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Abstract

This paper investigates the generalized non-linear multi-term delay fractional differential equation of variable order. The Bernoulli

operational matrix method is utilized to address a category of these equations, transforming the original problem into a system

of algebraic equations amenable to numerical solutions. Sufficient and complete numerical tests are presented to showcase the

accuracy, generality, and efficiency of the presented technique, as well as the adaptability of this approach. The numerical results

of this method are compared with the exact solution. A comparison of this scheme’s results with the exact solution illustrates the

method’s effectiveness and validity.

Keywords: Fractional variable-order delay differential equations, Nonlinear multi-term differential equations, Bernoulli operational

matrix, Caputo differential operator
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1 Introduction
The uses and study of fractional order calculus have been vibrant and among the quickest expanding fields of research over the past

thirty years. It has now turned into a vital instrument owing to its extensive application across various scientific fields, including

blood flow dynamics, biophysics, chemistry, physics, ongoing thermodynamic variations, the electro-dynamics of complex materials,

capacitor principles, polymer rheology, dynamic systems, experimental data fitting, and more ( [1–7] and references therein). The growing

advancement of suitable and effective techniques for addressing fractional differential equations (FDEs) has generated heightened interest

among scholars in this area. Owing to the various uses of these equations, several techniques have been developed to solve them, including

Fractional Adams-Moulton methods [8], fractional linear multi-steps methods [9], trapezoidal methods [10], the iterative reproducing kernel

Hilbert space method based on the Fibonacci polynomials [11] , and many others.

Introducing delay in fractional order differential equations offers new insights, particularly in bioengineering [12], where the
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understanding of dynamics occurring in biological tissues is enhanced by fractional derivatives [12, 13]

In mathematical sciences, delay differential equations (DDEs) are a specific type of differential equations where the derivative of an

unknown function at a specific moment is expressed in terms of the function’s values from previous moments. These DDEs are also referred

to as time-delay systems, systems of deed-time or aftereffect, hereditary systems, and equations with deviating arguments [14].

Fractional DDEs differ from the ordinary kind, where the derivative at any given time pertains to the solution (or, in neutral equations,

depends on the derivative) at earlier times. Numerous real-world phenomena can be represented by the delay FDEs [5].

Lately, Margado et al in [15] investigated numerical solutions and approximated them for FDDEs. The stability regions of FDDE

systems are assessed by Čermák et al in [16]. Stability of FDDE systems through Grünwalds approach has been examined by Lazarević

and Spansic [17]. Daftardar-Gejji et al in [18] introduced a New Predictor-Corrector technique (NPCM) and introduced new iteration

technique with Jafari [19], for the numerical solution of FDEs. Bhalekar and Daftardar-Gejji suggested a Predictor-Corrector technique

for addressing non-linear FDDEs in [20]. In [21], the author expanded the Adams-Bashforth-Moulton algorithm detailed in [3, 22, 23]

for solving the FDDEs. Varsha et al [12], introduced a new strategy for tackling non-linear FDDEs. Ghasemi et al [14], utilized the

Reproducing kernel Hilbert Space method for addressing nonlinear FDDEs. Khodabandehlo et al. in [24–27] introduced an innovative

shifted Jacobi operational matrix technique for nonlinear variable-order FDDEs (V FDDEs); also, Jhing and Daftardar-Gejji developed a

fresh numerical approach for solving FDDEs [13].

Finding exact solutions for the majority of FDEs is not straightforward, leading to the need for analytical and numerical techniques to

be employed, On the other hand, it is known that acquiring analytical solutions to these equations is quite challenging. Therefore, in many

cases, the precise solution remains unknown, and it is necessary to pursue a numerical estimation. Consequently, numerous investigators

have devised and advanced numerical techniques to facilitate to acquire estimated solutions for this category of equations.

A recent extension of fractional calculus theory permits the fractional order of derivatives to vary with time, meaning it can be

nonconstant or of variable order. In [28–30], the authors explored operators for cases where the fractional derivative’s order changes

with time. Moreover, there has been a growing interest among researchers in this area (the area of variable FDEs) [31, 32].

