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Abstract

In this paper, we introduce and study Cy-groups and C-groups of bounded linear operators on non-Archimedean quasi-Banach
spaces over K. In particular, we show some results related to them. In contrast with the classical framework, the parameter of
Co-groups and C-groups families of bounded linear operators belongs to a open ball Q, of a non-Archimedean field K. As an
illustration, we shall discuss the solvability of some homogeneous p-adic differential equations for Cy-groups and C-groups. Also,
we provide some examples to illustrate our study.
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1 Introduction

In complex operator theory, S. G. Gal and J. A. Goldstein [6] introduced and studied Cp-semigroups and cosine families of continuous
linear operators on complex g-Banach spaces where 0 < ¢ < 1. Recently, J. Ettayb [5] initiated the study of mixed C-cosine families of
continuous operators on a complex g-Banach space where 0 < g < 1. In particular, he demonstrated numerous results on mixed C-cosine
families of continuous linear operators on complex g-Banach spaces where 0 < g < 1. Finally, he gave an application related to the second
order abstract Cauchy problem.

In non-Archimedean operator theory, J. Ettayb [4] introduced the free non-Archimedean quasi-Banach space. In particular, he
proved several results on non-Archimedean quasi-Banach spaces and he gave numerous examples of such spaces. On the other hand,
the uniform boundedness principle, the closed graph theorem, the Banach’s open mapping theorem and the bounded inverse theorem
for non-Archimedean quasi-Banach spaces were proved. Furthermore, he defined the concepts of closed linear operators, bounded
below operators, invertible operators, r-spectral operators, finite rank operators and completely continuous operators on non-Archimedean
quasi-Banach spaces and he established several results about them. The spectral theory of bounded linear operators was studied. Finally,
the quasi-norm convergence, the quasi-pointwise convergence and the quasi v-convergence were introduced and studied. Several examples

were provided. For further details, see [4]. There are many works on non-Archimedean quasi-Banach spaces, see, e.g. [7, 12].
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In contrast with the complex context, the p-adic exponential function

;
. S
eJ: ?7
=0

—1
is not well-defined and analytic for any s € QQ,, but it converges for any s € Q,, such that |s| < p#-!
For additional details, see [16].

where Q), is the field of p-adic numbers.

Throughout this study, K is a non-Archimedean complete valued field with a non-trivial valuation |- |, & denotes a non-Archimedean
quasi-Banach space with the power g, I will denote the identity operator on &, Z(&) is the collection of any bounded linear operators on &
and Q, is the open ball centred at zero with radius r that is Q, = {s € K : |s| < r}.

In the present work, we initiate the study of Cy-groups and C-groups of bounded linear operators on non-Archimedean quasi-Banach
spaces over a non-Archimedean field K. In particular, we demonstrate several results about them. As an application of Cy-groups of bounded

linear operators is the non-Archimedean abstract Cauchy problem for differential equations in a non-Archimedean quasi-Banach space X

given by
D) — Sw(t), teQ
ACP(six)] ar =S, 1eQn
w(0) = x,

where S : D(S) C & — & is a linear operator with x € D(S). So the problem ACP(S;x) has a solution, see Remark 3.

2 Preliminaries
We continue by recalling a few preliminaries.
Definition 1 ( [2]). A field K is non-Archimedean if it is equipped with an absolute value |- | : K — R such that for any A, u € K,
(i) |A|=01if, and only if, A = 0;
(ii) [Au] =[Allul;
(iii) |A+ p| < max{[A],|ul}.
Definition 2 ( [2]). Let & be a vector space over K. A function || -|| : & — Ry is a non-Archimedean norm if for any u,v € & and a € K,
(i) ||u|| =0 if and only if u = 0,
(ii) [laull = |al[[ul;
(i) J|u+v]| < max(fJul, [[v])-

Definition 3 ( [2]). A non-Archimedean normed space is (&, || -||) where & is a vector space over K and || - || is a non-Archimedean norm
oné.

Definition 4 ( [2]). A non-Archimedean Banach space is a vector space endowed with a non-Archimedean norm, which is complete.
Proposition 1 ( [2]). (i) A closed subspace of a non-Archimedean Banach space is a non-Archimedean Banach space;
(ii) The direct sum of two non-Archimedean Banach spaces is a non-Archimedean Banach space.

Definition 5 ([13]). Let & be a linear space over K. A function ||- ||, : & — R4 is called a non-Archimedean quasi-norm with the power r
if for any x,u € & and for all a € K,

(i) ||ullr =0if and only if u = 0;
(it) |laull, = |a|"||ull;, (r real 0 < r < oo);

(iii) |+ ull < max([lx][, [[ull).
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The pair (&,]| - ||) will be called a non-Archimedean quasi-normed space with the power r.

Definition 6 ( [13]). A complete non-Archimedean quasi-normed space with the power r will be called a non-Archimedean quasi-Banach

space with the power r.
Konda [13] proved the following theorem.

