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Abstract Consider some vertices of a graph G are omitted, there are some
criteria for measuring the vulnerability of the graph; Tenacity is one of them.
In the definition of tenacity we use vertex cut S and some items, 7(G — 5)
and w(G — S), such that 7(G — S) is the number of vertices in the largest
component of G — S and w(G — S) is the number of components of G — S.
In this paper we work on tenacity of organic compound C,, Ha,, 2. The graph
of this molecule is a tree. We try on tenacity of it by the definition of the
tenacity.
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1 Introduction

Let G be a graph. Assume some vertices or some edges of G are removed. A
question arises up, how much the graph G dangerous is. There are some crite-
ria for measuring the vulnerability of G as connectivity, hardness, toughness,
tenacity, etc. In [3], [7], [8], these criteria are compared and the results suggest
that tenacity is a most suitable measure of stability or vulnerability in that
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for many graphs it is best able to distinguish between graphs that intuitively
should have different levels of vulnerability. Some researchers are studied on
tenacity of some graphs, for example, tenacity of complete graphs, tenacity
of three classes of Harrary graphs, tenacity of corona product of graphs, etc
[2,4,5,10-12]. In this paper we work on the tenacity of molecule C), Hay, 2 by
the definition of tenacity. We explain some concepts of graphs and tenacity,
some vertex cut-sets of graph of molecule C), Hy), 12, main results and some
examples in the sections, respectively.

2 Background

Definition 1 A graph G = (V, E) consists of a nonempty set V of vertices
and a set E(G) of edges, with each edge of G is a set of two vertices of V' (not
necessarily distinct). We refer to |V| = n as the order of the graph G, and to
|E| = m as the size of the graph G. If m = 0, the graph G is called empty. If
e; = e;, these edges are called parallel. If e = {u, v}, then e is said to join u
and v; the vertices u and v are called the ends of e. Two vertices u and v are
incident to the edge e, also, v and v are adjacent. An edge with identical ends
is called a loop. The degree dg(v) of a vertex v in G is the number of edges of
G incident with v. A tree is a connected acyclic graph. If T is a tree and v is
a vertex by degree 1, the vertex v is called a leaf. For every tree T', m = n — 1.

C, Hap 42 molecule has n Carbon atoms and 2n + 2 Hydrogen atoms, so the
graph of C), Ha, 12 has 3n + 2 vertices and 3n + 1 edges, and it is tree. Every
Carbon atom has degree 4 and every Hydrogen atom has degree 1.

Definition 2 A vertex v of G is a cut vertex if E can be partitioned into two
nonempty subsets Fq and Es such that G[E1] and G[Fs] have just the vertex
v in common. If G is loop less and nontrivial, then v is a cut vertex of G if
and only if w(G —v > w(G).

A vertex cut of G is a subset V’ of V such that G — V' is disconnected. A
k-vertex cut is a vertex cut of k elements. A complete graph has no vertex cut;
in fact, the only graphs which do not have vertex cuts are those that contain
complete graphs as spanning sub-graphs.

See [1], for more information.

Definition 3 The tenacity of a graph G, T'(G), is

|S| +7(G—95)

— = b (1)
w(G = 9)

where the minimization is over all vertex cut-sets S, w(G — S) is the number
of components of G — S and 7(G — S) is the number of vertices in the largest
component of G — S [2]. Edge-tenacity is defined similarly, except that S is an
edge cut of G and 7(G — S) is the number of edges in the largest component

T(G) = min{
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of G — S. A Connected graph G is called T-tenacious, if for any subset S of
vertices of G with w(G — S) > 1, we have |S|+7(G — S) > T.w(G — S). If
G is not a complete graph, then there is a largest number T, such that G is
T-tenacious. Hence, the number T, is the tenacity of G. A connected graph G
is called T-tenacious if |S| + 7(G — S) > T.w(G — S) holds for any subset S of
vertices of G with w(G — S) > 1. If G is not complete, then there is a largest
T such that G is T-tenacious; this T is the tenacity of G. On the other hand,
a complete graph contains no vertex cut-set and so it is T-tenacious for every
T. Accordingly, we define T'(K,) = oo for every p (p > 1).A set S C V(G) is

said to be a T-set of G if T(G) = % [2].