Recently, Bernoulli polynomials have demonstrated their strength as a mathematical tool for addressing involving a range of

dynamic issues, such as numerically addressing high-order Fredholm integro-differential equations [33], multi-order nonlinear fractional

differential equations [34], nonlinear Volterra integro-differential equations [35], fractional convection-diffusion systems in complex 2D

and 3D geometries [36], pantograph equations [37], PDEs [38], linear Volterra and nonlinear Volterra-Fredholm-Hammerstein IEs [39],

variable-order FDEs [40], alongside optimal control challenges [41].

As far as we know, there has not been any numerical method created utilizing the Bernoulli Operational Matrix approach for the

nonlinear variable-order FDDEs At present, the primary objective of this article is to extend the classical polynomials in the foundation of

the solution.

We propose a Novel Operational Matrix technique that relies on Bernoulli polynomials to compute the solution of variable FDDEs

numerically. This approach employs the (NBOM) method to convert the primary problem into a set of algebraic equations that are solvable

by well-known numerical methods. Thus, we present a (NBOM) for the derivatives of fractional variable-order for solving a category of

V DDEs which are as follows:
n

∑
s=1

βsDζs(t)z(t) +βn+1z(t − τ) = F (t, z(t), Dζ1(s)z(t), Dζ2(s)z(t), . . . , Dζn(s)z(t),z(t − τ )) , 0 ≤ t ≤ T , (1)

z(t) = g(t), t ∈ [−τ, 0],

z(0) = z0, (2)

where βs ∈R (s= 1,2,3,4, . . . ,n+1), βn+1 ̸= 0, T > 0, and Dζs z(t) (s= 1,2,3,4, . . . ,n) represent the Caputo’s derivative of fractional-order

variable.

Note 1. If ζs(t)(s = 1,2,3,4, . . . ,n) represent constants, then equations (1)− (2) will appear as follow:

n

∑
s=1

βsDζs z(t) +βn+1z(t − τ) = F (t, z(t), Dζ1 z(t), Dζ2 z(t), . . . , Dζn z(t),z(t − τ )), 0 ≤ t ≤ T ,

z(t) = g(t), t ∈ [−τ, 0],

z(0) = z0.
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2 Preliminaries
In this part, we evalution several key and essential aspects of fractional calculus theory. Next, we highlight some significant characteristics

of Bernoulli polynomials that assist us in formulating the proposed technique.

2.1 The Fractional Order Derivative

Various definitions exist and are utilized for the fractional derivative, yet the three most common definitions of them are presented by Caputo,

Grünwald-Letincov, and Riemann-Liouville. Due to the Caputo fractional derivative is the only model that behaves like the integer-order

DE, in this article we use it.

Definition 1. The ζ−order ( m−1 < ζ ≤ m ) fractional derivatives of Caputo (right and left-sided) are presented as [42]:

Dζ
−z(t) =

(−1)m

Γ(m−ζ )
∫ T

t
z′(s)

(s− t)ζ−m+1
ds,

Dζ
+z(t) =

1
Γ(m−ζ )

∫ t
0

z′(s)
(t − s)ζ−m+1

ds,

(3)

that

Dζ
+tw =


0, f or w ∈ M0 and w < ⌈ζ⌉,

Γ(w+1)
Γ(w−ζ +1)

tw−ζ , f or w ∈ M0 and w > ⌈ζ⌉,
(4)

and

Dζ
−(T − t)w =


0, f or w ∈ M0 and w < ⌈ζ⌉,

(−1)wΓ(w+1)
Γ(w−ζ +1)

(T − t)w−ζ , f or w ∈ M0 and w > ⌈ζ⌉,
(5)

where M0 = {0,1,2, . . .} and ⌈.⌉ is the ceiling function. Also

Dζ
±(γφ(t) + δϕ(t)) = γDζ

±(φ(t)) +δDζ
±(ϕ(t)),

where γand δ are constants.

