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Abstract The object of this paper is to study of the results of coupled fixed
point in generalized metric spaces, as known as G-metric spaces. We will im-
pose some conditions upon a self-mapping and a sequence of mappings via a
kind of series, known as a-series. Also, an example is provided to illustrate the
results.
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1 Introduction

The concept of G-metric spaces, as a generalization of the metric space (X, d),
was introduced in [8] and [9]. In [2], Bhaskar and Lakshmikantham introduced
coupled fixed point results for partially ordered metric spaces. Latter, many
authors have acquired interesting important coupled fixed point theorems [4]-
[6].
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In this paper, we investigate coupled fixed point theorems by imposing
some conditions on a self-mapping ¢g and a sequence of mappings {Ti, }meNy
for partially ordered G-metric spaces, via a-series. The a-series are wider than
the convergent series. Throughout this article, N is a positive integer and

No = NuU{0}, and » 937 will denote G-convergence. First, we present some
basic definitions that are used throughout the paper.

Definition 1 [9] A G-metric space is a pair (X,G), where X # () and G :
X3 — [0, +00) is map such that satisfies:
(G1) G(x 22, 23) = 0 if 2! = 2% = 23
(G2) G(zt, 21, 2)>0f0rallx :EEXWlth:L’ + 22
(G3)G(az 1 2?) < G(zt, 22, 23) for all 2t 2%, 23 € X with 23 # 22
(G4) G(at, 2 %) = G(a!, x3 ,w?) = G(a:z,x3,x1) = ... (symmetry in all
three variables)
(G5) G(zt, 2%, 23) < G(at,e,e) + Gle, 2% 23) for all 2t 2% 2% e € X,
(rectangle mequahty).
The map G is called a G-metric on X.

Proposition 1 [9/ Every G-metric space (X, G) defines a metric space (X, dg)
by dg(zt,2%) = G(2t, 22, 2%) + G(2%, 21, 2Y), for all 21, 2% € X.

Definition 2 [9] Let (X, G) be a G-metric space. Then

1. a sequence {z} } € X is G-convergent to z! if

lim  G(z? ry) =0,

’ m? m
m,n—+4o0o

that is, for each € > 0 there exists N such that G(z!,z},, 2l ) < € for all
m,n > N.

2. If for each € > 0, there exists N € N such that G(x} ,z}
m,n > N, then a sequence {zl } is called G-Cauchy.

3. If every G-Cauchy sequence in (X,G) be G-convergent in (X, G), then
G-metric space is called G-complete.

z},) < e for all

Proposition 2 [9] A G-metric space (X,G) is G-complete if and only if
(X,dg) is a complete metric space.

Definition 3 [9] Let (X, G) be a G-metric space, and let a mapping F : X2 —

. . . G
X. F is called continuous if sequences ., — ! x2

F(z},,22) N F(x!,2?).

m?

G
— 22, then sequence

Definition 4 [9] Let (X,G) and (X', G’) be G-metric spaces, and let a func-
tion f: (X,G) — (X',G’). Then f is called G-continuous at a point e € X iff
for every € > 0, there exists § > 0 such that z',2% € X and G(e,z!,2%) < §
implies G(f(e), f(z!), f(z?)) < e.

A function f is G-continuous at X iff it is G-continuous at all e € X.
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Proposition 3 [9] Let (X,G) be a G-metric space. Then the following are
equivalent:

1. sequence x} Gyt

2. Gzl zt 2') = 0 as n — +o0o;

3. Gz}, zt, 2Y) — 0 as n — +oo;

4. Gzl 2l 2') — 0 as n,m — +o0.

Definition 5 [3] let F' : X? — X. An element (z!,2%) € X? is called a
coupled fized point of F if

F(2',2%) = 2!, F(2? 2" = 2%

Definition 6 [7] Let F': X? — X and g : X — X are given. An element
(x',2%) € X? is called a coupled coincidence point of the mappings F and
g if F(x',2?) = gz and F(22,2') = g2, So, (gat, ga?) is called a coupled
coincidence point.

Definition 7 Let (X, <) be a poset (or partially ordered set) and F : X2 —
X. We say that F has the mizred monotone property if for any z', 2% € X
F(zi,2%) < F(xy,2%),

F(2',2?) = F(z!, 23)

that is, F(x!, 22) is monotone increasing in z! and is monotone decreasing in
b b

x2,

Definition 8 [7] Let (X, <) be a poset, g: X — X and F : X? — X are
given. We say that F has the g-mized monotone property if for any ', z? € X,

1.1 1 1 1.2 1,2
1,25 € X, gry S gry; = F(x,2%) <X F(xg,2°),
1

vi,a3 € X, gaf 2ga3 = F(a',af) = F(a' a})

Y

i i increasing i it 1 n reasi
that is, F((z!, 2?) is monotone increasing in ', and it is monotone decreasin

in x2.