In this paper, the amount of % is called the “ YIELD AMOUNT
OF FRACTION (YAF) ”, made by the set S, and will be represented by
symbol Y AF(S).

3 Vertex cut-sets of the Graph C,,Hap 42

The aim of this paper is to investigate the tenacity of the graph of C,, Hayt0.
The tenacity of a graph is dependent on the vertex cut. So, first, we must
obtain the vertex cut (for the graph of C,,Ha,2). For carbon atom, we assign
the index down, the graph of C,, Ha, 12 appears in Figure 1.

s e i
P |

H i il - = (e
G |
@ 9 &
H H H

Fig. 1 Graph of C,Hap42

Proposition 1 Let T be a tree. v € V(T) is a cut vertez if and only if dr(v) >
1./1]

Obviously, v € V(T) is a cut vertex if and only if v is a non-leaf. So in the
graph of C), Hap 2, v is a cut vertex if and only if it is a Carbon atom in the
graph of C,, Hy, 2. Therefore, each vertex cut-set must contain at least one
Carbon atom.

Lemma 1 Let Sy = {Ci} and S contains carbon atom Cy only, then we have:

Y AF(S,) < YAF(S). (2)
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Proof. Since Sy = {C:}, therefore
|So| = 1,wp = w(G — Sp) =4,70 =7(G —Sp) =3(n—1)+1=3n—2.

Let S = So U I U J such that the set I contains ¢ hydrogen atoms connected
to C1,(0 < i < 2) and the set J contains j hydrogen atoms unconnected to
Cq, so

IS|=1+i+jjw=w(G—=5)=wy—i,7=7(G—-S5) =7 — J, (3)
therefore

_ ISl+7 _ [Sol+iti+tTo—j
YAR(S) = ST — LSl bitit
_ ISol+i+70
- wof’i

> Solim — y AR(S,).

wo

O

The proof is similar for S = {C,,}.
Use 7 and w instead of 7(G — 5) and w(G — S), respectively, in the rest of this

paper.

Lemma 2 Let Sy = {Cx} 2 <k <n-—1)and S contains atom carbon Cj
only, then
YAF(Sy) < YAF(S). (4)

Proof. So = {Ci}, so |So] = 1 and wg = w(G — Sp) = 4. Consider different
cases for finding 19 = 7(G — Sp), as follows:

1. If £ < [4], then the largest component of G’ — Sy contains n — k carbon
atoms and 2(n — k) + 1 hydrogen atoms. So there is 3(n — k) 4+ 1 vertices in
the largest component of G — S.

2. If k > [ %], then the largest component of G — Sy contains k — 1 carbon
atoms and 2(k — 1) + 1 = 2k — 1 hydrogen atoms. so the largest component
has 3(k — 1) + 1 = 3k — 2 vertices.

” (= k)41, k<3
3n—k)+1, k< |%],
7(0‘50)2{3(k—1)+1,k>f§1. (5)

Accuracy, the function 7o = 7(G — Sp) is continuous on k = [§].

The graph of C,, Ha,12\Cf has four components, two hydrogen atoms which

are connected to Cj and two large components Cy_1 Ha(;—1)+1 and Cp— g Ho(r—gy41,
name these components as A and B. Without reducing the generality consider

v(A) > v(B), so

T0 — T(G — S()) = V(A),

also v(A) +v(B)+3=3n+2.
Let S = Sy UTIUJ such that the set I has ¢ hydrogen atoms connected to Cl,
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(0 <4 < 2) and the set J has j hydrogen atoms unconnected to Cj. Also, let
r members of J be in A and let s members of J be in B, (r + s = j), so

IS| = [So| +i+j,w=w(G—8) =wy—i.

The set A transforms to A’ after removing r hydrogen atoms from A and the
set B transforms to B’ after removing s hydrogen atoms from B, it means

v(A") =v(A) —r,v(B")v(B) - s.
Compare v(A’) and v(B’) for checking the tenacity of G — S

v(A)—v(B)=v(A)—r—v(B)+s
=2v(A)-3n—-r+s+1

V(A= 219 —3n—r+s+ 1.