Theorem 1 ( [13]). Let (&, -||;) and (Z,]| - ||s) be two non-Archimedean quasi-normed spaces over K with powers r and s respectively

and let S be a linear operator from & into % . Then S is continuous if and only if there exists M > 0 with
ISulls < Mju 7, )

forallu e &. The collection B(&,.F) denotes the collection of all continuous linear operators from & into F . If & = F, we set B(&,8) =

Definition 7. Let (&, -||;) and (ZF,]| - ||s) be two non-Archimedean quasi-normed spaces with powers r and s respectively. The operator
norm of S € B(&,F) is defined by
5wl
ISl = sup T
e} [l

Definition 8 ( [13]). Let (&,]|-||;) and (F,||- ||s) be two non-Archimedean quasi-normed spaces with powers r and s respectively. The
operator norm of S € B(&,.F) is defined by
ISIF = sup [1Sulls

ues:||ul|F <1
For & = .7, we conclude the following:
Definition 9. Let (&, || -||;) be a non-Archimedean quasi-normed space with the power r. The operator norm of S € %B(&) is defined by

[ISull,
ues\{oy ullr

(181l =

Definition 10. [4] A non-Archimedean quasi-Banach space (& ,|| - ||) is said to be free if there exists a family (f;);c; of & indexed by a set
I such that each u € & can be written uniquely like a pointwise convergent series defined by u =Y ;c; A; fi and ||ul| = sup;c; | Al || fil] -
The family (f;)icr is then called a basis for & If for any i € L, || fi||r = 1, then (fi)ier is called an orthonormal basis of & .

Example 1. [4] The space co(K) is the space of any sequences (u;)icn in K such that lim;_eou; = 0. Hence (co(K),|| - ||r) is a

non-Archimedean quasi-Banach space where for any (u;);en € co(K), || (ti)ien||r = sup;en [u:]"

Definition 11. [4] An unbounded linear operator S on a non-Archimedean quasi-Banach space (&,]| - ||,) is a pair (D(S),S) consisting of
a subspace D(S) C & (called the domain of S) and a (possibly not continuous) linear transformation S : D(S) C & — &. The space of any
unbounded linear operators on & will be denoted U(&).

If § is bounded, then D(S) = &. Also, if S € U(&), then its domain D(S) does not in general coincide with &.

Definition 12. [4] Let (&, ]| - ||) be a free non-Archimedean quasi-Banach space with basis (f;)ien. An unbounded linear operator S on
& is a pair (D(S),S) consisting of a subspace D(S) C & (called the domain of S) and a (possibly not continuous) linear transformation
S:D(S) C & — & with the domain D(S) contains the basis (f;)icn and consists of any w = (w;)jen € & with Sw =Y ;e wiSfi converges in
& that is,

D(S) = {w = (w)iers € & ¢ im i =0}

S=Y aijfj®fiandVjeN, limla;;|"||fi]l- =0
ijeN e

where (Vj € N) e’j(w) =w; (f; is the linear form associated with f;).
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3 Main Results
We start with the next definition.

Definition 13. Let & be a non-Archimedean quasi-Banach space with the power q. Let r > 0 be a real number chosen such that (J(t)),cq,

are well-defined . A one-parameter family ((J(t));cq, of continuous linear operators on & is a group of continuous linear operators on & if
(i) J(0) =1,
(ii) Foranyt,s € Q,, J(t+s)=J(t)J(s).
The group (J(t)):cq, is called Cy or strongly continuous if for any u € &,
tim 7t )u — ] = 0. @

A group (J(1))icq, is uniformly continous if and only iflin(l) [|J() —1]|4 =0.
1—
The linear operator S defined by

(t)u

J(Ou—
D(S)={ue & :lim iy exists},
t—0 t
and ;
t —
Su = lim M,for any u € D(S),
t—=0 t

is called the infinitesimal generator of the group (J(t)):cq, -

Remark 1. Let & be a free non-Archimedean quasi-Banach space with the power q.

(i) Let (J(t))tEQ, be a group on & and (f;);cn denotes the basis for &, hence for any t € Q,,J(t) can be expressed, for all u = Z uifi €&,

ieN
Sfrom J(t)(u) = Z uiJ (1) fi, where
ieN
Vi€ N, J()(f)) = X ai () fis with lim |a; ;(0)|] filly = 0.
ieN e
(ii) Using (i), foranyt € Q,: 1t #0

e, (= (B 3 0,
i#j

with lim |a; i(£)|?]|fi]ls = O.
Jlim a0 £l
(iit) If (J(t))tcq, is a group on &, hence its infinitesimal generator S may or may not be a continuous linear operator on &.

—1
Example 2. Suppose that K = Q) and r = pr=1, let & be a free non-Archimedean quasi-Banach space over Q,, and let (f;);cn be a base

of &. Define for anyt € Q,, u € & withu = Z u;fi,
ieN
J(H)u= Z e f;,
ieN
where (L;)ien C Q. The family (J(t));cq, is well-defined on & .

We have the following proposition.

Proposition 2. The family (J(t)).cq, of linear operators given above is a Co-group of continuous linear operators, whose infinitesimal
generator is the continuous diagonal operator S defined by Su = Z Uiu; fi for any u = Z uifi € & where (l)iey C Q.
ieN ieN

Proof. Define foreacht € Q,, i € N,

s ons= (£

neN

q
where (U;);eny C Q. Utilizing for any i € N, ri; € Q,, we obtain for any r € Q,,u € &, ||J(t)u||, < sup el”"‘ [lullg < eo, then (Vt € Qr>
ieN

[l7()]|4 is finite. Hence the family (J(r),cq, is well-defined on &'. Furthermore,
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@ J(0) =1,
(ii) Foranyt,s € Q,,

JO)I(s) = &5
e(t+s)S

= J(t+s)

where Su = Zuiuifi for each u = Z uifi € &.
ieN ieN
(iii) Forany u € &,J(-)u: Q, — & is continuous on Q.