Definition 9 [3] Let (X,d) be a metric space and let g : X — X and
F: X2 — X. The mappings F and g are said to be compatible if

lim _d(g(F(ap,,27,)), Fg23,,927,)) = 0,

m——+00 m’
lim d(g(F($3n7$7ln)), F(gx,zn,gx,ln)) =0,
m——+0o0

whenever {x! } {22} are sequences in X, such that

2
m

)= lm_gal, —al,

lim F(x),z
m——+00

m——+0o0
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1
m

)= lim ga? =27

lim F(2? ,z
( m? m——+00

m——+oo

for some z', 2% € X.
Definition 10 [3] Let g: X — X and F : X? — X be mappings, if

Jlim g(F(eh,03)) = gt and lim F(gel,,g0%,) = F',2?)

lim g(F(z2,2))) = g2%,and lim F(ga?,, gz} ) = F(2?, 2")

mm
m——+oo m——+oo

whenever {z} }, {22 } are sequences in X, such that

lim F(zl.22)= lim gz} =az'
m——+oo ( m’ m) m—)+oog m ’

lim F(z2.z1)= lim g¢x% = z?
m——+oo ( m’ m) m—>+oog m ’

for some z', 22 € X, then g and F are called reciprocally continuous, and if

. TN N | . 12y 12
mgrilmg(F(xm,xm)) =gz ,ormlir}rlmF(gxm,gxm) = F(x",z%),

lim g¢(F(22,2),)) = ga®,or lim F(ga?Z, gzl) = F(z* 2'),

m? m

m——+oo m——+oo
such that
lim F(zl.22)= lim gzl =2a!
oim F(am, )= lim ga, =1,
lim F(z2,21)= lim ga2 =22
m=Foco ( m> m) m~>+oog m )
for some ', 22 € X, then g and Fare called w-reciprocally continuous.

Definition 11 [12] Let (X, G, <) be a partially ordered G-metric space on X.
We say that (X, G, <) is regular if the following conditions hold:
1. if a increasing sequence xl, — z!, then xl < ! for all m,

2. if a decreasing sequence z2, — 2, then 22, = 22 for all m.

Definition 12 [11] Let {a,} be a sequence of positive real numbers. A series
Iﬁ an is called an a-series, if there exist 0 < o < 1 and n, € N such that

Zle a; < ak for each k > n,,.

For example, we know that every convergent series is bounded hence every
convergent series is an a-series. Moreover, we can show that for each a, 0 <
a<l, Ziﬁ % is an a-series. In other words, there exsist divergent series that
is an a-series.

In this paper, for the sequence of mappings T}, : X? -+ X and g: X — X,
where (X, G) is a G-metric space, we consider existence and uniqueness of
coupled common fixed point.
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2 Main results

Inspired by the Definition 8 we have the following definition.

Definition 13 Let (X, <) be a poset and T}, : X2 — X, m € Ny, and
g: X — X are given. We say that T, has the g-mized monotone property if
for any z', 2", 22, 2% € X,

ga' 2 ga’t, g = ga® imply To(a',2%) X Tpa (a7, 27),
Tm+1(x/27 33/1) = Tm(x27 1,1)'

Definition 14 Let T,, : X? — X and g : X — X are given. We call
{T}men, and g are satisfied in (K') property if there exists 0 < By m/, Ym.m/ <
1 for m,m’ € Ny, such that

G(Tm($17 xQ)a T (ul, u2), TM’(USa xS)) < Bim,ms [G(gxla Tm(mla $2)a Tm(xlv 1'2))

+G(gu17 T (u17 ’U,2)7 T (’U,37 1173))] + ’ym,m’(G(g'Tla gulu gu3)) (1)

for x', 22, u',u? € X with ga' < gul, gu? < gz? or gz' > gu', gu? = ga2.