If 279 —3n—r 4+ s+ 1 >0 then v(A4’) > v(B’) and so 7 = v(A’). Therefore,

T=v(A)—r=1—r,
and

_ |Sl4+7 _ |So|+it+jt+To—7
yaf(S) = w0 wo—3
_ |Sol+To+i+s
- o.)()f’i

el = yaf(So).

wo

Y

If 270 —3n—r+ s+ 1 < 0 then v(A4") < v(B’) and so 7 = v(B’). Therefore,

T=v(B)—s=0Bn+2)— (v(A)+3)—s
— 3n—u(A) -1

V(o 3n—1—1~—s.

and

_ |Sl+7 _ |So|+it+j+3n—m0—1
yaf(s) - w - wo—1
_ |Sol+3n+j—To—1—7

wo
|So|+3n+j—10—1

B0 = yaf(So).

wo -

AVARLY,

The proof is complete. O

Lemma 3 Suppose Sy = {C1,Cx} and S contains two carbon atoms Cy and
Cl, then

YAF(Sy) < YAF(S). (6)
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Proof. Consider different cases
Case 1. Let SO = {01,02}, SO

|So| = 2,wp = w(G —Sy) =6,70 =7(G—Sp) =3(n—2)+1=3n-25,

[a]

el i T
r‘ul
I

Fig. 2 The components of G — Sy

the largest component is in Figure 2.

Now suppose S = Sg U I U J, that the set I contains ¢ hydrogen atoms which
are connected to C; or Cy (0 < ¢ < 5), and the set J contains j hydrogen
atoms which are unconnected to C; and Csy, so

S| =1So| +i+j,w=wo—1T=T70—J

and

YAF(S) = BT — [Soltttitro=y

|So|+i+7(G—So)

Sl (Goh)
+7(G—

Case 2. Let Sy = {C1,C,, }.

AVARAY;

[So|l = 2,wo = 7,70 =3(n —2).

Now suppose S = Sy U I U J that I contains ¢ hydrogen atoms only which
are connected to Cy or C, and J contains j hydrogen atoms only which are
unconnected to C; and C,,, so

|S|:|Sol+i+j,w:LUO—i,T=T0—j

and

YAF(S) = ‘SL‘FT — [Soltititro—j

wop—1
_ |Sol+it7o
- UJ(J—i
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Fig. 3 The components of G — Sy

H H H H H H
S D I S
He I—T—--- -5 o= - —J_—IH
I':2 C: I'::n IC:.+1 I['n
L L ] & 2 @ a2
H H H H H H H
1 1 Le———
A B

Fig. 4 The components of G — Sp

[Sol+7o _
> [Sultm _ y Ap(s,)
Case 3. Let Sy = {C1,Cy} that 3 <k <n-—1.

Name the large components of G — Sy by A and B as before, so

V(A) = 3(k —2),(B) = 3(n — k) + 1,v(B) — v(A) = 3n — 6k + 7,

Soif k < 2+ I, then v(B) > v(A) and 7o = v(B), and if k > % + I, then
v(A) > v(B) and 179 = v(A). Therefore

3n—k)+1,

|S|:27w0:777—02{3(k_2) ’

k
k

V IA
[SISINTN

_|_
_|_

[SEN RN

)

Suppose S = Sy U I U J that the set I contains ¢ hydrogen atoms which are
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connected to C; or Cf, and the set J contains j hydrogen atoms which are
unconnected to C; and C, so

|S| = [So| + i+ j,w=wo—i.