Thus (J(2));ecq, is a Cp-group on &. Let B be the infinitesimal generator of (J(t)),cq,. It remains to demonstrate that S = B. Let us
demonstrate that D(B) = & ( = D(S)). Clearly, forany r € Qf andi € N,

JO) fi— f; :<e’“i—l>f

t

Thus, for any t € Q7 and for all i € N,

(J(t)fi—f,-) _ (e’“*—l)ﬁ_

Hence for any u = Zuﬁe&teﬁﬁ

ieN
Jf— F 4| £
t e
q
— — 1 q J(I)fi 7fi _ .
Then D(B) = qu = (u;)jen : lim |u;] — ). = 0 ;. To complete the proof, it suffices to demonstrate that
[—o0 q
I fi— f;
(vieN) timsfi— ( Wi f)H =0,
t—0 t q
et —1
Using lirr(l) ( ; ) = u; and then S = B is the infinitesimal generator of the Cy-group (J(f));cq, - O
—

In the next theorem, & is a non-Archimedean quasi-Banach space over Q,, with the power q.

—1
Theorem 2. Let S be a linear continuous operator on & such that ||S||, < r with r = p»~1. Hence S is the infinitesimal generator of an

uniformly continuous semigroup of continuous linear operators (J(t));cq, -

Proof. LetS € %(&) with ||S||y <randr= p!’*ll

. Set for each s € Q,,

(s5)"

Is)=e¥=Y : &)

neN

then (J(s))seq, is an uniformly continuous semigroup. In fact, the series (4) converges in norm and defines a family of continuous linear
operators on & by |s|?||S||, < r and it is easy to chek that J(0) = I and for any ,s € Q,, J(s+1) = J(s)J(¢). It remains to demonstrate that

S n
J(s))seq, given above is a Cp and uniformly continuous group on &. Indeed, (Vs € Q) one has J(s) —I = sS (s5) , hence for all
T r ( + 1)‘
nen \1t .
S n
xe &, |I(s)x—xllg < |s9]|S]l4]|Esx]lg Where & = Z (rEs—Q—)I)‘ Then (J(s))secq, is a Co-group on &. The uniformly continuous property
neN .
S n
results by [|J(s) —1||¢ < |s]?(|S]l¢[| sl where & =Y (s5) , then
ok (n+1)1

li s)—1||,=0.
tim () ~ 1l = 0 )
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Now forall s € Q7,

J(s)—1 esS—1
|72 =5 === -] <1sstNEds,
s q s q
[l snSn+1
where & = ——— converges. Consequently,
' ngb (n+2)!
. J(s) =1
lim || —— —§||; =0. 6
tim || =225 5], ©

Hence, (J(s))secq, given above is a Cy and uniformly continuous group of continuous linear operators whose infinitesimal generator is §. [

Remark 2. (i) Note that the mapping Q, — B(&), t — J(t) = 'S is analytic. So d{i—(lt) =8J(t)=J()S.

(ii) If char(K) = 0 and char(k) = p, then the Theorem 2 remains valid.
(iii) If char(K) = 0 and char(k) = 0, then the Theorem 2 remains valid when r = 1.

Example 3. Let S be the multiplication operator on & = C(Z,,Q),) defined by for any (w € C(Z,,Qp)) Sw= Q(x)w, w(0) = wy where
0= Z snfu(x) € C(Zp, Qp), sn € Qp, assume that ||Q|; = sup|s,|? < r(: prfn) . Utilizing (i) of Remark 2, the function defined by
n=0 n

(Vr € Q) w(t) =Y en <('5!)ﬂ> wy, for certain wy € & is the solution to the homogenuous p-adic differential equation

w(0) = wyp.

{ dy(t) = Q()w(1), 1€Q,,

Theorem 3. Let & be a non-Archimedean quasi-Banach space over Q, with the power q. Let (J(s))scq, be a Co-group on & with for any
s € Qp [|[J(s)|| < M, where M > 0 and let S be its infinitesimal generator. Then, for all u € D(S), J(s)u € D(S) for any s € Q. Also

dJ(s)
ds

u=_SJ(s)u=J(s)Su.

Proof. Letu € D(S),t € QF and s € Q,. Utilizing the Definition 13 and the boundedness of the Cy-group (J(s))scq, , hence

J(t)—1
t

u — J(s)Su while t — 0. @)
Consequently, J(s)Su € D(S) and SJ(s)u = J(s)Su from (7). Furthermore, since J (s)(j(?*[
right derivate of J(s)u is J(s)Su. Thus, to complete the proof, we demonstrate that for each s € Q;, the left derivate of J(s)u exists and is
J(s)Su. We have:

Ju — J(s)Su while r — 0, it follows that the

}% w —SJ(s)u= tlE)I(l)(J(S — t))(J(t)tﬂ — Su) +}E?)(J(.s —1)Su—J(s)Su). ®)
Clearly,
lim(J(s—l))(m —Su) =0,

t—0 t

by for certain M and any t € Q, ||J(¢)|| < M. Utilizing the strong continuity of the group (J(s))scq, it deduces that

Lim(J(s —1)Su—J(s)Su) = 0.