Definition 15 We call g and Ty have a non-decreasing transcendence point
in the first component and non-increasing transcendence point in the second
component, which we call g and Ty have mixed coupled transcendence point, if
there exist 2,22 € X such that

To(xp,75) = g5, To(xg, 2p) = g2 (2)

We begin with the following statement, which, in proof of the main theorem,
considers the sequences that are made in the following way. Let x,23 € X,
such that condition (2) holds, since Ty(X?) C g(X), we can define x1,2? € X
such that gl = To(zd, 23), g3 = To(2d,2). Again since Tp(X?) C g(X),
there exists 23,23 € X such that gz} = Ty (x1,2%), g3 = Ty (2%, 21). Contin-
uing this technique, for all n > 0, we get

9T = Tt (g1, T 1)y 9% = T 1 (2,1, T 1)- (3)

Now, using mathematical induction, we show that

gry, 2 grh 0, grl, = grd L, (4)

for all n > 0. To show this, since (2) holds in view of

gz1 = To(zg, a3), gt = To(af, zp),
we have gz} < grl, gx3 = ga?, that is, for n = 0, condition (4) holds. We
assume that (4) holds for some n > 0. Now, by (3) and (4), we deduce that

1 _ 1 2 1 2 _ 1
9T = Tm(xm7xm) = Tm+1(xm+17xm+1) = 9T 42;s

2 _ 2 1 2 1 _ 2
9Tmy2 = Tm+1($m+17xm+1) = Tm(zm’xm) =9Tm41-
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Thus by mathematical induction, we have done. Therefore, we have

1 1
grg = o D gT i D,

oo
Y

2
gx CE T T

Due to the above considerations and [10] Definitions 9 and 10 are as follows.

Definition 16 Let (X,G) be a G-metric space, and let ¢ : X — X and
T : X2 = X be given. g and {T}, }men, are compatible if

lim  G(gTn (21, 2,), Tin (920, 922,), T (971, g71,)) = 0,

m——+oo

lim  G(gTn (22, xh), Tin(922,, 921,), Trm (922, 97;,)) = 0,

m——+0o0

whenever {z!l }, {22 } are sequences in X, such that

lim T, 1‘1 132 = lim .Tl = .Z‘l
m m( m> m) m g m+1 gxr,
lim T, 1’2 (El = lim IEQ = (EQ
m( m> m) g m—+1 gxr,

for some z', 2% € X.

Definition 17 Let (X,G) be a G-metric space, and let g : X — X and
T : X2 = X be given. g and {T}, }men, are called w-reciprocally continuous
if

lim  g(Ton (230, 77)) = g(x"),

m——+0oo mom
m——+oo

whenever {x! } {22} are sequences in X, such that

mgrj{loo Tm(xflnv x?n) = mgrfrloog(x}n—l-l) = xl’
. 2 1\ . 2 _ .2
e Tonlrm, Pm) = Hh_ (&) =,

for some z!,2? € X.

Definition 18 For z',22 € X, we say that (z',22) is coupled comparable
with (u!,u?) iff
x! - ul,x2 < u? or zt < ul,m2 - u? or
! - u2,x2 =< ul or z? < u2,x2 - ut.
If in the above definition replace (z',2%) and (u',u?) with (ga!, gx?) and
(gut, gu?), we call (x!,2?) is coupled comparable with (u!,u?) with respect to
g.

At the following, we state the main result of this manuscript.
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Theorem 1 Let (X,G,=X) be partially ordered G-metric on X such that
(X, G) is a complete G-metric space, Let g : X — X and

T, : X% = X be a sequence of mappings, has g-mized monotone property with
T (X?) C g(X), g and {Tin}meN, are continuous, w-reciprocally continuous,
and g(X) is closed. Assume that the following holds:

1. {T}men, and g are compatible,
2. there exists (z},73) € X such that condition (2) holds,
3. {Tin}men, and g satisfying the condition (K),
¥ D (P
coupled coincidence point.
4. If {Tin}men, and g, have coupled coincidence points comparable with re-
spect to g, then there exists (z',2?) € X such that

is an a-series, then {Ty}meN, and g have a

vt = grt = T (xt, 2?), 2% = ga® = T), (2%, 1),

form € N, that is, {Tim}meN, and g have a unique coupled common fized
point.

Proof For any z},73 € X, we can consider the sequences {zl}, {z2} con-
structed above, that is,

gl’i = r71($i71a$371)» gl’% = TT(x%*hm}"*l)'

By (1), we get
G(gx1, 923, 913) = G(To(wg, 23), Tr (21, 27), Ta (z7, 7))
< Pr1.2[G (g, To(xh, 23), To(zg, 23))
+G(gry, Ti (21, 27), Th (a1, 27))] + 71,2G (924, 921, ga1)
= B1,2[G(gxg, g1, ga1) + G(ga1, g3, 93)]
Jr’th(g:L‘é, gzt grh).