Definition 2. The Caputos derivative of fractional-order variable ζ (t) for z(t) ∈Cm[0, T ] is expressed as [32, 43]:

Dζ (t)z(t) =
1

Γ(1−ζ (t))

∫ t

0+

z′(g)
(t −g)ζ (t) dg+

z(0+)− z(0−)
Γ(1−ζ (t))

t−ζ (t). (6)

In the initial moment and for 0 < ζ (t)< 1, possess:

Dζ (t)z(t) =
1

Γ(1−ζ (t))

∫ t

0+

z′(g)
(t −g)ζ (t) dg, (7)

and, for the constants kand r, we possess

Dζ (t)(k z1(t)+br z2(t)) = k Dζ (t)z1(t)+ r Dζ (t)z2(t) . (8)

Based on Eq. (6), for a fixed C we will have:

Dζ (t)C = 0. (9)

On the other hand

Dζ (t)tk =


0, f or k = 0,

Γ(k+1)
Γ(k+1−ζ (t))

tk−ζ (t), f or k = 1,2, . . . .
(10)
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2.2 Bernoulli Polynomials and Their Properties

The polynomials of Bernoulli form a set of independent polynomials that constitute a complete basis for all square-integrable function

spaces over the interval [0,1] (known as the space L2[0,1]).

Let Bn(s) represents the n−th degree Bernoulli polynomial in s, is described as follows [40, 44]:

Bn(s) =
n

∑
j=0

(
n

j

)
bn−i s j, (11)

where b j, j = 0,1, . . . ,n, denote the numbers of Bernoulli that found in the series expansion of trigonometric functions [40, 45] and can be

characterized using the subsequent identification:
s

es −1
=

∞

∑
j=0

b j
s j

j!
, (12)

thus

B0(s) = 1,

B1(s) = s− 1
2
,

B2(s) = s2 − s+
1
6
,

B3(s) = s3 − 3
2

s2 +
1
2

s,

B4(s) = s4 −2s3 + s2 − 1
30

,

the initial five Bernoulli polynomials.

The subsequent property holds for Bernoulli polynomials [45]:∫ 1

0
Bk(s)Bm(s) = (−1)−1+k m! k!

(m+ k)!
bm+k, m,k ≥ 1.

Conversely, the Bernoulli polynomials can be conveniently produced using the subsequent recursive relation

n−1

∑
j=0

(
n

j

)
B j(s) = nsn−1 , j = 2,3, . . . . (13)

We remember that the benefits of Bernoulli polynomials in estimating any unknown arbitrary function, compared to certain traditional

orthogonal polynomials, are:

I. The operational matrix of derivatives for Bernoulli contains fewer nonzero elements compared to that of some shifted classical

orthogonal polynomials. The nonzero entries of the Bernoulli operational matrix exist solely in the first subdiagonal. In contrast, the

shifted Jacobi and Chebyshev polynomials form a strictly lower triangular matrix, as noted in [46, 47].

II. The Bernoulli polynomials contain fewer terms than the several traditional orthogonal polynomials. For instance, the sixth Bernoulli

polynomial contains five terms, whereas the sixth shifted Chebyshev polynomial consists of seven terms, and this disparity will

grow as the degree increases. Thus, when approximating any arbitrary function, we utilize more CPU time by employing classical

orthogonal polynomials in contrast to Bernoulli polynomials; for further reading refer to [48].

III. The coefficients of separate terms in Bernoulli polynomials are less than such coefficients in the traditional orthogonal polynomials.

As the calculation errors in the product are tied to the coefficients of separate terms, employing Bernoulli polynomials reduces these

errors.

Therefore, considering the above-mentioned issues and due to its high accuracy and easy implementation, using Bernoulli operational matrix

method is economical.
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3 Approximating Function using Bernoulli Polynomials
Assume the function z(t) is a random square integrable function (z(t) ∈ L2[0,1]), consequently, it can be stated in the following form [40]:

z(t) =
∞

∑
j=0

f jB j(t), (14)

where f j (the coefficients of the series ) are obtained using the formula presented in [39, 41] as follows:

f j =
1
j!

∫ 1

0

d jz(t)
dt j dt. (15)

Thus, we can approximate the solution utilizing (M+1)−terms of the given series in Eq. (14) and we shall possess

z(t) ≃ zM(t) =
M

∑
j=0

f jB j(t) = FT ΦM(t), (16)

where F = [ f0, f1, f2, f3, . . . , fM ]T and ΦM(t) = [B0(t),B1(t),B2(t),B3(t), . . . ,BM(t)]T .

In this context, we presume that

S(t) =



1

t

t2

t3

t4

t5

...

tM


. (17)

According to Eq. (16)

ΦM(t) =



B0(t)

B1(t)
...

Bi(t)

Bi+1(t)
...

BM(t)


=



b0

∑1
k=0

(
1

k

)
b1−k tk

...