10
Consequently,
tim(PIEZI g <
and so the left derivate of J(s)u J(s)Su. This completes the proof. O

The Cy-groups can be applied to the several p-adic differential equations that may be modeled as a p-adic abstract Cauchy problem on

a non-Archimean quasi-Banach space, thanks to Theorem 3, we get:
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Remark 3. One of the consequences of Theorem 3 is that the function v(s) = J(s)x, s € Q, for certain x € D(S), is the solution to the

homogeneous p-adic differential equation given by

where S : D(S) C & — & is the infinitesimal generator of the Cy-group (J(s))scq, and u : Q. — D(S) is an &-valued function.
We continue with the following example:

1
Example 4. Let & be a non-Archimedean quasi-Banach space over Q,, with the power q and S € %(&) with ||S||q < rand r = pr~1, hence

S n
forany s € Q,, J(s) = eSS = Z (s ‘) satisfied the conditions of Definition 13, we will demonstrate that, for any s € Q,,
neN .
sS)"
Js)=Y ( ,) ©)
neN n:

Clearly, the series (9) converges in norm and defines a family of continuous linear operators on & by |s|?||S||, < r and it is easy to chek that
J(0) =1 and for any t,s € Q,, J(s+1) = J(s)J(t). It remains to demonstrate that (J(s))scq, given above is a Cy and uniformly continuous
group. Indeed, (Vs € Q) one has

(8"
(n+1)!

J(t)—I1=1S(Y

neN

);

hence forall x € &,
7(0)x—xllg < [e7][SllqllGexlg,
where
(s)"
(n+1)!

G=1Y

neN

and thus (J())scq, is a Co-group. The uniformly continuous property results by

() = 1llg <[t 71ISlqll & llg»

where (15)"
tS
G=) —
ng\f (n+1)!
then
tim 7(1) ~ 1l =0. (10)
Now forallt € QF,
J(t)—1 s —1
1= =s| === 5] <eisiqnel,
q t q
o tnSnJrl
where & = ——— converges. Consequently,
& ,EO(HH)! g quently,
o J@) -1
tim |70 g, =0, an

Hence, (J(t)):cq, given above is a Cy and uniformly continuous group of continuous linear operators whose infinitesimal generator is S.

Proposition 3. Ler & be a non-Archimedean quasi-Banach space over Q, with the power q and S,B € (&) with max{||S||q, ||Bl4} < r
—1
and SB = BS where r = pr-1. We set J(t) = 'S and S(t) = €'B for each t € Q,. Then we have:
(i) J(2)S(t) =S(¢)J(¢) for anyt € Q,,

(ii) Foreveryx€ &, d%(l)x = (S+ B)x where W(t) = J(¢)S(¢) for anyt € Q,.
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Proof. (i) Since SB = BS, then for all t € Q,, we have

~
=

9%}
=~

= tkpk

= K
tnkanfk ZkBk
(n—k)! k!
Cﬁtnsnkak
n!

s
=|

J(£)S(t) =

T
(=)

I
f{yo¥
M= I+

Il
s

S
Il
(=]
~
=1
95
o]
~
=

I

S

Lr-1s
X

o)
=
=
=
&
—
-~
=

(i) Utilizing (i), we get W (t) = ¢/5*B) for any 1 € Q,, so for all h € QF and x € &, we obtain

W(E+hx—W()x  WEOW(h)x—-W(t)x
h N h
_ W(t)W(hzlex
_ W(hZfIW( )

Utilizing Example 4, (W (1));cq, is a Co-group of generator S+ B. Since S+ B is bounded, then D(S+ B) = &. Consequently, for all

XE&,
. W(h)x—x
lim ——— = (S+B)x.
hl—I>r(1) h (S+B)x

Hence, for each x € &,
dW(t)x — lim W(t+h)x—W(t)x

= B .
a0 h (S+BW ()

O

Lemma 1. Let & be a non-Archimedean quasi-Banach space over Q,, with the power q. Let S € 98(&’) be invertible and S,B € %(&') such
-1
that max{||S||g, |Bllq} <r=pr 1. We put S =W~'BW, then for eacht € Q,, e'S =W~ 'e/BW.

Proof. Since Sk =wW=1B*W for all k € N and since W and W~! are continuous operators, we obtain
) tk Sk
= k!

= thw 1Bk
L

-

k=0
o kpk
t"“B
= w! —|w
= wldBw.

O

ok ck
S

Remark 4. Let & be a non-Archimedean quasi-Banach space over Q,, with the power q. Let S € 9(&'), then for any t € Q, s = Z Tk
k=0 ™°

—1
p—1

pl
where r =

r(S)

Definition 14. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(t));cq, be a group of operators on &, we

and r(S) = Tim_|18"]|%.
n oo

set
Y ={xe&: lim ||J(t)x—x|,= 0}.
t—0
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Proposition 4. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(t));cq, be a group of operators on & .
Then

(i) Y is a vector subspace of & .
(ii) If (J(1))ieq, is a Co-group on &, then Y = &.
Proof. (1) 0 €Y, thenY # 0, it is easy to check that foreachx,y €Y and A € K, we get Ax+y €Y.

(ii) Utilizing (i), Y C & for the opposite inclusion, let x € &, by assumption (J(¢));cq, is a Co-group on &, then for each x € &,
lim ||J(7)x — x||4= 0. Consequently, x € Y. Hence ¥ = &.
t—0 0

Theorem 4. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a Co-group on & . There exist C
and & > 0 such that for any s € Qg with < r,||J(s)||4 < C.

Proof. We demonstrate that there is § < r with ||J(s)||4 is bounded for any 0 < |s| < &. If this is false, then there is a sequence (s,),

satisfying (Vn € N)s, € Qs, llﬁm sp =0 and ||J(s,)||q > n. Utilizing the uniform boundedness theorem, it follows that for certain x € &,
oo

||/ (sr)x||4 is unbounded contrary to (2). Then ||J(t)||; < C for s € Q5. O

Definition 15. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a Co-group on &, (J(s))scq,
is called a group of contractions on & if for any s € Q,||J(s)||4 < 1.