It follows that

Bi2+ 7,2
G(ga1, 973, gr3) < <1—512 G(gxp, g1, gt).- (5)

Also, we get
G(gxévgx%ﬂgz%)) = G(Tl(.I%,$?)7TQ($%,$§),TQ($%,I%))

B2,3+ V2,3
< (=—"2)G(gz1, g3, gh)
1— 523

< (52,3 +72,3)(51,2 +71’2)G(ga?(1),ga:%,g$%).
1— 523 1—pi2
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Similarly, we obtain

.
Brm,mt1 + Ymmt1
G(gz},g7),1.9204) < [] < s 5 ) Ggrg, g, gry). (6)
me1 - Mm,m+1

Using the same method as above, we can also show that

T
Brm,m+1 + Ym,m+1
Glga}, gx2 1,977 4,) < H < m{n 3 men G(gal, ga?, gx?).  (7)
- Mm,m+1

m=1

Adding (6) and (7), we get

Op 1= G(in,in+1,g$i+1) + G(gxf,gxf+1,g$3+1)

2
= " Glgai, g7iy, 97044)
=1

, 2
< H <6m’m+1 + %n’mH) ZG(gxf,,gxi,gmvi)

m—1 1- ﬂm,m+1 i—1

o - /Bm,m+1 + '-Ym,m+1
= 1] 8.
m=1

1- Bm,m+1
Moreover, by repeated use of (G5) and for p > 0, we have

2 2
> Glgzy, 7)1, 970y,) < Y Glow), gTiyy, 92ss)
i=1 i=1

2
+ Z G(9Z7 41, 9142, 91 42)
i=1

+...

+ Z G(gxi“+p—17 gxf“+pa gaji-&-p)
i=1

- (ﬂm,erl + ’Ym,erl) 5
0

o m=1 1-— ﬁm,m-{-l
r+1
+
n H (5m,1m+1 'Ym,m-&-l) 5o
m—1 - Bm,m+1
+...

r+p—1
+ H </8m,m+1 +7m,m+1>50
m=1

1 - ﬁm,m+1
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_ pil Tlif <6m,m+1 + '7m,m+l) (5()

k=0m=1 1- Bm,m—l—l
+p—1 k

_ "= 6m,m+l + Ym,m+1

= > I .
k=r m=1 1- 6m,m+1

Let o and n,, as in Definition 12, then, for » > n, and using that the non-
negative numbers geometric mean is less than or equal to the arithmetic mean,
it follows that

k

2 r+p—1 1 k ﬁ t
P ‘ m+1 m+1
> Glgal, gaiyy, gaty,) < [k 3 ( R )] 8o
=1 k=r m=1 m,m-+1
r+p—1
< Oék> do
k=r
aT‘
< do-
S1-a%
Now, letting r — 400, we conclude that
2
Jim " Gl g7 9214,) =0,
i=1
which implies that A ‘ .
lim G(gzy, 92,1y, 9774p) = 0,

Thus {gzl}, {gz?} are Cauchy sequences in X. Since g(X) is closed in a com-
plete G-metric space, there exist (21, 2?) € X, with lim, ;o {gz}} = g(2!) :=
2l lim, oo {922} = g(2?) := 2. By construction we have

TILH;Og(xv{+1) = TILH;OTT(Z'}"’J:%) = zlv

lim g(a7y,) = lim T, (a7, ;) = 2*.

Now, by w-reciprocally continuous and the compatibility of {7, }men, and g,
we have

lim T:(g(z;), (7)) = g(a),

r——+oo

lim T:(g(x7), g(y)) = g(z?).

r—+00
Now suppose that {7}, }men is continuous. Using triangle inequality we get
G(Tm(x17 $2)7 Tr(gxi7 g.’IJE), TT(gx'}w gx?‘)) S G[Tm(x17 .172)7 gTT(.’E,},7 $2)7
9T (x), a])] + GlgT(xy, 22), Tp (gxy, g27), Tr gy, gat)]

and

G(Tm($2,1‘1),TT(gl'3,ngi)7Tr(gﬁﬁ?ﬂ,gﬁf’}»)) S G[Tm@zvﬁﬂl)ngr(ﬁﬂfi)y
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9T (a2, )] + GlgT, (27, %), Tr (922, g}), Tp (g7, gay)).