∑i
k=0

(
i

k

)
bi−k tk

∑i+1
k=0

(
i+1

k

)
bi−k+1 tk

...

∑M
k=0

(
M

k

)
bM−k tk



=



θ1,1 θ1,2 · · · θ1,M+1

θ2,1 θ2,2 · · · θ2,M+1
...

...
...

...

θi,1 θi,2 · · · θi,M+1

θi+1,1 θi+1,2 · · · θi+1,M+1
...

...
...

...

θM+1,1 θM+1,2 · · · θM+1,M+1





1

t
...

t i

t i+1

...

tM


= ΘS(t), (18)

where Θ is a square matrix described as follows:

θl+1,k+1 =



(
l

k

)
bl−k, l ≥ k,

0 , otherwise,

(19)

for 0 ≤ l,k ≤ M.
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Then Θ as follows

Θ =



1 0 0 0 0 · · · 0

−1
2

1 0 0 0 · · · 0
1
6

−1 1 0 0 · · · 0

0
1
2

−3
2

1 0 · · · 0
...

...
...

...
... · · · 0

bM

(
M

1

)
bM−1

(
M

2

)
bM−2

(
M

3

)
bM−3

(
M

4

)
bM−4 · · · 1


(M+1)×(M+1)

. (20)

Hence, using Eq. (18), we get

S(t) = Θ−1 ΦM(t). (21)

4 Novel Bernoulli Polynomials Operational Matrix (NBOM)

Operational matrices, utilized across various fields of numerical analysis, address diverse issues of various kinds and subjects are particularly

significant, including IEs, DEs, and integro-differential equations, partial and ordinaryFDEs [42, 49–57]. Now, we explore the (NBOM)

of fractional order to assist in the computational solution of Eqs.(1)− (2). Thus, we transform the original problem into a set of algebraic

equations that can be solved using numerical techniques in collocation points.

Initially, we infer Dζi(t)ΦM(t),(i = 1,2, . . .n) as follows:

based on the previous content, have: ΦM(t) = ΘS(t), so

Dζi(t)ΦM(t) = Dζi(t)(ΘS(t) ) = ΘDζi(t) [1, t, . . . , tM ]T , i = 1,2,3,4, . . . ,n. (22)

Combining Eqs. (10) and (22), in general, it gives:

Dζi(t)ΦM(t) = ΘDζi(t)(S(t) ) = Θ

[
0,

Γ(2)t(1−ζi(t))

Γ(2−ζi(t))
,

Γ(3)t(2−ζi(t))

Γ(3−ζi(t))
, . . . ,

Γ(1+M)t(M−ζi(t))

Γ(1+M−ζi(t))

]T

= Θ



0 0 0 · · · 0

0
Γ(2)t−ζi(t)

Γ(2−ζi(t))
0 · · · 0

0 0
Γ(3)t−ζi(t)

Γ(3−ζi(t))
· · · 0

...
...

...
...

...

0 0 0 · · · Γ(1+M)t−ζi(t)

Γ(1+M−ζi(t))





1

t

t2

...

tM



= ΘQi(t)S(t),

(23)

where

Qi(t) =



0 0 0 · · · 0

0
Γ(2)t−ζi(t)

Γ(2−ζi(t))
0 · · · 0

0 0
Γ(3)t−ζi(t)

Γ(3−ζi(t))
· · · 0

...
...

...
...

...

0 0 0 · · · Γ(1+M)t−ζi(t)

Γ(1+M−ζi(t))


. (24)

Using Eq. (21), then

Dζi(t)ΦM(t) = ΘQi(t)Θ−1ΦM(t) , i = 1,2,3,4, . . . ,n. (25)
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The operational matrix of Dζi(t)ΦM(t) , is ΘQi(t)Θ−1.

Here, we estimate the variable-order fractional of the calculated function that obtained in Eq. (16) as follows

Dζi(t)z(t) ≃ Dζi(t)(AT ΦM(t) ) = AT Dζi(t)ΦM(t) = AT ΘQi(t)Θ−1ΦM(t), i = 1,2,3,4, . . . ,n. (26)

By using Eq. (26), hence the Eq. (1) turned into

n

∑
i=1

βi(AT ΘQi(t)Θ−1ΦM(t)) +βn+1AT ΦM(t − τ) =F (t, AT ΦM(t), (AT ΘQ1(t)Θ−1ΦM(t)), (AT ΘQ2(t)Θ−1ΦM(t)), . . . ,

(AT ΘQn(t)Θ−1ΦM(t)),AT ΦM(t − τ)) , 0 ≤ t ≤ T,

(27)

with condition

AT ΦM(0) = g(0).