Lemma 2. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a group of contractions. Then for

allu € &, the function s — J(s)u is continuous from Q, into &.

Proof. Let s,h € Q, and x € &. The continuity of s — J(s)u follows from
[ (s +R)u—J(s)ullg < [T (5)llg|lJ (h)u—ully

and
V(s —h)u—J(s)ullqg < [T (s —h)llgllu—JT(R)ullq

while & — 0. 0

Proposition 5. Let & be a non-Archimedean quasi-Banach space over K with the power q. If (J(s))seq, is a Co-group of contractions on
&. Hence for any s € Q,||J(s)|lq = 1.

Let S be an infinitesimal generator of a Co-group (J(s))scq, on & satisfying (Vs € Q,)||J(s)||q < M, we define, for any u € &, |u|| =
sup [|J(s)u||4- We conclude the next proposition:
SEQ,
Theorem 5. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let S be the infinitesimal generator of a Cy-group
(J(5))scq, on & with for any s € Q,, ||V (s)|lq < M, then |- || is a non-Archimedean quasi-norm on & which is equivalent to the original

quasi-norm || - |4 on & and (J(s))scq, is a Co-group of contractions on & equipped with the quasi-norm |- ;.

Proof. We have ||J(0)|l; =1 and (Vt € Q,) ||J(?)]lq < M, then (Vx € &) ||x]|q < |x[1 < M||x||4. Hence |-|; is a quasi-norm on & which
is equivalent to the original quasi-norm || - ||, on &. Furthermore, for all x € & and for each r € Q,, |[J(t)x|; = sup [|J(s)J(t)x]|y <
sEQ

sefl,
sup [|J(s)x[lg = [x[1. O
SEQ,

We have the following lemma:

Lemma 3. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let T be a continuous linear operator on & over
—1
Qp such that ||T||; < r where r = pr=T. Then for every x € & and allt € Q,, [l T—Dx— T"||g < llx—Tx]|q
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Proof. Let k,n > 0 be two integers. If k > n, then for all x € &, we have

k—1
k j+1 j
IT5 =T, = Y (TH =T g

j=n

< T ||,llx—T

< ngr}lggflll lqllx—Txllq

< flx=Txlly.

Hence
[T x =Ty < |lx = Tx]g- (12)

From the symmetry of the estimate with respect to k and #, it is clear that (12) holds also for n > k. For k = n, we have equality, and therefore
(12) is valid for all integers k,n > 0. Now, let 7 € Q, and k,n > 0, we have for all x € &,

0ok
_ _ ok
[T a1y = Jle™ Y 5 (T =T
k=0""
et k
< e Z’EH(IH"T x—T"x|q
< =Ty

We can see easily the following lemma.

Lemma 4. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a Co-group of infinitesimal
generator S on &. For all s € Q,, the range space and the null space for J(s) are respectively: R(J(s)) ={J(s)u:u € &} = & and
NJ(s))={ue&:J(s)u=0} ={0}.

Definition 16. Let & be a non-Archimedean quasi-Banach space over K with the power q. A Cy-group (J(s))scq, of infinitesimal generator
S on & is called differentiable at s € Q. if for all u € &, the mapping s — S(s)u is differentiable at s. The Cy-group (J(s))scq, is called
differentiable if it is differentiable at any s € Q.

Theorem 6. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a differentiable Cy-group of
infinitesimal generator S on &. Then R(J(s)) C D(S) for all s € Q.

Proof. Utilizing (J(s))scq, is differentiable, then for all u € &, the mapping s — S(s)u is differentiable on Q. Hence limy,_, MZ—JW’

exists in &. Consequently, R(J(s)) C D(S) for all s € Q7. O

Theorem 7. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))secq, be a Co-group of contractions of

infinitesimal generator S on & such that for any s € Q,R(J(s)) C D(S), then for allu € &, d{l(ss) u=_SJ(s)u=J(s)Su.

Proof. Letu € & and s € Q. Utilizing J(s)u € D(S), then

dJ(s)u 1im.](s+h)uf.l(s)u
ds -0 h
. J(h)u—u
= limJ(s) A"
e ®) h
) —1
= 1
hl—I>I(1) h S5
= SJ(s)u
= J(s)Su.
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Remark 5. Since (J(s))scq, is a Co-group on &, we have R(J(s)) = & for all s € Q.. From Theorem 6, D(S) = & . This shows that the

infinitesimal generator of a differentiable Cy-group is bounded.
We define the next definition:

Definition 17. Let & and .7 two non-Archimedean quasi-Banach spaces over K with the power q. For any A € B(&) and S € B(&), the
operator A® S is defined on & ©.F ={(u,v):ucEve Ft={udv:ucé,ve.F} endowing with the non-Archimedean quasi-norm

llu@vllq = max([lullg, [[vllg) by
Vuve R ZF),(A®S) (udv) =Au® Sv = (Au,Sv).

We get:

Theorem 8. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a Cy-group of generator J on & .
Let S(t) =J(t)®1 for all t € Q,. Then we have

(i) (S(5))seq, is a Cy-group on & ® &,
(ii) The generator of (S(s))scq, is the operator S defined on D(S) = D(J) @ & such that for any u € D(J),v € &,S(u®v) =JudO0.
Proof. (i) Utilizing (J(s))seq, is a Co-group of generator J on &, hence
S(0) =J(0) &I =181 = Lgus.
Letudve &P E andt,s € Q,, we obtain

St+s)udv) = Ji+s)(u)dv

Also

lim |[|S(s)(wdv) —udv|, = lim|(J(s)u—u)®O0,
s—0 s—0

= I J — 0
T ma (17— ull0)

= lim||J(s)u—
tim () —ull,

= 0.
So (8(s))seq, is a Co-group on &G &.
(ii) Letu e D(J) andv € &, we get

lim S(s)(udv)—udv — lim J(s)(u)®dv—udv

s—0 N s—0 N
i VW 0o

s—0 N

= JusO.