Without reducing the generality, suppose v(A) > v(B), therefore 7o = v(A).
Let r members of J be in A and s members of J be in B, (r+s = 1), so A

transforms to A’ and B transforms to B’ after removing S from C,, Ha, 0.
Also,

and

v(A) —v(B)=v(A)—Bn—-v(4)—5)—r+s
=2v(A)—3n+5—-r+s

TOZQ(A) 20 —3n+5—r+s.
Soif 219 —3n+5—1r+ s > 0, then
T=v(AY=v(A)—r=m—r,
and

YAF(S) = BT _ [Soltitidror

o.)o—i
_ [Sol+7o+(iti—7)
- wofi

[Soltmo — y AR (5,)

wo

Y

And if 279 — 3n+5 —r + s < 0, then

v (A;: To

T=v(B)=v(B)—s=3n—v(A)—5-3 3n—19—5—s,

v(A)—v(B')<0 = 275-3n+5+s—-1r<0
= 219+3n—-5—s5+r>0
= 219+3n—-5—s8>—r
= 219+ —-56+j—5>5—r>0
=i+ (j—s)+3n—21—-5>0,
therefore

YAF(S) _ \SLJrT _ |Sol+it+j+3n—710—5—s

wo—i
|So|+70+(i4+(j—s)+3n—2719—5)
UJ()*’L-

ARV

[Soltmo — y AR (S0).

The proof is complete. O
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Lemma 4 Let So = {Ck,Cri1} that k # 1,k # n — 1, and S contains two
carbon atoms Cy, and Ci11, then

YAF(Sy) < YAF(S). (7)

[ =

i

Proof. Since Sy = {C, Ck+1}, then |Sp| = 2 and wy = 6.
H
H '_'_IE;" -
H

H H H
’ I
— - H
lC Ched K+ I ki3 [
] .
H H H

._________.. -‘_——_______--'-
A B

T .—.—‘I

T
e
=4 |

Fig. 5 The components of G — Sy

The graph G — Sy has four isolated components and two large components,
name the large components by A and B, so

v(A)=3(k—1)+1,v(B)=3n—(k+1))+1.
Therefore, if n — 2k > 0 then v(B) > v(A) and
T0=7(G-8)=v(B)=3n—(k+1))+1
and if n — 2k <0, then v(A4) > v(B) and
70 =7(G—S) =v(A)=3(k—1)+1.

Without reducing the generality consider v(A) > v(B).

Suppose S = Sy U I U J that the set I contains ¢ hydrogen atoms which are
connected to Cj, or Cy41, and the set J contains j hydrogen atoms which are
unconnected to Cy and Ck41, so

|S] = [Sol + i+ j,w=wo —i.

Let r members of J be in A and s members of J be in B (r + s = j), so the
set A transforms to A’ and the set B transforms to B’ after omitting the set
J, thus

v(B') =v(B) — s,v(B') = v(B) — s.
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Therefor if v(A") > v(B’) then

= v(A) = v(A) = E
and
YAF(S) _ |S|+7 _ ‘S()l-‘ri-'rj-"‘-T()—T
w wo—1
So|+T
- 5% Ly gp(sy),
and if v(A’) < v(B’) then
’ v(A)=7o
T=v(B)=v(B)—s=3n—-4—v(A)—s = 3n—19—4—s,
alsoi+j—s+3n—4>0,s0
YAF(S) _ |S|+7 _ \So|+i+j+3nf4—fo—‘9
¢ _ |So|f79011(1+]78+3n74)
wo—i
> [0l — v AR(Sp). O

Lemma 5 Let So = {C1,Ca, -+ ,Ci} that k < n, and S contains k carbon
atoms C1,Cy, - -+, Cy, then

YAF(Sy) < YAF(S). (8)
H H H H H
UL
] 8- - = ®H
H # | Gt | G a2 I Cn
& - @ ¢ ® ]
H H H H H
| |
A

Fig. 6 The components of G — Sy

Proof. Obviously, G — Sy has 2k + 2 components, so

|S()| =k,wo :2k—|—2,7'0=3(n—k)—|—1.
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Consider S = SyUIUJ where I contains 7 hydrogen atoms which are connected
to Cpor Cyor--- or Cf (0 <4 <2k), and J contains j hydrogen atoms which
are unconnected to C7 and Cy and --- and C}, then

|S| :|SO|+i+j7w:w07i,T:7—07j

and

_ ISl47 _ [Sol+ititTo—j
YAF(S) = BT = Sttt
_ |Sol+To+i
- wo—i

[Sol+70 __

Lemma 6 Let Sy = {Cy,Cry1,---,Cx} (k > 1, ¥ < n), and S contains
carbon atoms Ci,Ci41, -+ ,Cys, then