Ultimately, we utilize tk (k = 0,1,2,3, . . . ,M) where selected as tk =
T (2k+1)

2M+1
(collocation point). Consequently Eq. (27) converted into

the following form

n

∑
i=1

βi(AT ΘQi(tk)Θ−1ΦM(tk)) +βn+1AT ΦM(tk − τ) =F (tk, AT ΦM(tk), (A
T ΘQ1(tk)Θ−1ΦM(tk)), (A

T ΘQ2(tk)Θ−1ΦM(tk)), . . . ,

(AT ΘQn(tk)Θ−1ΦM(tk)),A
T ΦM(tk − τ)) , k = 0,1,2,3,4, . . . ,M.

(28)

We can numerically solve the algebraic system in Eq. (28) to identify the matrix A using Newtons iteration method for nonlinear problems

and Solve function of Mathematica 13 software for linear problems. Thus, the numerical solution provided in Eq. (16) can be achieved.

5 Numerical Experiences
Through demonstrating various examples in this section, we illustrate the effectiveness of the method utilizing the Mathematica 13 software.

To evaluate our approach, we implement our technique on several variable-order FDDEs. These examples have been examined in terms

of Absolute (EA =| ZExact(ti)−ZM(ti) |) and Relative Errors (ER =
| ZExact(ti)−ZM(ti) |

ZExact(ti)
) and the time needed to compute their solution.

Collation of the outcomes produced by this method with the precise solution and with different other techniques (found in the literature)

for each example indicates that this innovative technique aligns most closely with the exact solution. The consistency, stability, and

straightforward application of this technique make it more usable and dependable.

Example 1. Examine the subsequent FDDE for τ > 0,0 < ζ ≤ 1 ,

Dζ z(t) =
2z(t)

1−
ζ
2

Γ(3−ζ )
+ z(t − τ) − z(t)+2τ

√
z(t)− τ2, z(t) = 0, t ≤ 0. (29)

Note that z(t) = t2 is the exact solution and 0 ≤ t ≤ 1, τ = 0.3 , ζ = 0.6.

Utilizing the ideas outlined in Section 4, we regard the approximate solution featuring (M + 1) finite terms shown in Eq. (16) for this

problem and replace in primary problem. Then by applying the Eq. (26), this problem is transformed into form of the Eq. (27), finally,

utilizing ti, we derive a system of equations that can be solved using established numerical techniques to obtain the unknown matrix A.

The Relative and Absolute Errors (at specific nodal points) of this approach, along with the required CPU time, are presented in Tables

1 and 2. From these Tables, it can be seen that the numerical outcomes are nearly identical to the exact solution, and Figure 1 confirms

the reliability of NBOM method compared to other techniques. Furthermore, in Figure 2 we display the Absolute Error for this case. It is

important to observe that Figures 1 and 2 illustrate a good alignment between the approximate solutions and the true solution.

In this instance for M = 3 and M = 6, we have

A = [0.33333,1,1,−1.40032×10−9]T ,

A = [0.33333,1,1,0.66667,−7.0096×10−15,5.4443×10−15,−1.32121×10−14,−4.5030×10−15]T ,

respectively.

Therefore, it follows that the solution of the Eq. (29), estimated using new method, is in the best agreement with the accurate solution.
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Table 1. Comparison the Absolute Errors at some nodal points with different M for Example 1.

ti Our technique, M = 3 Our technique, M = 6

0.1 5.06903×10−10 2.09902×10−16

0.2 1.05563×10−9 9.71445×10−17

0.3 1.46820×10−9 4.16334×10−17

0.4 1.81513×10−9 1.66533×10−16

0.5 2.10484×10−9 1.66533×10−16

0.6 2.34571×10−9 5.55113×10−17

0.7 2.54617×10−9 5.55113×10−17

0.8 2.71460×10−9 1.11022×10−16

0.9 2.85941×10−9 2.22045×10−16

1.0 2.89800×10−9 4.44089×10−16

CPU time 0.09375 s 0.23437 s

Table 2. Comparison the Relative Errors at some nodal points with different M for Example 1.