Now using continuity of {1, }men and g, and taking the limit as r — oo we
get

G(Tp(z',2%), 92", 92") =0,  G(Tn(2? 2'), g2% g2*) =0

ie. Try(zt,2?) = gzt, and T, (22, 2') = gx?. Thus, (2!, 2?) is a coupled co-
incidence point of {T},}men and g. Then the set of coupled coincidences is
non-empty.

Now, we show that if (z!,22) and (u?,23) are coupled coincidence points,
that is, if gz! = Tp, (21, 2%), 922 = Tp, (2%, 2Y), gu® = T, (u?,23) and ga® =
Ty (23, u3), then gr! = gu® and gz? = ga3. Since the set of coupled coinci-
dence points is comparable, applying condition (1), we get

G(gajl’ g’U/Sa gu3) = G(Tm(mla .TQ), T (UB’ .1'3), T (u3’ .1‘3))

S Bm,m’ [G(g$17 T?TL(I17 IZ); Tm(zla I2))
+G(gu3a Tm’(u?)a $3), Tm’(u?)a xB))]

+’Ym,m’G(gx1 ) gu37 gu3)

and so as Ymm < 1, it follows that G(gz!, gu®,gu®) = 0, that is, gz =
gu?. Similarly, it can be proved that gz? = gz3. Hence, {T),}men, and g
have a unique coupled point of coincidence (gz?, ga!), since two compatible
mappings, commute at their coincidence points. Thus, clearly, {T),; }men, and
g have a unique coupled common fixed point whenever {7}, }men, and g are
w-compatible.

As a result of Theorem 1, if g is the identity mapping, then we state the
following corollary.

Corollary 1 Let (X, G, <) be poset G-metric space on X such that (X, G) is
a complete G-metric space. Let {Ty, }men, be a sequence of mappings from X?
into X, which {T\n}men, and Id : X — X satisfying the (K) property. Also,

+oo Bm,erl + Ym,m+1
m=1

Ty and Id have mized coincidence point. If is an
1- ﬂm,m-&-l
a-series and X is reqular, then {Tp}menN, has a coupled fized point, that is,

there exists (x!,2%) € X? such that
ot =Ty (2!, 2?), 2% = Ty, (22, 2), for m € No.

Theorem 2 Let (X, G, <) be partially ordered G-metric space on X such that
(X,G, =) is regular and let g and {Tin}men, be as in the preceding theorem
and lim,_ 400 SUp Br.m < 1. Therefore, the conditions (1) — (3) in theorem 1
hold.
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Proof According to Theorem 1, sequences {gzl} and {gz?} are Cauchy se-
quences in the complete G-metric space (¢(X),G). Since {gz}} and {gz?}
are non-decreasing and non-increasing respectively, using the regularity of
(X,G, =), we have gal < x' 2% < ga2 for all r > 0. Then by (1), we ob-
tain

G(Tr(gzy, 927), T (', %), Tn (2, 27))

< BrmlGlggr, Tr (927, 927), T (927, g7))
+G(gat, T (2", 2%), T (2, 2°))] + vrm (G99, gat, gat)).

Taking the limit as r — +o0, We obtain T, (x ,2%) = gzt as Brm < 1.

Similarly, it can be proved that gz? = T, (2%, 2'). Thus, (2!, 2?) is a coupled

coincidence point of {7}, }men and g.
Ezample 1 Let X =[0,1] and
G(z', 2% 2%) = max{|z’ — 22|, |2* — 2®|, |2° — 2'|}.

It is clear that (X, G) is a Complete G-metric space. Also define
1

Bm,m = W,fymm/ = 2m for all m,m’ = 1,2,.... Consider the mapping
T,:X?>—= Xand g: X = X with

Tm(xl,x2) = , g(xl) = 6!

forall 2!, 22 € X, m=1,2,....

1 2 3 3
Gl (@), Ty (0 02), Ty (0 %)) = |t 2

and
G(gxt, T (xt, 22), T (zh, 7)) + G(g2?, Ty (ut, u?), T (u®, 2°))

ud + a3
om/

xt + x?
277L

= 62" — |+ 162 — E

G(gxl,gx2agu3) = 6‘.%1 - u3‘

Then by mathematical induction condition (1) is satisfied for all 2!, 22, ut, u? €
X with gz!' < gu', gu? < gz2 or ga' = gu', gu® > ga? Moreover, the series

+o00 ﬁm’erl + Ym,m+1 _ io 2m+1 41
1 _ ﬂm,m-{-l 22m+1 —1

m=1 m=1

is an a-series with o = % Then (0,0) is a unique coupled fixed point for T,
and g.
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