YAF(Sy) < YAF(S) (9)

T

i E
»
HI =
T {0 s e T
il
r
1
-
=
=
T
B
L e 1
x.I
&
::.—ﬁ'—-:
=L
+
)
EL T
3
I

=
T
T

Fig. 7 components of G — Sy

Proof. Obviously, G — Sy has 2k’ — 2k 4+ 4 components, see Figure 7. We have
[So| =K —k+1,w(G —So) =2k — 2k + 4
and
v(A)—v(B)=0Bk-1)+1)—B(n—-kK)+1)=3k+k —n—1).
So, v(A) —v(B) > 0 if and only if n + 1 < k + k'; therefore

_[3(k—-1)+1 k+K >n+1,
T(G_SO)_{3(n—k’)+1,k+k’<n+1.
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If S = Sy UIUJ that I contains ¢ hydrogen atoms H which are connected
to Ck or Cgyq or -+ or Cy, and J contains j hydrogen atoms H' which are
unconnected to Cy and Cjy1 and --- and Cy/, then

(S| =K ~k+1+i+5=|S| +i+jw(G~5)=w@ )i

Without reducing the generality suppose v(A) > v(B). Let r members of J be
in A and s members of J be in B, (r + s = j), therefore the set A transforms
to A’ and the set B transforms to B’ after removing the set .J. So,

On the other hand
v(A) +v(B) +3|So| = v =3n+2,

S0
v(B) =v —3|Sy| —v(A) = v —3|So| — 70

and
v(A) —v(B") =219+ 3|So| —v—1+s.

If v(A") > v(B’), then

7(G—-8)=7(G—Sy) —r=v(A),

thus
_ |S|+7(G=S) _ |Sol+i+i+7(G—Sp)—1
YAF(S) - w(G-S) . w(é—So)—iO
_ ‘Sgl-‘rT(G—So)-‘r’L-‘rS
= . w(GC:sg)fi
> [Seltr(CoS0) — y AR(Sp),

and if v(A’) < v(B'), then
7(G—-S)=v(B)=v(B)—s=v—3|Sy| —10— s

and because
v(A)—v(B')<0 & 2194 3|So|—v—r+s5<0
& 1 <v=3S+r—s—m7
<U—3|So|+T—T0
<v-—=3|So|+7r—10—1,
we have

_ |S|+7(G=S) _ |So|+To+(i+j+v—3|So|—2710—35)
YAF(S) = = G- = = uams =

_ ‘30|+V73‘S()|+T7T0+7;
N
> [Salt 2 (&S0l — Y AF(Sy). O
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Lemma 7 let n be odd, Sy = {C1,C5,--+ ,Ca41, -+ ,Cp}, and S contains
carbon atoms C1,Cs,--- ,C,, then

YAF(Sy) < YAF(S). (10)

PTOOf: S() - {017037"' 702t+17"' 7CTL} 50

n+1 n+1 n—1 3n-5
So| = =2 2 = = 3.
|50l 5 wo =2 )+2+— 570
Suppose S = Sq U I U I, where I contains i hydrogen atoms only which are
connected to Cq or C3 or - -+ or Cyyq or - -+ or Cpy, and J contains j hydrogen
atoms only which are unconnected to C; and C5 and --- and Co41 and ---
and C,,, so
n+1 . C .
|S| = +i+j=|S|+i+jw=wo—1,
also
1 ,j=n-—1,
T(G—-S5)=1¢2 ,j=n—2
20r3,j<n—2,
thus

j+l=n—-14+1=n,j=n—-1,
J+T=qj+2=n-242=n,j=n-2,
j+2o0rj+3 ,j<mn—2.

