ N, when f ∈ Cm([a,b]×R×R
)
.

We also derived a priori bound for the solutions of problem (1), which is crucial in demonstrating the existence of a solution. To solve the

problem numerically, we constructed a new algorithm based on B-spline basis functions. The key in this method is in selection of appropriate

collocation points and end conditions. We proved that by choosing the mid points of the partition as collocation points and near boundary

grid points as end conditions, a superconvergent approximation is derived for even degree spline. We proved the convergence of the method

and obtained some error bounds. Finally, by providing some numerical experiments we showed that the method is computationally efficient

and it also verified the obtained theoretical error bounds.
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