Then D(S) =D(J)® & and S(udv) = J(u) ®0 for any u € D(J).
O

Theorem 9. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (A(s))scq, and (B(s))scq, be two Co-groups
on & of generators respectively A and B. We put T (s) = A(s) ® B(s) for all s € Q,. Then we get
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(i) (T(s))scq, is a Co-group on & &.
(ii) The generator of (T(s))scq, is the operator T defined on D(T) = D(A) ® D(B) by T(u®v) = Au® Bv for any (u,v) € &2.
Proof. (i) Letu®ve &® & and s,t € Q,. Utilizing (A(s))scq, and (B(s))scq, are Cp-groups on &, hence
T0)(udv) =A0)udBO)v=Iudlv=udv,
then T(0) =181 = g

We get also:

Tt+s)(udv) = AQF+s)ud®B(t+s)v
= AWA(s)u® B)B(s)y
= (A(1)®B(1))(A(s)x D B(s)v)

= T@)(A(s)®B(s)(usv))
= TOT(s)(usv).
So T(s+1t) =T(s)T(¢t). However
lim [T () (ev) ~udrll, = lim [A(s)u® Bs)y —ue)l,

= limAGu—w o By =)l

= i A(s)u— B(s)u—
T max (1A (s)u =l | Bs)ue— ull)

= 0.
So (T(s))seq, is a Cp-group on & B &.
(ii) Ifu € D(A) and v € D(B), then
lim T(s)(udv)—udv - lim (A(s)u—u)® (B(s)v—v)
s—0 N s—0 N
= Au®Bv.

SoD(T)=D(A)®D(B) and T (u®v) = Au® Bv.

Utilizing Theorem 8 and Theorem 9, we get:

Theorem 10. Letr & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a contraction Co-group of
generator J on &. Let S(s) = J(s) ® I for any s € Q,. Hence

(i) (S(s))seq, is a Co-group of contractions on & ® &,
(ii) The generator of (S(s))scq, is the operator S defined on D(S) = D(J) ® & such that S(u®v) = Ju®0 for allu € D(J), v € &.

Theorem 11. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (A(s))scq, and (B(s))scq, be two Cy-groups
on & of a generators respectively A and B. We set T (s) = A(s) @ B(s) for any s € Q,. Then

(i) (T(s))seq, is a Co-group on & D E.
(ii) The generator of (T (s))scq, is the operator S defined on D(S) = D(A) ® D(B) by S(u@®v) = Au® Bv for any (u,v) € D(A) x D(B).

Now, we define the concept of C-groups of operators as follows.
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Definition 18. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let C € 2(&) be invertible. A family (J(s))scq, C
RB(&) is called a C-group if

(i) CI(t+s)=J(t)J(s) foranyt,s € Q. and J(0) =C,
(ii) Foranyu € &,J(-)u:Q, — & is continuous.

The generator S of a C-group (J(s))scq, is defined by

D(S)={ue & :lim J(s)u=Cu exists },
s

s—0
and J c
Sx=C"lim m, for anyu € D(S),
s—0 N

is called the infinitesimal generator of the C-group (J(s))scq, -

Remark 6. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a Co-group of infinitesimal
generator J on & and let C € B(&) be invertible such that for any s € Q,, CJ(s) = J(s)C then for all s € Q,, S(s) = T (s)C is a C-group of
infinitesimal generator J on &. In this sense, the Definition 18 generalizes the definition of the Cy-group.

Remark 7. Let & be a free non-Archimedean quasi-Banach space with the power q, let (J(s))scq, be a C-group of linear operators of

infinitesimal generator J on &, from Remark 1, J may or may not be a continuous linear operator on & .
We get the next theorem.

Theorem 12. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a C-group on & with there
is M > 0 such that for any s € Q,, ||J(s)|| < M, and let J be its infinitesimal generator. Hence, for all u € D(J),s € Q,, J(s)u € D(J).

Furthermore

dJ(s)
ds
Proof. Letu e D(J),s € QF and s € Q,. Utilizing Definition 18 and the boundedness of the C-group (J(s))secq, , it follows that

u=JJ(s)u=J(s)Ju.

J(#)J(s)u—CJ(s)u () J(t)u—Cu

t 1
So J(s)Jx € D(J) and JJ (s)u = J(s)Ju, from (13). Note that

—J(s)CIx=CJ(s)Jxast — 0. (13)

CIt+s)u—CJ(s)u J@)J(s)u—CJ(s)u
t t

so that dcJ CJ cJ
(5, _ i CL0-+9)u=CI)u

ds t—0 t

exists and equals CJ(s)Jx. Furthermore, from invertibility of C, we have

dJ(s)
ds

u=J(s)Ju=JJ(s)u.
This completes the proof. O

The C-groups can be applied to the several p-adic differential equations that may be modeled as a p-adic abstract Cauchy problem on a

non-Archimean quasi-Banach space, thanks to Theorem 12, we get:

Remark 8. One of the consequences of Theorem 12 is that the function v(s) = J(s)u, s € Q, for certain u € D(J), is the solution to the

homogeneous p-adic differential equation given by

dz(ss) =Ju(s), seQ,
u(0) = Cu,

where J : D(J) C & — & is the infinitesimal generator of the C-group (J(s))scq, and u: Q, — D(J) is &-valued function.
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We get the next example.