Therefore j + 7 > 3, and

YAF(S) = 87 — [Soltitstr

> |So\ufi_frz3
= M
wp—1
S T
> 1901 — v AR(S)).
The proof is complete. O
Lemma 8 Let n be odd, Sy = {Co,Cyq,-- ,Co, - ,Cpn_1}, and S contains
carbon atoms Co,Cy, -+ ,Co,- -+ ,Cph_1, then we have
YAF(Sp) <YAF(S). (11)

Proof. We can see

n—1 n—1 n+1 3n—1
> 70 , Wo ( ) )+ 9 2

Suppose S = SoUIUJ, taht I contains 7 hydrogen atoms which are connected
to Cy or Cyor --- or Cy or --- or Cp_1, and J contains j hydrogen atoms

1So| =
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only which are unconnected to Cs and Cy and --- and Co; and --- and Cp_1,
then
|S| = |So| +i+ j,w(G—95) =w(G— S) —i.

Obviously, j + 7 > 4 = 79, and therefore

YAF(S) = |S|+7(G=8) _ |Sol+itj+7(G=S)

w(G-S) w(G—Sp)—1i
> |So‘+1+4
- w(Gfs())fi
_ |So|+7T(G—=Sp)+i
i
+7(G— _
Lemma 9 Letn be even, So = {C1,C5,--+ ,Caty1,-++ ,Cp_1} and S contains
carbon atoms C1,Cs,--- ,Copq1,--+ ,Cp_1, then
YAF(Sy) <YAF(S). (12)
H H H H H H H
] ® I @ @ T
Hil Ca €2 - BT Cn (il H
o o e o l e @
H H H H H H H

Fig. 8 components of G — Sy

Proof. The graph of G — S is shown in Figure 8, so

n 3
= - W= ———.T0 =
27 0 2n+170

Suppose S = So U I U J, that I contains ¢ hydrogen atoms only which are
connected to C; or Cs or --- or Cotqq or --- or Cp_1, and J contains j
hydrogen atoms only which are unconnected to C; and Cs and - -- and Cay41
and --- and C,,_1. Therefore

Sl 4.

IS| = [So| + i+ j,w = wo — 1,

obviously, j +7 > 4 = 73, so
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_ |S|+7(G=S) __ |So|+it+i+T(G=S)
YAF(S) = =" = a5
So|+it+4
Sl troti

[Soltm0 — y AR (Sy). O

wo

v

v

Lemma 10 Let Sy = {Cy,Cq, -+ ,C,} then for every cut set S that contains
all Carbon atoms, we have

Y AF(S,) < YAF(S). (13)

Proof. Sy = {C1,Cy,---,Cp}, so

|So| = nywo =2n+ 2,79 = 1.

Let S = Sp U I that I contains ¢ hydrogen atoms then

|S‘ = | +i,w:UJO—i,T:T0,
therefore ‘
YAR(S) = BIr — [Seltin > St — y Ap(s),
and the proof is complete. O

4 Tenacity of C,,Hap 42
The tenacity of a graph G is

S+ 7(G=S)
T(G) = min S(G-9)
that minimization is over all vertex cut-sets S, 7(G — S) is the number of
vertices in the largest component of G — S and w(G — §) is the number of
components of G — S. Every vertex cut of C,, Ha,, 42 must have a Carbon atom
at least, the number of it’s vertex cut-sets is 2" — 1 and it is a big number, so
checking all vertex cut-sets is a hard work, therefore we use the vertex cut-sets
and lemmas of the previous section. We compare these cut sets by the cut set

S = {01,02;"' 7Cn}
Theorem 1 Suppose So = {Cr} and S = {C1,Cy,---,C,}, then

YAF(S) < Y AF(Sy). (14)
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Proof. Since Sy = {C}}, therefore w(G — Sp) = 4 and
_3n—k)+1,k<[5],
(G = %) = {3(k1)+1 k> 2],
and since S = {C1,Cy,- - ,Cy}, therefore
wG@=9)=2n+2,7(G-95)=1.

We consider two cases
1. If k£ < [%], then

YAF(S()) _ |SOCL<{£(_CA¥9;;5'0) _ 1+3(n;k)+1 — 3(nf4k)+2.