ti Our technique, M = 3 Our technique, M = 6

0.1 5.69033×10−8 2.09902×10−14

0.2 2.63908×10−8 2.42861×10−15

0.3 1.63133×10−8 4.62533×10−16

0.4 1.13446×10−8 1.40830×10−15

0.5 8.41934×10−9 6.66134×10−16

0.6 6.51587×10−9 1.66427×10−16

0.7 5.54617×10−9 1.25322×10−16

0.8 4.24156×10−9 1.84208×10−16

0.9 3.53013×10−9 2.43110×10−16

1.0 3.09650×10−9 4.02019×10−16

CPU time 0.09375 s 0.23437 s
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(a) Exact solution

0.0 0.5 1.0 1.5 2.0

0

1
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3

4

t

Z
N
(t
)

Approximate solution

(b) Approximate solution

Figure 1. Comparison of between approximate solution( z6) of NBOM method and exact solution for Example 1.
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Figure 2. The absolute errors comparison between numerical solution( z6) of NBOM scheme and exact solution for Example 1.

Example 2. Take into account the variable-order FDDE under periodic conditions

Dζ2(t)z(t)+Dζ1(t)z(t)− z(t − τ)− z(t)−2τz(t)3 =

Γ(3)z(t)2−ζ2(t)

Γ(3−ζ2(t))
− Γ(2)z(t)1−ζ2(t)

Γ(2−ζ2(t))
+

Γ(3)z(t)2−ζ1(t)

Γ(3−ζ1(t))
− Γ(2)z(t)1−ζ1(t)

Γ(2−ζ1(t))
−2t2 +2tτ − τ2 + τ −2τ(t2 − t)3,

z(t) = t2 − t, t ∈ [−τ, 0],

z(0) = z(T ).

(30)

In above problem z(t) = t2 − t is the true solution and 0 ≤ t ≤ T ,T = 1 , ζ1(t) = 0.5t, ζ2(t) = 0.25t and τ = 1.

Like the previous example, in this example, the EA and ER (at some nodal points) of this method, as well as the CPU time required

to compute them are given and compared in Tables 3 and 4. Figures 3–5 show the efficiency and the reliability of NBOM technique. By

looking closely at these tables and figures, we realize that the numerical results are in the closest alignment with the precise solution.

In this instance, we have for M = 3 and M = 5, we have

A = [−0.166667,1.63433×10−17,1,−6.99553×10−18]T ,

A = [−0.166667,−8.15977×10−19,1,5.63725×10−16,−7.67433×10−16,−3.09957×10−15]T ,

respectively.

Example 3. Consider the below FDDE for 0 < ζ ≤ 1,

Dζ z(t) − z(t − τ) + z(t)−5τz(t)2 = g(t),

g(t) =
2exp(t)(−1+ t)

1+ exp(2)
− 2exp(t − τ)(−1+ t − τ)

1+ exp(2)
−5(1− 2exp(2)

1+ exp(2)
+

2exp(t)(−1+ t)
1+ exp(2)

)2τ

−2tζ (−2+ζ )(t2 + exp(t)tτ (−1+ t +ζ )Γ(2−η)− exp(t)tζ (−1+ t +ζ )Γ(2−ζ , t))
Γ(3−ζ )(1+ exp(2))

,

z(t) =
2exp(t)(−1+ t)

1+ exp(2)
− 2exp(2)

1+ exp(2)
+1, t ∈ [−τ, 0],

z(0) =−z(T ).