Example 5. Let & be a non-Archimedean quasi-Banach space over Q,, with the power q. Let S,C € %(&) such that C is invertible, SC = CS
-1

and ||S||q < r with r = pr-1 then for any s € Q,, J(s) = Ce*S, in particular if C = (I — S) ™', is a C-group of continuous linear operators on

&. In fact

(i) J(0)=C.
(ii) Foranyt,s € Q,,J(t)J(s) = Ce!SCe’S = C2el+9)S = CJ(s+1).
(iii) Forallue &,J(-)u: Q, — & is continuous.

Proposition 6. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J(s))scq, be a Ci-group of infinitesimal
generator J on & and Cy € B(&) be invertible such that for any s € Q,,CyJ (s) = J(s)Cy, then (C2J (s))secq, is a C1Cy-group on &

Proof. Set for any s € Q,, S(s) = C2J(s), then (S(s))secq, is a C;C2-group on &. In fact
i) S(0) =CrJ(0) =C1Cy,

(ii) For any s,t € Q,,

S(s)S(t) = CJ(s)CJ(t)
= J(s)J(1)Ch
= C(s+1)C3
= CCJ(s+1)
= CGS(s+t1).
(i) Foreachu e &, S(-)u:Q, — & is continuous.
So, (8(s))seq, is a C;Ca-group on &. .

We get the next example.

Example 6. Suppose that K = Qp, and r = pr-1, let & be a free non-Archimedean quasi-Banach space over Qp, and (f;)ieN a base of & .

Define for any s € Q,, u € & such that u = Z uifi,
ieN

J(s)u= Z(l — e f;,

ieN
where (l;)ien C Q. It is easy to check that the family (J(s))scq, is well defined on & .

We have the following proposition.

Proposition 7. The family (J(t))icq, of continuous linear operators given above is a C-group of continuous linear operators, whose

infinitesimal generator is the continuous diagonal operator J defined by Ju = Z Wiu; fi for any u = Z uifi €&.
ieN ieN

Proof. Define for each s € Q,, i € N,

TV fi = (1 p)e i = ( y “‘“)“>f

neN n!
q
where (1) jen C Q. From for any i € N, sp; € Q,, we get forall s € Q,, u€ &, ||J(s)ully < sup‘(] — /,Li)esuf‘ [|lu|lq < oo, then (Vs € Q,)
ieN P

[l7(s)|l4 is finite. Hence the family (J(s))cq, is well defined on &. Furthermore,

(i) J(0) =1—J, (since J is a diagonal operator on &, we have ||J||, = sup |;|?, thus ||J||; < r < 1, we have I — J is invertible).
ieN
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(i) Forallt,s € Q,,

JO)I(s) = (I—-DeVI—J)e"
(I—T1)(I— 1)+
(I—=J)J(t+s).

(iii) Foreachu € &, S(-)u:Q, — & is continuous on Q,.

Thus (J(s))scq, is a C-group of continuous linear operators on & where C =1 —J. Let B be the infinitesimal generator of (J(s))scq,. It
remains to demonstrate that / = B. Let us demonstrate that D(B) = & ( =D(J )) . Clearly, for each s € Q7 and i € N,

J(s)fi —Cf; :C(e”‘i—l>f

N

Thus, for all s € Q7 and for all i € N,

Hence, for all u = Zu[f; €é,s€Qf
ieN

191 £
< %%Oasi—ﬁo. (14)
Slp

1 J(s)fi—Cfi
|Mi‘ZC1 ()fls fl

q
Thus,

S (e SICCIEC )
To complete the proof, it suffices to demonstrate that

wier) tifur-c (R o

(e‘”‘" -1

> = 1;, and hence J = B is the infinitesimal generator of the C-group (J(s))scq, -
s

The latter is actually obvious since lin(l)
Nad

We introduce the following definition.

Definition 19. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (J (t));cq, be a C-group of continuous linear

operators on &. (J(t))cq, is said to be an uniformly continuous C-group on & if

lim||J(t) - C||, =0.
lim 7(1) ~Clly

—1
Theorem 13. Let & be a non-Archimedean quasi-Banach space over Qp, with the power q. Let A € 2(&') such that ||Alg <r <: pﬁ) .

Then A is the infinitesiml generator of an uniformly continuous C-group of bounded linear operators (J(s))scq, -
1
Proof. Suppose ||All; <7 (: pﬁ> and set, for all s € Q,,

(I—A)(sA)"
n! ’

J(s)=(I-A)" =Y

neN

15)

Clearly, the series given by (15) converges in norm and defines a family of continuous linear operators on & by |¢|?||A||, < r. Furthermore,
(1) J(0) =1—A, (from ||A|, < r < 1, we have I — A is invertible).

(ii)) The same as in Proposition 7.
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(i) Forallx e &, J(-)x: Q, — & is continuous.

Thus (J(t))cq, is a C-group of bounded linear operatqors on X where C =1—A. Forallt € Q,,

@) ~Clg = =A™ ~Dlq
< l1=Allglle™ =1l
< et =1llg.

Hence
lim||J(t) —C||; =0.
l‘l OH ( ) ”q

Forall r € Q,

J(t)-C C(e’AfI)

t
Thus, for all € Q7

C71<J(t)—C) _ (e’A—I> v At .
t = (n+1)!