We know that 3(n — k) > 0, therefore 3(n — k) 4+ 2 > 2, thus 32=3+2 > 1 g4
Y AF(So) > 3, and since YAF(S) = 1, we have YAF(Sy) > Y AF(S).

2. If k> [§], then

YAF(SO) _ 1So|+7(G—=S0) __ 14+3(k—1)+1 __ 3k—1

w(G—250) 1 =71

We know 3k > 3 thus 3k—1 > 2, sof’]fT—l > % From above relations, we obtain

that Y AF(Sg) > Y AF(S). O
Theorem 2 Suppose So = {C;,C;} and S = {C1,Cs,---,C,}, then
YAF(Sy) > YAF(S). (15)

Proof. For proof, we consider different cases of the following

1. Suppose Sy = {C1,Cr} (k #2) (or Sop = {C4,Cy}), then

3(n—k)+1,6k<3n+7,

“’(G_SO):7’T(G_SO):{3(k—2) 6k > 3n + 7

If 6k < 3n+7, then 6n —6k > 1; therefore w > %, which implies that
Y AF(Sp) > YAF(S). And if 6k > 3n + 7, then 22%¥=2) 5 1 hich implies
that YAF(S) < YAF(Sp).

2. Suppose So = {C, Cry1} (or So = {C1,Cs}), then

3(n—(k+1))+1,2k <n,

w(G—So):GaT(G_SO):{3(k_1)+1 ,2k > n.

If 2k < n, then

k< k+1<24+1<n

=
= n—k>1
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243n—3(k+1)+1 J 1

toe o

6 iy
o PG 50) > BHTES) o YAF(So) > YAF(S).

And if 2k > n, then

k>3 = k>1
k
= 523
N 3(k—61)+3 > 1
N 2+3(k(;1)+1 > 1
[So|+7(G—So) |S|+7(G=S)
e es 2 oy © Y AF(Sy) > YAF(S).
Thus for all cases we get that Y AF(Sy) > Y AF(S). O

Theorem 3 Suppose Sy = {Ck,Ciy1,--+ ,Cr} (that k # 1, k' # n) and
S = {01702,“- ,Cn}, then

YAF(Sy) > YAF(S). (16)

Proof. we have
1So| =K —k+1,w(G—So) =2k —k+1)+2,

_[3k-1)+1 k+K >n+1,
T(GSO){3(n—k’)+1,k+k’<n+1.

Ifk+k >n+1, then

E>1, K >k+2 K —k+2>0
3(k—1)
k! —k+2 >0

K —k+2+3(k—1)

gz > 1

Fokt143(k—1)+1 1
2(k'—k+1)+2 2°

el

And if k+ k' <mn+1, then

3(n—k)

Jrp—— >0 (because(k' <n—1=n—-k >0),k—k+2>0)
K —k+143(n—k')+1

= k12 >1

k' —k+143(n—k’)+1

1
& TR -ktDt2 2

Thus we get that YAF(Sy) > YAF(S). O
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Lemma 11 Suppose n is odd, S1 = {C1,C3,-- ,Coy1,- - ,Cr}, and So =
{027 O4a e 7C2ta e 7Cn—1}7 then

YAF(S1) > YAF(Ss). (17)
Proof. We have
n+1 3n—5
|Sl|: 7w(G—Sl): 7’7'(611—5'1):3
n—1 3n—1
‘Sg|: B) ,W(G*SQ): ,T(G*SQ):ZL.
Therefore
3n—1>3n—-5 & L > 24T
o A3 I
3n—5 il 3n—1
= Sl
|S1]|+7(G—S1) |S2|+7(G—S2)
& Sles 2 ae—

O

The above results will be useful in the rest of the paper. We find upper
bound of tenacity of C), Ha, 42 by using them in the following theorems.

5 Main results

In this section, we find upper bound for the cases n odd and n even.