(31)
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Table 3. Comparison the absolute errors at some nodal points with different M for Example 2.

ti Our technique, M = 3 Our technique, M = 5

0.1 8.3266×10−17 1.38778×10−16

0.2 9.7144×10−17 1.38778×10−16

0.3 8.3266×10−17 1.11022×10−16

0.4 5.5511×10−17 2.77556×10−17

0.5 1.3877×10−16 0

0.6 1.1102×10−16 5.55113×10−17

0.7 1.1102×10−16 2.77556×10−17

0.8 8.3266×10−17 8.32667×10−17

0.9 1.3877×10−16 1.38778×10−17

1.0 8.3266×10−17 3.74079×10−17

CPU time 0.1285 s 0.125 s

Table 4. Comparison the relative errors at some nodal points with different M for Example 2.

ti Our technique, M = 3 Our technique, M = 5

0.1 1.07936×10−15 1.54198×10−15

0.2 5.2041×10−16 8.67362×10−16

0.3 2.6433×10−16 5.28678×10−16

0.4 5.7824×10−16 1.15648×10−16

0.5 4.4408×10−16 0

0.6 4.6259×10−16 2.31296×10−16

0.7 3.9650×10−16 1.32169×10−16

0.8 8.6726×10−16 5.20417×10−16

0.9 9.25186×10−16 1.54198×10−16

CPU time 0.0625 s 0.125 s
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-0.05

0.00

t

Z
N
(t
)

Approximate solution

(b) Approximate solution

Figure 3. Comparison of between approximate solution( z3) of NBOM method and exact solution for Example 2.

With anti-periodic condition type. The precise solution is

z(t) =
2exp(t)(−1+ t)

1+ exp(2)
− 2exp(2)

1+ exp(2)
+1,
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Figure 4. The absolute errors comparison between numerical solution( z3) of NBOM scheme and exact solution for Example 2.
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Figure 5. The absolute errors comparison between numerical solution( z5) of NBOM scheme and exact solution for Example 2.

and 0 ≤ t ≤ T ,T = 2,τ = 0.01exp(−t) ,ζ = 0.2.

We solve Example 3 in a similar manner to the previous examples and obtain the results. Then, we set up tables of absolute and relative

errors and CPU time needed for our method, as shown in Tables 5 and 6. We also draw Figures 5 and 6 to demonstrate the accuracy and

efficiency of the proposed method.

In this example for M = 15, we have

A = [0.33333,1,1,−1.40032×10−9]T ,

A = [−0.622464,0.396745,0.192682,0.049892,0.0087147,0.00114289,0.000119683,0.0000104165,

7.74935×10−7,5.03127×10−8,2.89662×10−9,1.49774×10−10,7.01614×10−12,3.10203×10−13,

8.84712×10−15,3.77588×10−15]T .

6 Conclusions
In this paper, the fundamental objective of the paper is to introduce a novel computational methods based on Bernoulli operational matrix

(NBOM) for the generalized non-linear variable-order FDDEs Eqs.(1)–(2). We investigated the generalized V FDDEs by the (NBOM)

scheme. In this method, an algebraic equations system is obtained and solved by using a appropriate numerical method. The precision and

effectiveness of this method is shown by solving some numerical examples.
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Table 5. Comparison the absolute errors at some nodal points with different M for Example 3.

ti Our technique, M = 15 Our technique, M = 10

0.2 9.3258×10−15 1.0248×10−10

0.4 8.7929×10−14 3.8000×10−9

0.6 4.24105×10−14 9.0013×10−10

0.8 2.5313×10−14 7.8627×10−10

1.0 2.2204×10−14 6.3847×10−10

1.2 2.0206×10−14 6.4103×10−10

1.4 1.8651×10−14 6.8871×10−10

1.6 1.8207×10−14 1.0665×10−9

1.8 1.9984×10−14 6.2548×10−17

2.0 6.7723×10−14 1.0248×10−17

CPU time 2.0156 s 0.6224 s

Table 6. Comparison the relative errors at some nodal points with different M for Example 3.

ti Our technique, M = 15 Our technique, M = 10

0 1.025×10−15 1.024×10−10

0.2 3.779×10−14 3.779×10−9

0.4 9.779×10−15 8.776×10−10

0.6 6.661×10−15 7.354×10−10

0.8 3.614×10−15 5.453×10−10

1.0 6.661×10−15 4.882×10−10

1.2 5.453×10−15 4.154×10−10

1.4 4.185×10−15 3.998×10−10

1.6 3.271×10−15 3.321×10−10

1.8 6.981×10−15 4.185×10−10

2.0 2.003×10−15 1.024×10−10

CPU time 0.2625 s 0.125 s
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Figure 6. Comparison of between approximate solution( z15) of NBOM method and exact solution for Example 3.
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Figure 7. The absolute errors comparison between numerical solution( z15) of NBOM scheme and exact solution for Example 3.
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