Hence, for all 1 € QF,

A —]

e () -, =]

—A|, < bl 1Al .

0 tnAn+l

where & =
n;() (n+2)!

converges. Consequently,

e (“476) -] =0

t—0

Then, (J(t));cq, given above is an uniformly continuous C-group of continuous linear operators of infinitesimal generator A. O

Proposition 8. Let & be a non-Archimedean quasi-Banach space over K with the power q. For all invertible operators A and B in B(&),
A B is invertible on & © & and its inverse is denoted by (A® B)~'. Furthermore,

(AeB)'=a"lgB "

Proof. Let A,B € %(&) two invertible operators, then A™'A = AA~! =T and B~!B = BB~ =1, therefore for all (x@®y) € & @ &, we have
P y

(A’1®B’1>(A®B)(x@y) (A*leaB*l)(Ax@By)

— (A 'Ax e (B By
= xdy

and

(A@B)(A’IGBB’I)(x@y) - (AEBB)(A’leBB’ly)
- (AA*lx@BB*Ix)

= x®dy.

Thus, forallxy e &£D &,
(A@B) (A’l @B*l)(xeay) = <A’1 @B’1> (A@B) (x®y) =x®Y.

Then, A @® B is invertible on & ® & and its inverse is (A®B) ! =A~ @B~ L.
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Example 7. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let A,B € %(&) such that max{||A| 4,||B|l4} <
-1
r(: pﬁ> . Setforallt € Q,,
T(t) =4 @e®.

It is easy to see that for all t € Q,, T(t) is invertible and (¥t € Q,) T(t)~' =T (—1).
We continue with the next theorem.

Theorem 14. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (T (t));cq, be a C-group of infinitesimal
generator A on &. Set, forallt € Q,, S(t) =T (t) D 1. Then we have

(i) (S(t))ieq, isaCHI-group on &S &,
(ii) The infinitesimal generator of (S(t));cq, is the operator T defined on D(T) =D(A) & & by forallx e D(A),y € &, T (x®y) =Ax$0.
Proof. (i) Since (T(t));cq, is a C-group of infinitesimal generator A on &, then
S0)=TO)@pI=CaI.
Letx®dye &P E and t,s € Q,, we have
CaDS(t+s)(xpy) = (CeNT(t+s)(x)Py
= CT(t+s)(x)®y
= TOT(s)(x) @y

= (T (T(s)(x) DY)
= SO (T(s)@1) (x®y))
= SOSG)(xDy).

On the other hand,

lim [|S(t)(x®y) — (CeD)(x@y)llg = lm||(T(1)x—Cx)BO0[q
=0 =0
= 1 T - 0
tgl(l)max(H (t)x—Cx||4,0)

= lim||[T(t)x—C
lim [7(1)x— Cx]

= 0.
Therefore (S(¢));cq, isa C®I-groupon & B &.
(ii) Letx € D(A) and y € &, we have
}E%S(t) (x®y) _z(C@I) (x®y)  _ lim (T (1) (X)t—Cx)@O

= CAx@0=(Cal)(Ax®0).

Thus, for all x € D(A), y € & we have

S(1) (xpy) —(CaT) (x@y)> =Ax®0.
t

(con! (hm
t—0
Then D(T) =D(A)® & and T (xPy) = A(x) @0 for all x € D(A) and for eachy € &.

O

Theorem 15. Let & be a non-Archimedean quasi-Banach space over K with the power q. Let (A(t)),cq, and (B(t))icq, be two Cy-group
and Cy-group on & of infinitesimal generators A and B respectively. We set for allt € Q,, T (t) = A(t) ® B(t). Then



Co-Groups and C-Groups 1310f 132

(i) (T(1))ieq, is a C; & Cy-group on & & &.
(ii) The infinitesimal generator of (T (t))cq, is the operator T defined on D(T) = D(A)©D(B) by T (x®y) = Ax® By forall (x,y) € &.
Proof. (i) Letx®y e &® & Since (A(?))req, and (B(r));cq, are two Cj-group and C,-group on & respectively, then
T0)(x®y) =A(0)x®B(0)y = C1x®Cry = (C; ®C) (xDY).
Hence T'(0) = C; @ C,. We have also, for all (¢,s) € Q2,

(C1eC)T (1 +5)(x DY)

(C1eC)(A(t +5)x S B(t +5)y)
CilA(t +s)x® CoB(t +5)y

= ADAGXSBOBs)
— A OB) (A(5)x@B(5)y)
= T@)(A(s)®B(s) (x®y))
= T@OT(s)(xDy).
Then, (C} & C2)T(t+s) =T ()T (s). On the other hand,
lim | 7(0)(x&y) - (€ ©C) (r@n)ly = lim |AG)xe B}y Cir Casly

= lim| (A(t)x—Clx) ® (B(t)y—Czy) llg

= limmax([|A(r)x —Cixllg, [1B(r)y = Coyllq)

= 0
Therefore, (T(t))cq, is a C; @ Cr-groupon & H &
(ii) Letx € D(A) and y € D(B), we have:
L TOEDY) — (GO0 0y _ (Al Cix) & (Br)y—Co)
1—0 t =0 t
= CiAx® By

= (C®G)(Ax® By).

Thus, for all x € D(A), y € D(B), we have

t—0 t

(€ oc! <an<’> x@y) - (€ @Cz)(x@y)> e By,

Consequently, D(T) = D(A) @D(B) and T (x®y) = Ax® By.
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