Theorem 4 Ifn is odd, then

1 ,n <15
T(CoHansa) < { L 30 (18)

Proof. We consider two cases as follows
1. If n < 15, then
2n+14>3n—-1 & 2L >1

therefore

2. If n > 15, then

n+7
T(CpHani2) <YAF(Sy) = a1
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Theorem 5 Ifn is even, then

1 n <15
D) >
Proof. Let S_{C1,C3,---,Cp_1}. We consider two cases as follows
1. If n < 15, then
n<15 < 2m+16>3n+1
n+8 1
= 31?4;1 2 2
o 22>l o YAF(Sy) > YAF(S) =1,
2
therefore
1
T(CnH2n+2) S 5
2. If n > 15, then
n+ 8n
T(C, Hap, <YAF(S:) = )
(CrnHapy2) < (Ss) v
O

6 Examples
For all the cases that n > 3, we obtained an upper bound for the tenacity. In

the end, for n = 1 and n = 2, we will calculate the tenacity for methane and
ethane.

Fig. 9 Graph of methane
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Ezxample 1 Let n = 1, obtain tenacity of methane.

Solved. Graph of methane is in Figure 9. Also the vertex cutsets are as follows
So = {C}, S1 = So U Hy, where H; contains only one H and Sy = Sy U Hy,
where Hy contains only two H, then for any ¢ = 1,2, we have |S;| = |So| + 1,
w(G—=8;)=w(G—-2S5y)—i, 7(G-8;) =7(G — So) therefore

T(G) = min{ SHZES0 i =

) )

. So|+i+7(G—5
:mm{%h—o 1,2}

=min{4*H]i =0,1,2}
=min{3t|i = 0,1,2}
~ming3. 3,4}
=min{3,1,2} = 3.

The set S = {C} is the 1-tenasious.

Ezample 2 Let n = 2, obtain tenacity of ethanol.

Solved. The cut sets of above graph are

S; = {C1,C2} U A, where A contains only 7 hydrogen atoms, 0 < i < 4 and
Sl’fj = {C,}UBUC, where B contains only ¢ hydrogen atoms which are con-
nected to C; and C contains only j hydrogen atoms which are unconnected
to C, 0<k<1,0<i<2,0< 45 <3. So, we have

[Si|=2+4+14,(0<i<4)

|SEl=1+i+j,(0<k<1,0<i<3,0<;<3)

|S().,0|—1°J(G 500) 4, (G_S(Iic,o):‘lf

WG —=5F)=w(G—-Sky)—i=4—i,7(G—8;)=7(G—SFo)—j=4—]
|SO|:2, (G So)—GT(G—So):l
w(G—Si):w(G—So)—iZG—i,T(G—Si):T(G—So):

Now we consider two cases as follows

1. When S = S}, so
SE|+7(G—5SF
mm{‘ Jl(G(Sk J|0<Z<20<]<3}

:mm{%mygzogg <3}
=min{5|0 < i< 2}
:min{%,Z,%,S} = %.
2. When S = 5, so

min{ 5250
= min{ 2“:;1 0<i< 4}
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=min{3F0 < i < 4}

= min{3, %, 5.2, %} =1

4>

Thus 15 )
T(CoHg) = min{—=, -} = =.
(CoHg) mm{2,4} 5

H H

] ]
Hil I I @ H

Ir. Ir.

] ]

H

Fig. 10 Graph of ethan

The set {Cy,Cs} is the i-tenasious.

7 conclusions and one open problem

In this paper we study vertex cut-sets and the tenacity of the graph of C,, Hay,12.
Our results show that the study of tenacity and vertex cut-sets are important.
By using two examples 1 and 2, we see that the tenacity is exactly % which
obtained on {C;} for methane and on {C,Cy} for ethanol. Also, in the last

two theorems, we found the smallest upper bound on the {Cy,Cs,- -

: 7Cn}

Therefore, an estimate it could be that the smallest upper bound of tenacity
will obtained on vertex cut which has most carbon atom (for n > 15). These
observations provide evidence for the fact that the study of the following con-

jecture ought to be challenging.

Conjecture: May be the tenacity of the graph of C, Hap o is

n+8

3n+1
n+7
3n—1J"

min{3,
min{3,

T(C7LH2n+2) = {

Obviously that if 20 is reached, then

1
g < T<CnH2n+2) S

DN | =

},nis even,
n s odd.

(20)
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